
Supplementary document for “Simultaneous multiple
change-point and factor analysis for high-dimensional time

series”

February 1, 2018

This document reports additional results from the simulation studies conducted in Section 7
of Barigozzi et al. (2018) (Sections 1 and 3), and comparative simulation studies conducted
with the methods proposed in Han and Inoue (2014) and Chen et al. (2014) (Section 2).

1 Single change-point detection

We report further results from the simulation study conducted in Section 7.1 of Barigozzi
et al. (2018).

1.1 When n = 100

1.1.1 Estimated change-point locations
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Figure 1: (S1) Boxplots of the locations of change-points estimated from χ̂∗it
for σ ∈

√
2{1, 0.75, 0.5, 0.25} (top to bottom) and % ∈ {1, 0.75, 0.5, 0.25} (left to

right), when n = 100, T = 200 and φ = 1; horizontal broken lines indicate the
true change-point location η = [T/3].
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Figure 2: (S1) Boxplots of the locations of change-points estimated from χ̂∗it
when n = 100, T = 200 and φ = 1.5.

3



●
●●
●●

●

●

●

●

●

●

●

●

●
●

●

●●●●

●

0
50

10
0

15
0

20
0 1

DC max avg

●
●

●

●●
●●●

●
●

●

●●

●

●

●

●

●

●

●
●
●

●●●
●

●●
●

0
50

10
0

15
0

20
0 0.75

DC max avg

●
●●●●●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●●
●●●

●

●

●●●●

●

●

●
●
●
●
●●
●●
●

●

●

●

●
●
●

0
50

10
0

15
0

20
0 0.5

DC max avg

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

0
50

10
0

15
0

20
0 0.25

DC max avg

●●●

●

●●
●

●

●

●

●●●

●

●

●

●

●

●

●

●

●
●
●

●

●●●

●

●●
●
●

●

●●
●

0
50

10
0

15
0

20
0

DC max avg

●

●●●●●●

●
●
●

●●

●

●

●
●

●

●
●

●

●
●

●

●

●

●●

●●
●

●●
●●●

0
50

10
0

15
0

20
0

DC max avg

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

0
50

10
0

15
0

20
0

DC max avg

●
●

●●
●

●
●

●

●

●

●●

●

●

●

●

●

●●

●

●
●
●

●

●●

●

0
50

10
0

15
0

20
0

DC max avg

●

●

●
●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

0
50

10
0

15
0

20
0

DC max avg

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

0
50

10
0

15
0

20
0

DC max avg

●

0
50

10
0

15
0

20
0

DC max avg

0
50

10
0

15
0

20
0

DC max avg

0
50

10
0

15
0

20
0

DC max avg

0
50

10
0

15
0

20
0

DC max avg

0
50

10
0

15
0

20
0

DC max avg

0
50

10
0

15
0

20
0

DC max avg

Figure 3: (S1) Boxplots of the locations of change-points estimated from χ̂∗it
when n = 100, T = 200 and φ = 2.
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Figure 4: (S1) Boxplots of the locations of change-points estimated from χ̂∗it
when n = 100, T = 200 and φ = 2.5.
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Figure 5: (S2) Boxplots of the locations of change-points estimated from χ̂∗it
for φ ∈ {1, 1.5, 2, 2.5} (left to right), when n = 100 and T = 200.
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Figure 6: (S3) Boxplots of the locations of change-points estimated from χ̂∗it
for φ ∈ {1, 1.5, 2, 2.5} (top to bottom) and % ∈ {1, 0.75, 0.5, 0.25} (left to right),
when n = 100, T = 200.
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Figure 7: (S4) Boxplots of the locations of change-points estimated from ε̂∗it
for φ−1 ∈ {1, 1.5, 2, 2.5} (top to bottom) and % ∈ {1, 0.75, 0.5, 0.25} (left to right),
when n = 100 and T = 200.
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Figure 8: (S5) Boxplots of the locations of change-points estimated from ε̂∗it
for φ−1 ∈ {1, 1.5, 2, 2.5} (top to bottom) and % ∈ {1, 0.75, 0.5, 0.25} (left to right),
when n = 100 and T = 200.
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1.1.2 Summary on the change-point analysis

The following tables report the average and standard deviation of the estimated change-point
η̂1 and detection power at α = 0.05.

Table 1: (S1) Summary of change-point analysis when n = 100, T = 200 and φ = 1.
% 1 0.75 0.5 0.25

σ DC max avg DC max avg DC max avg DC max avg

√
2

χ̂∗
it

avg(η̂1) 66.50 70.97 66.63 66.39 70.65 66.59 66.56 70.40 66.60 69.31 78.44 69.51
sd(η̂1) 1.68 15.34 2.08 1.82 10.02 2.23 1.88 8.11 1.98 17.35 29.56 17.92
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.98

ε̂∗it

avg(η̂1) 98.81 100.04 98.75 104.81 100.37 97.14 96.64 96.70 95.57 84.63 95.49 84.34
sd(η̂1) 56.15 76.71 59.13 59.45 77.31 58.08 59.14 80.92 62.50 54.31 73.55 51.89
power 0.02 0.05 0.00 0.04 0.01 0.01 0.01 0.02 0.00 0.05 0.04 0.03

0.75
√

2

χ̂∗
it

avg(η̂1) 66.73 71.72 66.86 66.89 69.98 67.01 67.27 74.95 67.86 74.42 84.36 80.58
sd(η̂1) 3.06 12.52 3.29 2.72 21.69 3.24 3.79 25.31 6.87 28.15 47.84 37.44
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.86 0.63 0.72

ε̂∗it

avg(η̂1) 103.36 95.89 103.57 106.16 114.40 98.75 86.90 98.19 87.58 97.03 81.78 86.47
sd(η̂1) 56.80 79.30 53.99 57.57 78.11 56.96 59.47 77.35 57.94 53.73 71.09 52.7
power 0.02 0.06 0.01 0.01 0.00 0.01 0.02 0.05 0.01 0.11 0.04 0.17

0.5
√

2

χ̂∗
it

avg(η̂1) 68.32 72.41 67.48 68.25 84.82 66.91 75.73 84.62 77.34 101.46 102.36 96.7
sd(η̂1) 7.54 28.64 5.31 12.69 41.97 6.94 29.08 49.68 31.24 63.18 63.68 61.81
power 1.00 0.95 1.00 1.00 0.84 1.00 0.92 0.63 0.83 0.30 0.28 0.28

ε̂∗it

avg(η̂1) 97.14 107.67 93.19 89.87 81.27 87.86 77.82 85.56 78.78 77.02 89.17 79
sd(η̂1) 58.70 77.59 59.31 56.80 73.43 56.53 58.07 76.24 58.44 47.56 72.69 47.66
power 0.01 0.04 0.00 0.03 0.04 0.01 0.01 0.06 0.03 0.03 0.06 0.02

0.25
√

2

χ̂∗
it

avg(η̂1) 93.85 103.96 93.86 107.14 102.80 100.73 102.24 103.63 105.32 104.70 99.87 102.9
sd(η̂1) 57.96 63.09 55.87 58.88 60.93 59.38 61.63 67.70 61.15 66.79 67.59 66.44
power 0.28 0.20 0.18 0.19 0.24 0.17 0.13 0.15 0.12 0.11 0.10 0.06

ε̂∗it

avg(η̂1) 84.17 81.67 96.23 77.00 95.42 90.40 91.50 90.66 79.77 100.32 103.22 102
sd(η̂1) 58.12 77.68 61.31 59.53 76.21 60.58 55.29 75.70 54.89 57.86 78.37 57.5
power 0.01 0.03 0.02 0.04 0.04 0.02 0.01 0.02 0.02 0.00 0.03 0

Table 2: (S1) Summary of change-point analysis when n = 100, T = 200 and
φ = 1.5.

% 1 0.75 0.5 0.25
σ DC max avg DC max avg DC max avg DC max avg

√
2

χ̂∗
it

avg(η̂1) 66.38 71.79 66.52 66.30 74.76 66.41 66.81 75.02 66.68 70.49 91.38 71.9
sd(η̂1) 1.87 15.96 2.60 1.68 15.89 2.15 4.14 23.07 3.71 19.83 43.91 21.86
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.97 0.61 0.95

ε̂∗it

avg(η̂1) 103.02 99.89 102.76 102.03 98.31 93.55 91.35 88.61 95.32 98.28 85.09 100.8
sd(η̂1) 57.21 75.27 55.07 58.65 75.34 55.36 58.06 77.02 60.81 58.17 73.56 58.42
power 0.02 0.04 0.00 0.02 0.06 0.02 0.02 0.05 0.00 0.03 0.07 0.04

0.75
√

2

χ̂∗
it

avg(η̂1) 67.00 79.24 66.80 67.18 88.40 67.53 68.22 82.28 67.39 83.67 109.74 85.94
sd(η̂1) 3.52 27.02 3.89 3.19 38.71 4.66 6.57 41.11 6.95 37.57 51.87 38.93
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.82 1.00 0.73 0.29 0.66

ε̂∗it

avg(η̂1) 96.10 105.55 94.99 94.08 80.73 96.09 95.20 79.71 98.62 82.94 84.11 82.49
sd(η̂1) 55.15 76.35 54.22 59.44 73.79 57.33 56.05 72.02 54.85 54.35 76.60 57.01
power 0.01 0.05 0.00 0.00 0.06 0.00 0.03 0.04 0.01 0.02 0.05 0.01

0.5
√

2

χ̂∗
it

avg(η̂1) 67.26 83.06 68.19 67.97 97.93 69.41 90.59 112.69 85.27 96.28 100.77 94.21
sd(η̂1) 9.63 39.47 12.34 10.85 49.05 14.45 43.32 53.01 39.31 56.37 65.58 56.3
power 1.00 0.72 1.00 0.99 0.47 0.98 0.77 0.23 0.71 0.28 0.11 0.21

ε̂∗it

avg(η̂1) 96.19 86.79 100.93 86.10 85.65 92.56 92.18 77.27 89.99 94.91 103.84 95.6
sd(η̂1) 57.69 73.91 58.16 57.72 75.62 58.03 60.34 73.93 56.85 58.84 74.39 57.58
power 0.03 0.06 0.02 0.00 0.05 0.00 0.03 0.03 0.00 0.01 0.04 0

0.25
√

2

χ̂∗
it

avg(η̂1) 100.95 104.54 102.99 108.69 120.63 103.89 106.45 102.95 101.51 99.11 109.57 103.06
sd(η̂1) 53.47 61.59 55.03 60.81 64.26 58.26 58.56 61.56 58.94 64.54 62.38 64.39
power 0.29 0.18 0.25 0.14 0.15 0.09 0.14 0.14 0.10 0.09 0.12 0.06

ε̂∗it

avg(η̂1) 90.86 83.15 97.19 98.12 89.18 98.78 103.46 97.89 102.27 83.97 80.86 93.33
sd(η̂1) 58.09 69.28 59.86 58.58 77.65 60.79 59.69 74.10 60.52 56.05 75.46 60.05
power 0.02 0.06 0.00 0.00 0.05 0.00 0.00 0.06 0.00 0.01 0.04 0.01
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Table 3: (S1) Summary of change-point analysis when n = 100, T = 200 and φ = 2.
% 1 0.75 0.5 0.25

σ DC max avg DC max avg DC max avg DC max avg

√
2

χ̂∗
it

avg(η̂1) 67.31 76.09 67.25 66.83 81.30 66.81 67.04 86.46 67.27 72.23 100.45 71.24
sd(η̂1) 3.16 20.85 2.99 2.74 27.06 2.68 2.74 34.90 6.19 18.61 55.33 19.21
power 1.00 1.00 1.00 1.00 0.99 1.00 1.00 0.94 1.00 0.93 0.39 0.92

ε̂∗it

avg(η̂1) 89.02 96.07 92.32 88.95 97.88 90.92 88.37 94.53 79.99 78.94 86.53 90.82
sd(η̂1) 57.77 76.76 60.72 59.02 78.64 55.96 57.60 76.51 61.56 53.23 77.22 57.41
power 0.01 0.01 0.01 0.01 0.06 0.00 0.03 0.04 0.01 0.03 0.05 0

0.75
√

2

χ̂∗
it

avg(η̂1) 67.33 79.10 67.04 66.76 86.74 66.38 70.14 105.27 68.91 81.97 117.01 84.89
sd(η̂1) 4.65 30.00 4.65 3.39 34.17 3.07 19.18 49.30 14.80 39.19 56.08 40.03
power 1.00 0.96 1.00 1.00 0.84 1.00 1.00 0.52 1.00 0.64 0.19 0.58

ε̂∗it

avg(η̂1) 91.41 97.44 98.25 92.67 91.54 94.92 101.86 88.45 95.02 91.35 88.58 94.01
sd(η̂1) 58.26 79.05 57.83 56.59 76.33 59.45 56.47 75.82 57.86 55.18 77.81 55.27
power 0.00 0.08 0.00 0.03 0.05 0.02 0.00 0.06 0.00 0.01 0.06 0.01

0.5
√

2

χ̂∗
it

avg(η̂1) 73.87 93.24 71.80 76.13 101.94 73.92 93.98 113.72 88.07 103.38 126.08 98
sd(η̂1) 20.97 45.60 16.67 25.98 51.39 25.15 44.26 57.84 40.68 62.92 64.40 61.42
power 0.99 0.39 0.99 0.95 0.34 0.97 0.57 0.26 0.57 0.26 0.22 0.19

ε̂∗it

avg(η̂1) 93.97 91.54 95.04 95.01 87.71 104.99 93.78 101.24 96.70 96.05 103.82 100.4
sd(η̂1) 59.39 75.51 56.40 56.09 78.14 57.72 54.69 75.03 56.62 58.03 75.85 57.3
power 0.04 0.08 0.00 0.02 0.05 0.02 0.02 0.03 0.01 0.00 0.06 0

0.25
√

2

χ̂∗
it

avg(η̂1) 109.60 113.30 101.70 94.27 93.05 95.89 100.06 103.33 95.06 111.16 95.31 114.56
sd(η̂1) 59.67 63.17 58.57 58.28 63.34 60.19 67.00 67.10 67.09 63.44 66.01 61.46
power 0.23 0.15 0.17 0.22 0.10 0.17 0.14 0.12 0.07 0.15 0.17 0.14

ε̂∗it

avg(η̂1) 89.21 94.18 90.65 90.17 104.06 102.04 89.11 82.72 91.86 94.39 80.57 101.14
sd(η̂1) 57.14 77.13 60.33 59.25 76.60 56.08 59.54 73.59 61.59 60.28 75.30 61.84
power 0.02 0.01 0.01 0.03 0.01 0.00 0.00 0.05 0.01 0.04 0.01 0.03

Table 4: (S1) Summary of change-point analysis when n = 100, T = 200 and
φ = 2.5.

% 1 0.75 0.5 0.25
σ DC max avg DC max avg DC max avg DC max avg

√
2

χ̂∗
it

avg(η̂1) 66.63 82.30 66.54 66.93 88.02 67.25 67.74 96.77 68.02 76.85 108.09 78.21
sd(η̂1) 2.85 30.36 2.86 3.55 34.58 4.07 5.90 41.99 8.22 33.36 54.58 34.96
power 1.00 1.00 1.00 1.00 0.99 1.00 1.00 0.83 1.00 0.91 0.34 0.89

ε̂∗it

avg(η̂1) 94.87 85.15 97.17 80.36 92.83 88.81 89.63 94.73 90.54 91.61 104.44 94.7
sd(η̂1) 57.51 77.03 56.72 59.05 76.96 62.45 58.17 74.24 57.87 59.88 72.09 62.5
power 0.02 0.05 0.00 0.01 0.05 0.02 0.02 0.08 0.01 0.05 0.06 0.02

0.75
√

2

χ̂∗
it

avg(η̂1) 67.44 94.77 67.52 70.35 94.44 69.65 71.26 94.68 69.68 96.01 108.01 89.91
sd(η̂1) 4.62 41.97 5.14 15.59 41.49 15.67 17.22 48.91 16.46 53.65 62.19 55.56
power 1.00 0.96 1.00 1.00 0.65 1.00 0.99 0.36 0.98 0.60 0.26 0.54

ε̂∗it

avg(η̂1) 90.76 89.84 91.26 91.03 102.11 89.26 91.80 108.11 90.99 93.99 108.19 88.99
sd(η̂1) 56.93 74.80 58.32 57.99 76.63 58.97 57.86 74.72 58.31 54.00 74.15 53.65
power 0.02 0.03 0.00 0.00 0.04 0.01 0.01 0.05 0.01 0.04 0.01 0

0.5
√

2

χ̂∗
it

avg(η̂1) 81.76 104.64 75.95 82.43 92.52 78.19 97.58 99.90 91.68 111.15 107.54 106.74
sd(η̂1) 34.48 49.58 27.77 38.85 54.90 33.24 54.08 60.32 51.31 58.69 64.24 60.35
power 0.92 0.40 0.94 0.89 0.33 0.89 0.56 0.13 0.43 0.28 0.18 0.15

ε̂∗it

avg(η̂1) 80.73 106.35 80.20 90.73 99.54 98.13 101.04 112.58 97.13 109.68 99.27 115.24
sd(η̂1) 57.38 73.26 53.04 52.97 75.89 58.89 56.94 76.76 56.54 55.06 76.75 55.22
power 0.02 0.04 0.00 0.00 0.06 0.01 0.00 0.01 0.02 0.02 0.03 0.01

0.25
√

2

χ̂∗
it

avg(η̂1) 103.70 106.28 91.54 104.42 108.12 96.58 99.10 99.96 104.25 90.92 102.88 89.73
sd(η̂1) 60.28 66.98 57.77 62.80 59.45 63.10 64.20 67.16 66.80 65.40 68.59 66.09
power 0.19 0.21 0.17 0.22 0.11 0.16 0.22 0.11 0.14 0.24 0.17 0.15

ε̂∗it

avg(η̂1) 106.74 94.51 104.65 100.39 110.25 103.71 99.90 97.35 102.39 105.04 83.28 106.39
sd(η̂1) 58.18 73.11 58.31 58.27 78.29 59.81 55.96 77.43 56.05 55.59 72.40 59.2
power 0.00 0.05 0.01 0.00 0.08 0.00 0.01 0.03 0.01 0.02 0.03 0

Table 5: (S2) Summary of change-point analysis when n = 100 and T = 200.
φ DC max avg φ DC max avg

1

χ̂∗
it

avg(η̂1) 71.01 96.81 70.55

2

χ̂∗
it

avg(η̂1) 78.54 106.73 76.01
sd(η̂1) 16.41 59.82 16.10 sd(η̂1) 28.58 57.03 25.23
power 0.99 0.35 0.98 power 0.93 0.33 0.92

ε̂∗it

avg(η̂1) 96.03 96.94 92.83
ε̂∗it

avg(η̂1) 88.35 91.59 88.5
sd(η̂1) 56.75 75.39 60.77 sd(η̂1) 58.07 76.04 57.6
power 0.05 0.04 0.01 power 0.01 0.02 0

1.5

χ̂∗
it

avg(η̂1) 75.20 97.58 69.72

2.5

χ̂∗
it

avg(η̂1) 84.98 95.39 74.79
sd(η̂1) 30.29 58.80 18.50 sd(η̂1) 42.03 56.21 28.7
power 0.95 0.29 0.99 power 0.89 0.43 0.92

ε̂∗it

avg(η̂1) 96.22 93.91 95.47
ε̂∗it

avg(η̂1) 98.73 93.65 96.81
sd(η̂1) 60.83 74.78 60.09 sd(η̂1) 53.35 69.81 57.33
power 0.01 0.05 0.00 power 0.00 0.02 0
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Table 6: (S3) Summary of change-point analysis when n = 100 and T = 200.
% 1 0.75 0.5 0.25

φ DC max avg DC max avg DC max avg DC max avg

1

χ̂∗
it

avg(η̂1) 71.36 75.88 70.89 72.27 72.08 72.93 77.89 80.41 77.68 88.98 83.40 87.63
sd(η̂1) 16.33 24.36 18.41 19.05 21.49 24.12 28.59 31.80 34.56 53.03 45.07 55.99
power 0.98 0.93 0.86 0.83 0.85 0.63 0.57 0.73 0.43 0.17 0.42 0.06

ε̂∗it

avg(η̂1) 91.92 111.34 97.75 95.09 96.39 96.56 89.29 101.54 98.47 93.51 96.33 88.38
sd(η̂1) 59.50 77.27 58.74 56.26 78.11 58.78 60.61 76.54 61.67 56.97 76.06 55.62
power 0.01 0.05 0.01 0.03 0.06 0.00 0.01 0.03 0.00 0.00 0.05 0.01

1.5

χ̂∗
it

avg(η̂1) 76.34 80.37 75.71 82.87 81.12 83.02 83.82 81.55 83.11 102.30 100.49 106.62
sd(η̂1) 26.88 30.58 27.80 38.63 35.88 36.93 40.43 40.06 40.80 61.41 62.37 61.59
power 0.90 0.85 0.82 0.77 0.76 0.62 0.44 0.51 0.36 0.26 0.28 0.17

ε̂∗it

avg(η̂1) 99.28 77.71 89.86 103.53 91.71 101.20 101.89 99.66 97.92 93.36 106.78 94.41
sd(η̂1) 54.95 72.23 56.96 55.28 77.17 57.11 55.32 77.64 60.91 51.19 70.91 51.28
power 0.01 0.02 0.01 0.03 0.10 0.02 0.01 0.02 0.02 0.12 0.06 0.02

2

χ̂∗
it

avg(η̂1) 82.43 79.38 78.95 81.09 86.32 82.72 95.22 94.31 90.15 94.74 92.15 97.94
sd(η̂1) 36.82 34.32 32.59 36.82 41.03 37.56 56.78 62.66 58.25 63.69 64.64 63.47
power 0.89 0.94 0.77 0.79 0.69 0.61 0.39 0.31 0.26 0.23 0.15 0.17

ε̂∗it

avg(η̂1) 94.96 87.00 91.71 92.92 86.75 94.68 89.60 92.20 96.65 92.34 109.65 97.06
sd(η̂1) 58.66 73.54 60.72 58.82 77.49 60.16 52.32 74.99 53.41 56.52 77.84 59.86
power 0.04 0.01 0.02 0.04 0.04 0.02 0.06 0.01 0.00 0.02 0.04 0

2.5

χ̂∗
it

avg(η̂1) 84.46 87.92 81.74 92.02 96.29 98.12 94.87 101.69 100.83 102.30 107.22 103.98
sd(η̂1) 31.10 40.57 31.13 48.90 53.09 50.69 58.71 61.34 60.54 66.07 64.70 65.06
power 0.91 0.77 0.83 0.68 0.52 0.58 0.44 0.30 0.33 0.16 0.07 0.09

ε̂∗it

avg(η̂1) 90.22 100.94 91.38 100.38 113.56 103.17 100.05 107.97 98.43 96.34 102.57 101.71
sd(η̂1) 56.82 74.69 58.20 56.37 70.72 56.34 53.85 74.39 57.56 52.33 74.40 56.17
power 0.02 0.05 0.00 0.02 0.03 0.00 0.03 0.08 0.00 0.03 0.04 0.01

Table 7: (S4) Summary of change-point analysis when n = 100 and T = 200.
% 1 0.75 0.5 0.25

φ−1 DC max avg DC max avg DC max avg DC max avg

1

χ̂∗
it

avg(η̂1) 95.25 102.83 94.22 100.36 89.18 94.26 104.14 98.78 102.93 104.66 94.51 102.56
sd(η̂1) 66.55 68.58 67.43 64.54 69.04 61.00 66.68 70.15 66.79 59.24 67.13 58.53
power 0.08 0.11 0.04 0.10 0.14 0.07 0.04 0.10 0.04 0.13 0.11 0.1

ε̂∗it

avg(η̂1) 66.01 57.09 65.99 65.80 56.83 65.87 65.56 56.74 65.74 67.83 72.66 68.47
sd(η̂1) 0.81 41.92 1.14 1.97 41.75 4.15 3.32 43.22 3.88 17.14 49.92 21.18
power 1.00 0.71 1.00 0.99 0.65 0.99 0.99 0.54 1.00 0.70 0.34 0.45

1.5

χ̂∗
it

avg(η̂1) 96.62 98.58 93.36 100.98 86.47 99.62 106.13 102.15 105.71 94.50 101.49 91.22
sd(η̂1) 64.55 66.14 66.21 69.15 69.80 69.36 66.77 66.63 64.34 68.59 66.98 65.16
power 0.06 0.07 0.03 0.03 0.04 0.02 0.08 0.04 0.06 0.05 0.04 0.04

ε̂∗it

avg(η̂1) 66.05 60.77 65.98 66.17 60.74 65.47 65.35 65.25 65.63 66.99 71.63 70.66
sd(η̂1) 1.10 46.28 1.04 1.56 50.33 1.97 4.18 51.98 3.78 13.46 54.46 20.38
power 1.00 0.73 1.00 1.00 0.59 1.00 0.97 0.52 0.98 0.72 0.33 0.5

2

χ̂∗
it

avg(η̂1) 97.84 97.06 99.68 103.41 114.04 104.00 99.04 86.47 97.89 93.15 102.00 91.46
sd(η̂1) 66.07 64.74 65.85 64.49 63.54 65.90 63.54 66.02 64.71 65.36 65.38 66.74
power 0.08 0.11 0.08 0.09 0.09 0.04 0.08 0.04 0.03 0.09 0.08 0.06

ε̂∗it

avg(η̂1) 65.97 60.40 65.97 65.93 64.55 65.86 66.02 67.38 65.57 66.55 63.38 70.21
sd(η̂1) 0.81 47.84 0.98 2.18 51.79 2.13 6.80 52.41 7.82 15.72 49.90 19.94
power 1.00 0.76 1.00 0.99 0.64 0.99 1.00 0.55 0.98 0.76 0.37 0.53

2.5

χ̂∗
it

avg(η̂1) 94.42 98.27 95.71 104.10 103.07 101.78 100.98 95.25 108.29 90.02 103.07 89.5
sd(η̂1) 66.45 68.99 63.88 60.66 61.20 62.02 66.14 68.17 65.75 60.00 61.92 60.46
power 0.06 0.05 0.06 0.09 0.04 0.05 0.12 0.08 0.07 0.06 0.12 0.04

ε̂∗it

avg(η̂1) 65.78 58.21 66.05 65.69 60.13 65.97 65.99 65.02 65.57 68.65 72.60 70.06
sd(η̂1) 1.23 46.08 1.00 1.89 46.61 2.67 5.19 48.39 4.36 17.91 51.46 23.72
power 1.00 0.65 1.00 1.00 0.69 1.00 0.99 0.47 0.99 0.73 0.30 0.49
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Table 8: (S5) Summary of change-point analysis when n = 100 and T = 200.
% 1 0.75 0.5 0.25

φ−1 DC max avg DC max avg DC max avg DC max avg

1

χ̂∗
it

avg(η̂1) 66.96 89.39 66.20 68.05 94.96 67.44 82.78 103.85 87.68 91.43 93.37 92.07
sd(η̂1) 5.28 37.03 5.87 11.08 42.43 12.32 43.17 60.93 50.06 61.61 65.32 61.39
power 1.00 0.78 1.00 0.99 0.58 0.98 0.69 0.32 0.62 0.22 0.19 0.21

ε̂∗it

avg(η̂1) 66.32 97.35 65.68 67.58 109.88 65.36 71.27 106.31 69.92 69.24 107.94 70.76
sd(η̂1) 6.76 72.56 9.94 18.55 65.86 17.67 30.07 66.83 32.28 20.55 68.59 21.57
power 0.94 0.15 0.90 0.75 0.11 0.64 0.53 0.05 0.45 0.78 0.11 0.76

1.5

χ̂∗
it

avg(η̂1) 84.33 101.43 79.24 89.66 102.67 86.31 101.21 101.01 96.81 95.26 96.36 99.78
sd(η̂1) 43.26 48.19 44.41 53.42 53.21 53.12 62.93 60.69 63.65 62.50 62.86 60.24
power 0.64 0.32 0.58 0.30 0.23 0.28 0.24 0.13 0.19 0.10 0.10 0.06

ε̂∗it

avg(η̂1) 66.13 105.99 67.32 66.94 130.68 66.69 70.23 119.47 69.62 74.06 127.40 71.96
sd(η̂1) 11.31 67.14 11.12 6.72 55.73 4.42 20.06 59.24 15.52 22.09 59.39 15.14
power 0.94 0.09 0.91 0.93 0.06 0.92 0.81 0.12 0.85 0.89 0.07 0.82

2

χ̂∗
it

avg(η̂1) 89.99 106.88 84.44 88.14 100.76 84.68 95.20 90.00 96.85 91.10 104.76 87.25
sd(η̂1) 57.12 54.00 53.13 59.97 62.17 60.52 56.43 61.84 55.58 64.95 65.35 63.91
power 0.18 0.17 0.19 0.15 0.06 0.11 0.09 0.08 0.09 0.07 0.05 0.01

ε̂∗it

avg(η̂1) 67.82 115.14 67.29 68.42 122.49 67.46 68.53 118.65 68.53 69.75 114.19 68.09
sd(η̂1) 7.86 66.79 3.25 10.74 58.17 7.60 9.76 63.89 11.97 14.79 61.21 7.75
power 0.98 0.07 1.00 0.95 0.09 0.93 0.92 0.07 0.91 0.83 0.02 0.76

2.5

χ̂∗
it

avg(η̂1) 92.22 110.91 88.89 96.79 92.59 100.88 96.28 92.34 93.13 96.33 95.30 94.01
sd(η̂1) 58.56 60.14 57.41 67.68 59.30 66.07 65.81 64.78 67.45 64.49 65.57 62.66
power 0.11 0.18 0.08 0.10 0.05 0.09 0.07 0.07 0.08 0.11 0.05 0.07

ε̂∗it

avg(η̂1) 67.16 121.06 66.68 67.80 111.56 66.43 67.16 119.45 68.28 71.64 114.08 71.11
sd(η̂1) 4.46 62.78 4.43 9.78 56.93 5.73 8.90 59.74 15.02 18.32 62.06 22.89
power 0.98 0.06 0.97 0.97 0.09 0.95 0.94 0.04 0.95 0.82 0.05 0.78
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1.2 When n = 300

1.2.1 Detection power
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Figure 9: (S1) Detection power (y-axis) of change-point tests based on DC
(solid), MAX (broken) and AVG (dotted) on the common (top) and idiosyn-
cratic (bottom) components with varying φ ∈ {1, 1.5, 2, 2.5} (x-axis) when n = 300,
T = 200, σ =

√
2 and % ∈ {1, 0.75, 0.5, 0.25} (left to right); horizontal grey lines

indicate the significance level 0.05.
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Figure 10: (S1) Detection power of change-point tests when σ = 0.75
√
2.
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Figure 11: (S1) Detection power of change-point tests when σ = 0.5
√
2.
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Figure 12: (S1) Detection power of change-point tests when σ = 0.25
√
2.
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Figure 13: (S2) Detection power of change-point tests on the common (left)
and idiosyncratic (right) components with varying φ ∈ {1, 1.5, 2, 2.5} (x-axis)
when n = 300 and T = 200.
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Figure 14: (S3) Detection power of change-point tests on the common (top)
and idiosyncratic (bottom) components with varying φ ∈ {1, 1.5, 2, 2.5} (x-axis)
when n = 300, T = 200, σ =

√
2 and % ∈ {1, 0.75, 0.5, 0.25} (left to right).
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Figure 15: (S4) Detection power of change-point tests on the common (top)
and idiosyncratic (bottom) components with varying φ ∈ {2.5−1, 2−1, 1.5−1, 1} (x-
axis) when n = 300, T = 200 and % ∈ {1, 0.75, 0.5, 0.25} (left to right).
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Figure 16: (S5) Detection power of change-point tests on the common (top)
and idiosyncratic (bottom) components with varying φ ∈ {2.5−1, 2−1, 1.5−1, 1} (x-
axis) when n = 300, T = 200 and % ∈ {1, 0.75, 0.5, 0.25} (left to right).
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1.2.2 Estimated change-point locations
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Figure 17: (S1) Boxplots of the locations of change-points estimated from
χ̂∗it for σ ∈

√
2{1, 0.75, 0.5, 0.25} (top to bottom) and % ∈ {1, 0.75, 0.5, 0.25} (left to

right), when n = 300, T = 200 and φ = 1; horizontal broken lines indicate the
true change-point location η = [T/3].
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Figure 18: (S1) Boxplots of the locations of change-points estimated from χ̂∗it
when n = 300, T = 200 and φ = 1.5.
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Figure 19: (S1) Boxplots of the locations of change-points estimated from χ̂∗it
when n = 300, T = 200 and φ = 2.
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Figure 20: (S1) Boxplots of the locations of change-points estimated from χ̂∗it
when n = 300, T = 200 and φ = 2.5.

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●●

●●
●

●

●
●●

●

●

0
50

10
0

15
0

20
0 1

DC max avg

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

0
50

10
0

15
0

20
0

DC max avg

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

0
50

10
0

15
0

20
0

DC max avg

●●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0
50

10
0

15
0

20
0

DC max avg

Figure 21: (S2) Boxplots of the locations of change-points estimated from χ̂∗it
for φ ∈ {1, 1.5, 2, 2.5} (left to right), when n = 300 and T = 200.
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Figure 22: (S3) Boxplots of the locations of change-points estimated from χ̂∗it
for φ ∈ {1, 1.5, 2, 2.5} (top to bottom) and % ∈ {1, 0.75, 0.5, 0.25} (left to right),
when n = 300, T = 200.
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Figure 23: (S4) Boxplots of the locations of change-points estimated from ε̂∗it
for φ−1 ∈ {1, 1.5, 2, 2.5} (top to bottom) and % ∈ {1, 0.75, 0.5, 0.25} (left to right),
when n = 300 and T = 200.
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Figure 24: (S5) Boxplots of the locations of change-points estimated from ε̂∗it
for φ−1 ∈ {1, 1.5, 2, 2.5} (top to bottom) and % ∈ {1, 0.75, 0.5, 0.25} (left to right),
when n = 300 and T = 200.
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1.2.3 Summary on the change-point analysis

The following tables report the average and standard deviation of the estimated change-point
η̂1 and detection power at α = 0.05.

Table 9: (S1) Summary of change-point analysis when n = 300, T = 200 and φ = 1.
% 1 0.75 0.5 0.25

σ DC max avg DC max avg DC max avg DC max avg

√
2

χ̂∗
it

avg(η̂1) 66.61 67.75 66.65 66.44 70.07 66.59 66.39 68.52 66.60 67.37 72.32 68.07
sd(η̂1) 2.65 9.45 2.81 1.43 14.37 2.57 1.31 9.85 1.98 11.29 18.94 12.75
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1

ε̂∗it

avg(η̂1) 106.10 106.91 99.09 103.02 115.33 98.60 102.04 108.61 102.59 107.78 109.98 100.07
sd(η̂1) 45.15 80.82 43.70 48.53 79.69 52.91 46.43 79.11 49.41 54.98 81.35 53.92
power 0.00 0.05 0.00 0.00 0.05 0.00 0.00 0.07 0.00 0.00 0.04 0

0.75
√

2

χ̂∗
it

avg(η̂1) 66.48 67.20 66.58 66.36 68.36 67.26 66.96 69.21 67.35 65.84 69.97 70.86
sd(η̂1) 2.23 11.11 2.32 1.81 15.04 5.63 4.71 14.77 5.85 7.12 21.10 21.67
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.96

ε̂∗it

avg(η̂1) 101.76 116.11 99.49 102.57 121.05 103.17 103.60 108.15 106.97 91.76 107.99 98.22
sd(η̂1) 47.10 75.73 52.71 49.17 73.37 51.40 50.29 77.21 55.25 52.83 81.32 51.58
power 0.00 0.04 0.00 0.01 0.06 0.01 0.00 0.03 0.00 0.00 0.05 0.04

0.5
√

2

χ̂∗
it

avg(η̂1) 67.06 70.24 67.22 66.99 68.45 67.04 68.10 64.74 68.46 93.24 87.65 94.97
sd(η̂1) 7.71 20.24 7.99 2.77 22.80 3.17 13.08 16.90 13.63 51.36 53.19 52.86
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.53 0.68 0.4

ε̂∗it

avg(η̂1) 97.04 99.37 103.14 96.73 113.79 101.17 105.65 97.39 98.51 74.70 90.98 78.85
sd(η̂1) 51.70 82.40 52.86 52.93 79.09 49.35 48.39 78.83 51.35 36.49 79.11 40.78
power 0.00 0.04 0.00 0.00 0.04 0.00 0.00 0.03 0.00 0.08 0.03 0.06

0.25
√

2

χ̂∗
it

avg(η̂1) 86.27 77.75 91.36 99.53 78.74 99.71 105.62 107.62 98.80 97.21 101.89 95.53
sd(η̂1) 46.45 45.47 51.61 60.64 53.56 61.22 62.43 66.47 62.77 65.60 66.14 64.73
power 0.64 0.77 0.52 0.28 0.62 0.22 0.13 0.26 0.09 0.14 0.08 0.1

ε̂∗it

avg(η̂1) 83.59 96.43 80.28 83.28 107.02 79.45 89.67 81.53 97.55 84.36 105.05 92.69
sd(η̂1) 50.70 78.54 51.82 49.99 79.12 49.08 47.32 79.24 53.16 50.28 81.75 54.35
power 0.00 0.08 0.00 0.00 0.08 0.00 0.00 0.05 0.00 0.00 0.06 0.01

Table 10: (S1) Summary of change-point analysis when n = 300, T = 200 and
φ = 1.5.

% 1 0.75 0.5 0.25
σ DC max avg DC max avg DC max avg DC max avg

√
2

χ̂∗
it

avg(η̂1) 66.28 72.86 66.40 66.16 70.18 66.41 66.30 69.58 66.61 67.57 72.70 67.91
sd(η̂1) 1.68 15.99 1.98 1.38 13.55 1.50 1.40 10.57 1.79 11.34 23.20 11.67
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 1

ε̂∗it

avg(η̂1) 103.35 109.50 102.46 108.18 116.92 104.56 103.96 103.73 110.13 94.76 82.39 96.91
sd(η̂1) 50.43 78.48 48.76 48.19 78.19 51.63 47.37 81.09 51.77 51.86 80.35 47.87
power 0.00 0.05 0.00 0.00 0.08 0.00 0.00 0.05 0.00 0.00 0.07 0

0.75
√

2

χ̂∗
it

avg(η̂1) 66.76 69.36 67.09 66.37 71.22 66.49 66.42 71.09 66.20 69.03 84.30 69.52
sd(η̂1) 2.27 9.58 3.41 1.56 23.40 1.69 2.34 21.55 1.58 17.71 47.14 20.42
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.84 0.96

ε̂∗it

avg(η̂1) 108.48 111.30 105.24 94.74 103.62 93.85 105.35 106.39 98.31 83.45 91.78 89.09
sd(η̂1) 50.94 76.79 57.37 54.61 78.47 52.16 49.81 78.65 50.41 49.52 81.20 47.79
power 0.00 0.09 0.00 0.00 0.04 0.00 0.00 0.03 0.00 0.00 0.05 0.01

0.5
√

2

χ̂∗
it

avg(η̂1) 67.21 69.01 67.48 67.35 67.41 67.12 70.56 78.54 69.37 100.19 106.66 94.72
sd(η̂1) 5.44 32.48 5.86 4.31 23.83 4.64 20.53 43.68 17.93 57.25 60.97 56.76
power 1.00 1.00 1.00 1.00 0.98 1.00 0.99 0.84 0.96 0.33 0.33 0.22

ε̂∗it

avg(η̂1) 95.80 107.23 92.87 100.67 92.17 98.46 94.16 77.19 91.48 92.16 88.09 89.57
sd(η̂1) 53.43 78.22 53.39 50.08 78.98 52.80 50.63 76.82 49.54 52.32 77.37 56.37
power 0.00 0.06 0.00 0.00 0.03 0.00 0.00 0.06 0.00 0.00 0.06 0

0.25
√

2

χ̂∗
it

avg(η̂1) 97.82 97.78 99.13 90.42 108.48 94.06 101.77 101.30 99.08 110.64 108.39 104.15
sd(η̂1) 55.18 64.70 56.04 54.00 61.71 54.13 61.33 68.39 58.84 64.80 66.13 65.12
power 0.39 0.35 0.32 0.20 0.26 0.14 0.09 0.12 0.05 0.06 0.15 0.07

ε̂∗it

avg(η̂1) 85.46 106.79 89.56 82.39 88.99 82.85 99.61 86.79 98.40 93.26 104.34 90.01
sd(η̂1) 49.65 80.17 55.46 49.14 77.85 53.83 54.46 79.58 55.00 53.60 82.82 56.7
power 0.00 0.05 0.00 0.00 0.06 0.00 0.00 0.03 0.00 0.00 0.03 0
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Table 11: (S1) Summary of change-point analysis when n = 300, T = 200 and
φ = 2.

% 1 0.75 0.5 0.25
σ DC max avg DC max avg DC max avg DC max avg

√
2

χ̂∗
it

avg(η̂1) 66.21 70.23 66.78 66.31 71.17 66.53 66.63 73.80 66.49 67.70 75.02 67.36
sd(η̂1) 1.27 13.49 4.88 1.39 9.63 1.80 2.54 19.71 2.32 4.20 29.09 4.05
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.93 1

ε̂∗it

avg(η̂1) 101.41 117.75 100.09 105.55 120.72 102.25 100.03 100.31 96.02 99.59 97.73 89.18
sd(η̂1) 52.59 78.77 54.24 51.05 75.93 55.44 53.38 81.12 55.22 53.34 80.95 54.77
power 0.00 0.07 0.00 0.00 0.08 0.00 0.00 0.02 0.00 0.00 0.02 0

0.75
√

2

χ̂∗
it

avg(η̂1) 66.55 72.25 66.48 66.56 74.31 66.51 66.92 73.72 66.89 75.09 98.71 75.4
sd(η̂1) 2.13 26.22 2.32 2.29 18.48 2.48 3.55 23.40 3.56 23.21 54.41 23.2
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99 1.00 0.93 0.56 0.92

ε̂∗it

avg(η̂1) 107.08 96.85 100.46 90.75 92.00 91.98 98.35 84.23 96.15 94.95 93.45 94.7
sd(η̂1) 52.44 79.41 52.00 51.86 81.82 52.36 51.63 79.56 52.70 49.11 79.12 51.39
power 0.00 0.06 0.00 0.00 0.03 0.00 0.00 0.01 0.00 0.00 0.09 0

0.5
√

2

χ̂∗
it

avg(η̂1) 67.54 70.76 68.36 67.92 74.38 67.33 72.74 94.54 71.45 94.83 108.40 95.86
sd(η̂1) 12.37 34.18 13.37 5.79 39.68 5.29 27.10 51.98 23.45 53.06 60.92 52.08
power 1.00 0.97 1.00 1.00 0.83 1.00 0.91 0.47 0.91 0.29 0.19 0.21

ε̂∗it

avg(η̂1) 105.18 99.15 106.89 97.18 86.32 100.06 93.22 87.09 95.97 89.37 94.61 99.05
sd(η̂1) 53.93 78.02 55.76 54.90 75.89 53.96 56.80 79.23 56.95 54.69 80.63 58.3
power 0.00 0.04 0.00 0.00 0.07 0.00 0.00 0.04 0.00 0.00 0.02 0

0.25
√

2

χ̂∗
it

avg(η̂1) 100.47 111.03 94.20 101.55 97.57 95.94 98.70 106.95 93.46 105.38 106.41 98.86
sd(η̂1) 55.33 61.48 52.36 59.09 64.60 58.10 60.92 65.43 60.58 66.51 67.93 68.19
power 0.28 0.25 0.19 0.14 0.10 0.09 0.11 0.14 0.10 0.10 0.14 0.04

ε̂∗it

avg(η̂1) 93.06 89.45 94.48 98.80 82.34 94.66 106.27 111.99 107.11 97.89 95.52 93
sd(η̂1) 53.05 78.94 53.47 52.37 79.29 54.92 53.04 78.25 54.30 55.34 81.39 54
power 0.00 0.05 0.00 0.00 0.03 0.00 0.00 0.05 0.00 0.00 0.06 0

Table 12: (S1) Summary of change-point analysis when n = 300, T = 200 and
φ = 2.5.

% 1 0.75 0.5 0.25
σ DC max avg DC max avg DC max avg DC max avg

√
2

χ̂∗
it

avg(η̂1) 66.22 71.44 66.18 66.32 75.52 66.41 66.39 74.83 66.39 69.10 87.92 69.18
sd(η̂1) 1.56 15.96 1.79 1.72 18.16 1.85 2.19 25.53 2.56 12.76 39.03 13.4
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.62 1

ε̂∗it

avg(η̂1) 101.54 92.90 96.20 91.87 110.49 96.70 103.02 104.77 105.02 91.16 102.14 87.83
sd(η̂1) 51.84 81.39 53.04 47.82 79.43 51.07 49.93 79.94 48.19 52.06 79.54 52.53
power 0.00 0.08 0.00 0.00 0.08 0.00 0.00 0.02 0.00 0.00 0.01 0

0.75
√

2

χ̂∗
it

avg(η̂1) 66.69 76.41 66.79 66.39 72.70 66.32 68.09 82.76 67.84 82.03 105.74 80.49
sd(η̂1) 2.89 29.05 3.20 1.79 26.65 1.95 5.59 38.32 5.99 35.76 61.22 37.94
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.88 1.00 0.87 0.31 0.82

ε̂∗it

avg(η̂1) 90.43 105.17 96.45 95.06 96.00 94.74 98.44 93.45 103.48 92.26 85.68 88.42
sd(η̂1) 50.97 82.45 51.73 54.49 80.58 55.01 51.61 79.44 50.81 56.76 78.37 56.48
power 0.00 0.05 0.00 0.00 0.03 0.00 0.01 0.04 0.00 0.00 0.04 0

0.5
√

2

χ̂∗
it

avg(η̂1) 69.49 78.36 69.41 71.32 106.09 68.98 82.51 103.76 75.79 104.43 111.94 99.89
sd(η̂1) 12.91 42.49 12.48 20.14 51.03 11.84 38.02 58.43 35.91 57.61 64.36 56.82
power 1.00 0.75 1.00 1.00 0.50 1.00 0.79 0.35 0.74 0.20 0.19 0.19

ε̂∗it

avg(η̂1) 87.07 84.64 96.20 93.28 95.96 96.32 93.40 82.93 85.37 88.10 89.47 94.77
sd(η̂1) 50.24 80.14 54.73 49.63 80.77 51.98 49.86 78.05 47.85 49.11 76.03 50.93
power 0.00 0.08 0.00 0.01 0.03 0.00 0.00 0.04 0.00 0.00 0.02 0

0.25
√

2

χ̂∗
it

avg(η̂1) 102.58 110.18 97.79 96.44 117.32 94.94 110.60 103.65 102.80 94.66 94.58 99.84
sd(η̂1) 56.92 61.64 55.45 60.05 58.79 57.31 57.21 66.28 58.99 68.19 66.18 66.94
power 0.21 0.13 0.18 0.12 0.14 0.09 0.12 0.11 0.09 0.10 0.07 0.06

ε̂∗it

avg(η̂1) 79.41 98.60 74.31 84.71 98.95 90.86 99.40 100.11 95.32 100.36 82.98 102.61
sd(η̂1) 53.70 79.57 51.05 46.50 79.88 50.15 54.78 78.97 54.29 55.58 77.06 54.72
power 0.00 0.09 0.00 0.00 0.07 0.00 0.00 0.04 0.00 0.00 0.03 0

Table 13: (S2) Summary of change-point analysis when n = 300 and T = 200.
φ DC max avg φ DC max avg

1

χ̂∗
it

avg(η̂1) 70.27 91.95 69.43

2

χ̂∗
it

avg(η̂1) 76.58 102.59 71.26
sd(η̂1) 15.08 52.89 9.74 sd(η̂1) 25.95 62.99 18.01
power 0.98 0.29 0.99 power 0.96 0.44 0.99

ε̂∗it

avg(η̂1) 99.59 103.77 94.58
ε̂∗it

avg(η̂1) 98.25 94.65 94.16
sd(η̂1) 52.80 81.27 53.87 sd(η̂1) 52.34 77.87 54.28
power 0.00 0.04 0.00 power 0.00 0.11 0

1.5

χ̂∗
it

avg(η̂1) 74.22 93.30 68.00

2.5

χ̂∗
it

avg(η̂1) 79.15 106.70 74.04
sd(η̂1) 26.59 54.68 11.99 sd(η̂1) 29.35 61.68 24.86
power 0.99 0.34 0.99 power 0.97 0.38 0.97

ε̂∗it

avg(η̂1) 94.08 97.73 93.65
ε̂∗it

avg(η̂1) 93.00 98.10 91.93
sd(η̂1) 52.87 80.09 53.92 sd(η̂1) 55.92 79.75 56.84
power 0.00 0.06 0.00 power 0.00 0.06 0
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Table 14: (S3) Summary of change-point analysis when n = 300 and T = 200.
% 1 0.75 0.5 0.25

φ DC max avg DC max avg DC max avg DC max avg

1

χ̂∗
it

avg(η̂1) 69.22 72.16 69.83 73.07 75.77 77.37 73.62 72.62 76.46 79.45 79.40 82.34
sd(η̂1) 11.07 16.88 18.03 19.71 22.31 29.65 23.91 19.29 33.54 47.05 28.81 49.85
power 1.00 0.99 0.90 0.94 1.00 0.67 0.65 0.94 0.45 0.19 0.82 0.1

ε̂∗it

avg(η̂1) 100.06 96.44 93.67 102.23 85.21 100.00 95.39 104.36 93.14 99.49 79.07 100.2
sd(η̂1) 54.11 76.48 55.46 51.57 79.65 52.32 55.05 76.95 51.97 54.30 76.90 53.2
power 0.00 0.04 0.00 0.00 0.04 0.00 0.00 0.02 0.00 0.00 0.03 0

1.5

χ̂∗
it

avg(η̂1) 73.64 72.98 73.41 72.74 76.07 74.08 79.24 75.80 79.07 87.86 76.18 88.54
sd(η̂1) 18.04 18.91 16.64 18.09 24.98 24.65 35.82 22.41 36.01 51.74 32.09 54.44
power 1.00 0.98 0.90 0.95 0.97 0.75 0.62 0.92 0.37 0.20 0.72 0.11

ε̂∗it

avg(η̂1) 101.32 103.68 105.27 104.14 98.72 97.68 89.08 92.10 91.54 85.96 85.22 85.38
sd(η̂1) 58.75 81.84 58.19 47.96 81.18 51.43 49.60 78.61 54.70 50.64 77.64 49.05
power 0.00 0.06 0.00 0.00 0.05 0.00 0.01 0.07 0.01 0.00 0.12 0

2

χ̂∗
it

avg(η̂1) 79.57 83.53 75.56 69.51 71.84 70.32 78.62 71.73 81.81 92.53 94.26 95.74
sd(η̂1) 28.48 36.07 24.12 12.27 21.56 22.27 34.65 17.79 38.99 60.90 59.28 61.88
power 0.97 0.98 0.87 0.85 0.97 0.65 0.62 0.93 0.42 0.18 0.41 0.13

ε̂∗it

avg(η̂1) 96.04 93.42 99.97 87.61 105.61 86.60 93.17 101.60 101.78 86.03 104.87 90.74
sd(η̂1) 53.00 82.28 52.72 50.11 81.02 54.12 55.60 78.91 55.28 41.86 79.54 43.98
power 0.00 0.03 0.00 0.00 0.06 0.00 0.00 0.05 0.00 0.03 0.09 0.01

2.5

χ̂∗
it

avg(η̂1) 75.91 80.39 73.88 74.60 78.79 74.96 92.42 82.66 91.02 94.30 89.43 94.04
sd(η̂1) 25.53 32.58 23.16 23.20 31.92 27.22 47.56 42.72 47.64 68.84 63.98 69.82
power 0.98 1.00 0.91 0.89 0.94 0.72 0.48 0.62 0.36 0.15 0.24 0.08

ε̂∗it

avg(η̂1) 109.44 102.74 103.78 102.82 99.74 108.60 93.10 82.01 99.57 95.71 115.50 90.1
sd(η̂1) 50.96 82.05 53.69 52.30 81.02 56.72 52.40 78.84 51.36 48.58 79.70 50.76
power 0.00 0.08 0.00 0.00 0.04 0.00 0.00 0.06 0.00 0.00 0.05 0

Table 15: (S4) Summary of change-point analysis when n = 300 and T = 200.
% 1 0.75 0.5 0.25

φ−1 DC max avg DC max avg DC max avg DC max avg

1

χ̂∗
it

avg(η̂1) 90.13 90.73 94.64 105.59 96.77 102.97 103.13 107.46 105.90 100.85 107.64 99.1
sd(η̂1) 66.11 68.35 66.35 61.70 63.06 59.74 64.67 64.71 63.50 65.59 63.82 65.92
power 0.04 0.09 0.04 0.09 0.08 0.06 0.11 0.04 0.09 0.05 0.04 0.02

ε̂∗it

avg(η̂1) 65.98 56.97 66.00 66.02 56.31 65.96 65.93 53.83 65.95 66.34 64.22 66.93
sd(η̂1) 0.20 46.42 0.14 0.32 41.11 0.47 1.47 42.85 1.47 3.88 52.92 7.29
power 1.00 0.86 1.00 1.00 0.77 1.00 1.00 0.60 1.00 0.96 0.46 0.77

1.5

χ̂∗
it

avg(η̂1) 91.72 101.29 96.19 88.93 94.57 88.70 98.23 90.51 100.27 104.97 108.47 106.55
sd(η̂1) 64.03 66.83 62.74 67.78 61.29 64.17 67.14 66.41 64.42 67.89 68.93 65.68
power 0.08 0.08 0.06 0.04 0.04 0.02 0.07 0.07 0.05 0.10 0.11 0.06

ε̂∗it

avg(η̂1) 65.98 51.02 66.03 65.98 52.81 66.04 65.99 56.64 65.86 65.72 54.83 65.52
sd(η̂1) 0.32 37.70 0.17 0.20 39.08 0.28 0.92 44.55 1.92 3.31 42.36 4.13
power 1.00 0.80 1.00 1.00 0.81 1.00 1.00 0.72 1.00 0.99 0.43 0.8

2

χ̂∗
it

avg(η̂1) 89.78 93.73 90.80 99.32 90.20 100.87 98.87 89.82 102.73 106.19 105.26 103.13
sd(η̂1) 62.93 67.55 63.83 63.24 68.09 62.79 66.48 68.02 65.13 65.68 70.44 66.82
power 0.08 0.07 0.03 0.06 0.09 0.03 0.06 0.04 0.05 0.05 0.04 0.03

ε̂∗it

avg(η̂1) 66.02 51.82 66.00 65.96 49.90 65.95 65.89 65.27 65.95 65.81 55.62 66.6
sd(η̂1) 0.14 40.72 0.00 0.35 43.37 0.50 0.63 49.32 1.16 3.32 42.35 5.55
power 1.00 0.92 1.00 1.00 0.74 1.00 1.00 0.64 1.00 0.96 0.48 0.8

2.5

χ̂∗
it

avg(η̂1) 99.95 100.88 95.64 102.69 90.03 96.87 92.97 94.98 93.94 86.36 94.32 95.31
sd(η̂1) 62.84 67.69 61.16 64.42 65.63 66.53 67.93 65.71 63.23 62.77 64.98 65.3
power 0.06 0.06 0.05 0.08 0.07 0.06 0.07 0.05 0.03 0.08 0.09 0.04

ε̂∗it

avg(η̂1) 65.99 54.41 66.00 65.98 44.14 65.95 65.92 52.99 65.77 66.47 58.99 66.89
sd(η̂1) 0.27 40.91 0.20 0.35 30.16 0.46 0.88 38.95 1.35 8.73 51.39 6.41
power 1.00 0.76 1.00 1.00 0.76 1.00 1.00 0.67 1.00 0.93 0.41 0.76
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Table 16: (S5) Summary of change-point analysis when n = 300 and T = 200.
% 1 0.75 0.5 0.25

φ−1 DC max avg DC max avg DC max avg DC max avg

1

χ̂∗
it

avg(η̂1) 66.04 80.92 65.49 66.19 77.86 65.54 66.36 82.47 66.17 82.99 85.42 87.96
sd(η̂1) 1.87 26.54 3.90 1.72 21.50 3.44 3.70 28.83 6.23 55.10 51.79 59.94
power 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.97 0.99 0.52 0.73 0.36

ε̂∗it

avg(η̂1) 66.09 65.80 65.96 66.15 74.64 65.83 65.24 65.13 65.46 67.98 96.18 67.44
sd(η̂1) 1.60 64.04 1.20 1.97 70.14 2.19 4.32 68.09 4.14 15.15 65.18 14.93
power 1.00 0.11 1.00 1.00 0.08 1.00 0.99 0.06 0.96 0.64 0.04 0.69

1.5

χ̂∗
it

avg(η̂1) 67.75 81.64 67.41 67.29 82.93 67.19 80.75 85.66 80.13 103.60 100.14 102.53
sd(η̂1) 9.81 27.50 12.94 20.57 32.73 24.31 42.93 32.72 43.61 62.05 54.14 63.43
power 1.00 0.92 0.99 0.92 0.81 0.79 0.49 0.63 0.38 0.12 0.34 0.07

ε̂∗it

avg(η̂1) 66.38 83.59 66.32 66.20 94.59 66.12 66.68 113.32 66.39 65.82 116.63 65.67
sd(η̂1) 2.22 71.94 1.24 2.80 71.98 2.47 3.00 68.51 1.90 3.96 63.14 3.52
power 1.00 0.09 1.00 1.00 0.05 1.00 0.98 0.11 0.97 0.91 0.11 0.93

2

χ̂∗
it

avg(η̂1) 83.42 95.24 79.15 89.36 98.41 86.55 88.29 99.92 84.85 107.72 109.21 105.97
sd(η̂1) 47.33 41.59 46.45 47.18 46.16 46.67 57.97 48.71 56.82 66.02 65.33 65.5
power 0.52 0.44 0.49 0.42 0.50 0.39 0.15 0.37 0.14 0.07 0.17 0.05

ε̂∗it

avg(η̂1) 66.41 102.53 66.48 66.42 102.25 66.46 66.76 112.77 66.68 66.36 128.26 66.5
sd(η̂1) 1.38 70.74 1.37 1.87 69.58 1.57 1.46 69.07 1.69 1.83 50.80 2.18
power 1.00 0.08 1.00 1.00 0.10 1.00 0.98 0.04 0.99 0.96 0.09 0.96

2.5

χ̂∗
it

avg(η̂1) 90.18 95.83 78.14 83.08 100.20 79.21 99.48 104.37 98.31 97.90 89.51 95.96
sd(η̂1) 52.30 43.66 49.16 53.84 49.75 55.09 57.71 53.92 57.71 67.29 64.86 65.11
power 0.26 0.26 0.29 0.14 0.28 0.13 0.03 0.24 0.03 0.08 0.07 0.05

ε̂∗it

avg(η̂1) 66.40 121.93 66.30 66.34 119.64 66.16 66.57 109.71 66.44 66.00 102.07 65.98
sd(η̂1) 1.33 62.38 1.62 1.13 66.11 1.14 1.52 67.36 1.54 1.68 56.01 1.71
power 1.00 0.10 1.00 1.00 0.09 1.00 0.99 0.09 0.99 0.94 0.12 0.95
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2 Comparative study with Chen et al. (2014) and Han and
Inoue (2014)

In this section, we compare the size and power of the DC test (as defined in Section 7.1
of Barigozzi et al. (2018)), against sup-Wald and sup-LM (Lagrange Multiplier)-type tests
proposed Chen et al. (2014) and Han and Inoue (2014). The test statistics from Han and
Inoue (2014) compare the pre- and post-break covariance matrices of f̂ = (f̂1t, . . . , f̂r̂t)

>,
while those from Chen et al. (2014) look for a structural break in the linear coefficients from
regressing f̂1t onto f̂2t, . . . , f̂r̂t, with r̂ estimated using the information criteria proposed in
Bai and Ng (2002) in both papers. We refer to their Wald and LM-type tests by W0, WB,
LM0 and LMB, with the subscripts depending on the choice of sample variance estimates (0
stands for a conditional heteroscedasticity robust estimator and B for a heteroscedasticity and
autocorrelation consistent estimator). Note that their methods are for testing the presence
of a single change-point only, and the accuracy in change-point location estimation was not
reported.
Among the various settings considered by Han and Inoue (2014), we select the most challenging
ones. Even so, the choice of parameters in (S6)–(S9) below results in weaker cross-sectional
correlations on the idiosyncratic components compared to (S1)–(S5) in Section 7.1 of Barigozzi
et al. (2018).
Recall the factor model (12) of Barigozzi et al. (2018), where we set n = T = 200 and q = 3.
Then we consider the following scenarios.

(S6) λij ∼iid N (1/2, 1), fjt ∼iid N (0, 1), εit = σi(vit+β
∑H

k=−H,k 6=0 vi+k,t), σi ∼iid U(0.5, 1.5),
vit ∼iid N (0, 1) and ϑ = 15q/{13(1 + 2Hβ2)}.

(S7) fjt = ρffj,t−1+ujt, ujt ∼iid N (0, 1− ρ2f ), εit = σivit, σi ∼iid U(0.5, 1.5), vit = ρvvi,t−1+

υit, υit ∼iid N (0, 1− ρ2v) and ϑ = 15q/13.

(S8) fjt, εit ∼iid N (0, 1), ϑ = (1 + b2/4)q, λij = λ0ij ∼iid N (b/2, 1) for t ≤ T/2 while
λij = λ0ij − b for t ≥ T/2 + 1, where b ∈ {1/3, 2/3, 1, 2}.

(S9) fjt, εit ∼iid N (0, 1), ϑ = 5q/4, λij = λ0ij ∼iid N (1/2, 1) for t ≤ T/2 while λij = c ·λ0ij for
t ≥ T/2 + 1, where c2 ∈ {3/4, 1/2, 1/4, 0}.

The parameters are chosen as β = 0.1, H = 6, ρf = 0.7 and ρv = 0.5. (S6)–(S7) are designed
to investigate the size behaviour of change-point tests. In (S6), both factors and idiosyncratic
components are serially uncorrelated while εt is cross-sectionally correlated, whereas factors
and idiosyncratic components are autocorrelated without any cross-sectional dependence in
(S7). As can be seen from Table 17, the DC test is able to keep the size strictly below
the nominal level (α = 0.05) in both scenarios. Note that W0 and LM0 often reject the
null hypothesis spuriously in the presence of serial correlations in factors and idiosyncratic
components.
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In (S8)–(S9), a single change-point occurs in the loadings at t = T/2. The magnitude of the
change in loadings increases with increasing b in (S8), and with decreasing c in (S9). The DC
test attains the best power in detecting the change-point for all scenarios while not returning
any false alarm from ε̂∗it. The contrast between our method and Wald or LM-type tests is most
striking in (S8): when b = 1/3, the magnitude of the change is too small that r̂ = 3 is often
returned by information criterion-based estimators. Hence, the power attained by these tests
is comparable to the nominal level, whereas the DC test attains power close to 1 thanks to
the screening procedure described in Section 4.3. The same observation applies to (S9) when
c = 3/4. Although LM0 and W0 tests from Han and Inoue (2014) generally achieve higher
power than the rest of Wald and LM-type tests, their poor size behaviour needs to be taken
into account in interpreting their power.

Table 17: Detection power of the DC test and change-point tests proposed in
Han and Inoue (2014) and Chen et al. (2014) at α = 0.05 over 1000 realisations.
The results from their Wald and LM-type tests are taken from Tables 1 and
3A–3B of Han and Inoue (2014); they did not report the size behaviour of the
tests proposed by Chen et al. (2014).

DC Han and Inoue (2014) Chen et al. (2014)
b / c2 χ̂∗it ε̂∗it W0 WB LM0 LMB W0 WB LM0 LMB

(S6) - 0.031 0.008 0.062 0.014 0.031 0.009 - - - -
(S7) - 0.029 0.000 0.852 0.061 0.840 0.050 - - - -

(S8)

1/3 0.963 0.003 0.078 0.022 0.065 0.023 0.070 0.059 0.048 0.029
2/3 1.000 0.001 1.000 0.891 1.000 0.561 1.000 1.000 0.668 0.574
1 1.000 0.004 1.000 0.919 1.000 0.614 1.000 1.000 0.778 0.663
2 1.000 0.000 1.000 0.842 1.000 0.494 1.000 0.997 1.000 0.995

(S9)

3/4 0.345 0.000 0.202 0.056 0.194 0.061 0.048 0.044 0.039 0.028
1/2 0.960 0.001 0.952 0.646 0.955 0.543 0.040 0.041 0.049 0.035
1/4 1.000 0.001 1.000 0.983 1.000 0.759 0.023 0.035 0.056 0.043
0 1.000 0.002 1.000 0.999 1.000 0.644 0.400 0.487 0.062 0.051
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3 Multiple change-point detection

We report further results from the simulation studies conducted in Section 7.2 of Barigozzi
et al. (2018).

3.1 Additional simulation results from (M1)

Table 18: (M1) Summary of the total number and location accuracy (|η̂b−ηb| <
2 log T in %) of the estimated change-points when n = 100 and T = 500.

χ̂∗
it χit ε̂∗it εit

φ σ avg(B̂χ) sd(B̂χ) η
χ
1 η

χ
2 avg(B̂χ) sd(B̂χ) η

χ
1 η

χ
2 avg(B̂ε) sd(B̂ε) ηε1 ηε2 avg(B̂ε) sd(B̂ε) ηε1 ηε2

1

1 2.00 0.00 99 95 1.98 0.14 100 95 2.00 0.00 100 100 2.00 0.00 100 100
0.75 1.99 0.10 93 99 1.95 0.26 95 94 2.00 0.00 100 100 2.00 0.00 100 100
0.5 1.53 0.73 64 63 1.21 0.92 54 47 2.00 0.00 100 100 2.00 0.00 100 100
0.25 0.19 0.42 1 0 0.05 0.22 0 0 2.01 0.10 100 100 2.00 0.00 100 100

1.5

1 2.09 0.29 97 97 1.97 0.22 99 97 2.00 0.00 100 100 2.00 0.00 100 100
0.75 1.99 0.10 96 97 1.92 0.34 94 86 2.00 0.00 100 100 2.00 0.00 100 100
0.5 1.75 0.58 67 66 1.30 0.82 59 42 2.00 0.00 100 100 2.00 0.00 100 100
0.25 0.45 0.56 1 0 0.05 0.22 0 1 2.00 0.00 100 100 2.00 0.00 100 100

2

1 2.78 0.42 100 96 1.95 0.22 100 92 2.00 0.00 100 100 2.00 0.00 100 100
0.75 2.22 0.42 99 93 1.90 0.36 93 87 2.00 0.00 100 100 2.00 0.00 100 100
0.5 1.78 0.52 78 76 1.19 0.86 54 46 2.00 0.00 100 100 2.00 0.00 100 100
0.25 0.65 0.58 3 0 0.05 0.22 0 0 2.01 0.10 100 100 2.00 0.00 100 100

2.5

1 2.97 0.17 97 98 1.97 0.17 97 97 2.00 0.00 100 100 2.00 0.00 100 100
0.75 2.76 0.43 94 99 1.94 0.28 97 88 2.00 0.00 100 100 2.00 0.00 100 100
0.5 1.87 0.42 77 81 1.22 0.86 54 44 2.00 0.00 100 100 2.00 0.00 100 100
0.25 1.07 0.54 4 4 0.04 0.20 0 0 2.00 0.00 100 100 2.00 0.00 100 100

Table 19: (M1) Summary of the total number and location accuracy (|η̂b−ηb| <
2 log T in %) of the estimated change-points when n = 300 and T = 500.

χ̂∗
it χit ε̂∗it εit

φ σ avg(B̂χ) sd(B̂χ) η
χ
1 η

χ
2 avg(B̂χ) sd(B̂χ) η

χ
1 η

χ
2 avg(B̂ε) sd(B̂ε) ηε1 ηε2 avg(B̂ε) sd(B̂ε) ηε1 ηε2

1

1 2.00 0.00 98 99 1.98 0.14 99 94 2.00 0.00 100 100 2.00 0.00 100 100
0.75 2.00 0.00 99 95 1.97 0.22 99 92 2.00 0.00 100 100 2.00 0.00 100 100
0.5 1.62 0.74 60 67 1.24 0.87 50 46 2.00 0.00 100 100 2.00 0.00 100 100
0.25 0.14 0.38 1 1 0.05 0.22 0 1 2.00 0.00 100 100 2.00 0.00 100 100

1.5

1 2.00 0.00 99 97 2.00 0.00 100 98 2.00 0.00 100 100 2.00 0.00 100 100
0.75 1.99 0.10 96 95 1.94 0.28 96 93 2.00 0.00 100 100 2.00 0.00 100 100
0.5 1.45 0.80 55 56 1.13 0.91 52 37 2.00 0.00 100 100 2.00 0.00 100 100
0.25 0.23 0.45 2 0 0.06 0.24 1 0 2.00 0.00 100 100 2.00 0.00 100 100

2

1 2.37 0.49 95 99 1.98 0.20 98 95 2.00 0.00 100 100 2.00 0.00 100 100
0.75 2.03 0.22 96 98 1.93 0.26 97 88 2.00 0.00 100 100 2.00 0.00 100 100
0.5 1.73 0.58 64 79 1.17 0.87 53 44 2.00 0.00 100 100 2.00 0.00 100 100
0.25 0.40 0.51 1 0 0.06 0.24 1 0 2.00 0.00 100 100 2.00 0.00 100 100

2.5

1 2.94 0.24 98 98 1.93 0.29 98 93 2.00 0.00 100 100 2.00 0.00 100 100
0.75 2.58 0.52 95 96 1.94 0.24 99 82 2.00 0.00 100 100 2.00 0.00 100 100
0.5 1.77 0.55 76 78 1.19 0.90 60 41 2.00 0.00 100 100 2.00 0.00 100 100
0.25 0.72 0.57 0 2 0.04 0.20 0 1 2.00 0.00 100 100 2.00 0.00 100 100
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Figure 25: (M1) Locations of the change-points estimated from χ̂∗it, χit (or-
acle), ε̂∗it and εit (oracle) by the DCBS algorithm (left to right) for σ ∈
{1, 0.75, 0.5, 0.25} (top to bottom) when n = 100, T = 500 and φ = 1.5; vertical
lines indicate the locations of the true change-points ηχb , b = 1, 2 (broken) and
ηεb, b = 1, 2 (dotted).
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Figure 26: (M1) Locations of the estimated change-points when n = 100, T = 500
and φ = 2.
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Figure 27: (M1) Locations of the estimated change-points when n = 300, T = 500
and φ = 1.
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Figure 28: (M1) Locations of the estimated change-points when n = 300, T = 500
and φ = 1.5.
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Figure 29: (M1) Locations of the estimated change-points when n = 300, T = 500
and φ = 2.
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Figure 30: (M1) Locations of the estimated change-points when n = 300, T = 500
and φ = 2.5.
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3.2 Additional simulation results from (M2)

Table 20: (M2) Summary of the total number and location accuracy (|η̂b−ηb| <
2 log T in %) of the estimated change-points when n = 100, T = 500 and σ =

√
2.

χ̂∗
it χit ε̂∗it εit

φ % avg(B̂χ) sd(B̂χ) η
χ
1 η

χ
2 η

χ
3 avg(B̂χ) sd(B̂χ) η

χ
1 η

χ
2 η

χ
3 avg(B̂ε) sd(B̂ε) ηε1 avg(B̂ε) sd(B̂ε) ηε1

1

1 2.88 0.41 99 91 59 2.85 0.36 99 90 60 1.11 0.31 100 1.07 0.29 100
0.75 2.96 0.35 99 87 68 2.95 0.33 98 92 76 1.16 0.37 100 1.09 0.29 100
0.5 2.91 0.51 98 95 54 2.89 0.47 100 96 69 1.22 0.54 100 1.09 0.29 100
0.25 2.50 0.56 91 91 26 2.57 0.57 92 97 38 1.16 0.39 82 1.04 0.20 100

1.5

1 2.81 0.44 100 90 45 2.87 0.39 100 93 52 1.07 0.26 100 1.12 0.36 100
0.75 2.88 0.38 98 97 59 2.89 0.35 98 96 72 1.13 0.37 100 1.08 0.27 100
0.5 2.82 0.50 99 94 52 2.91 0.40 99 97 69 1.08 0.27 100 1.05 0.22 100
0.25 2.48 0.66 84 90 20 2.74 0.58 95 91 45 1.16 0.39 83 1.07 0.26 100

2

1 2.76 0.45 100 88 40 2.83 0.38 100 87 55 1.17 0.38 99 1.14 0.35 100
0.75 2.84 0.42 99 86 50 2.89 0.35 99 93 63 1.06 0.24 100 1.14 0.35 100
0.5 2.77 0.57 93 84 41 3.02 0.40 97 89 65 1.10 0.30 100 1.07 0.33 100
0.25 2.32 0.51 75 89 6 2.66 0.62 94 94 44 1.11 0.31 87 1.08 0.27 99

2.5

1 2.75 0.46 100 90 44 2.83 0.38 100 95 56 1.05 0.22 100 1.11 0.31 100
0.75 2.70 0.46 98 89 39 2.94 0.28 99 92 72 1.06 0.24 100 1.10 0.30 100
0.5 2.53 0.54 92 83 22 2.94 0.49 99 91 59 1.12 0.33 99 1.11 0.31 100
0.25 2.19 0.44 74 84 4 2.76 0.61 97 92 43 1.16 0.39 82 1.05 0.22 100
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Table 21: (M2) Summary of the total number and location accuracy (|η̂b −
ηb| < 2 log T in %) of the estimated change-points when n = 100, T = 500 and
σ = 0.75

√
2.

χ̂∗
it χit ε̂∗it εit

φ % avg(B̂χ) sd(B̂χ) η
χ
1 η

χ
2 η

χ
3 avg(B̂χ) sd(B̂χ) η

χ
1 η

χ
2 η

χ
3 avg(B̂ε) sd(B̂ε) ηε1 avg(B̂ε) sd(B̂ε) ηε1

1

1 2.95 0.22 98 99 77 2.96 0.24 98 99 78 1.13 0.37 100 1.09 0.29 100
0.75 3.06 0.34 94 92 73 3.03 0.26 94 95 74 1.14 0.43 100 1.08 0.27 100
0.5 2.93 0.41 99 91 67 2.93 0.33 96 93 74 1.07 0.26 99 1.07 0.26 100
0.25 2.71 0.64 75 91 35 2.87 0.65 90 95 47 1.21 0.43 83 1.06 0.24 100

1.5

1 2.98 0.28 96 88 68 2.98 0.25 96 90 79 1.13 0.34 100 1.10 0.33 100
0.75 3.03 0.30 96 89 77 3.01 0.22 98 95 82 1.12 0.33 100 1.11 0.31 100
0.5 2.99 0.46 94 93 53 3.03 0.30 96 92 73 1.12 0.33 100 1.12 0.36 100
0.25 2.32 0.62 68 91 16 2.63 0.53 90 94 45 1.11 0.35 92 1.07 0.26 99

2

1 3.00 0.32 97 91 69 2.99 0.22 99 95 70 1.09 0.29 100 1.11 0.31 100
0.75 2.98 0.32 95 90 59 3.03 0.26 97 97 78 1.12 0.33 100 1.09 0.35 100
0.5 2.86 0.53 82 84 45 2.92 0.39 98 92 71 1.06 0.24 99 1.10 0.30 100
0.25 2.21 0.56 63 88 10 2.68 0.55 90 95 42 1.11 0.31 88 1.05 0.22 97

2.5

1 2.99 0.44 91 83 53 2.99 0.22 97 95 69 1.09 0.29 100 1.12 0.33 100
0.75 2.95 0.58 93 85 45 3.02 0.25 99 94 85 1.12 0.33 100 1.09 0.29 100
0.5 2.67 0.55 86 81 30 2.96 0.40 97 83 76 1.11 0.35 100 1.05 0.22 100
0.25 1.95 0.61 38 90 3 2.66 0.55 87 90 52 1.10 0.30 90 1.09 0.29 98

Table 22: (M2) Summary of the total number and location accuracy (|η̂b−ηb| <
2 log T in %) of the estimated change-points when n = 100, T = 500 and σ = 0.5

√
2.

χ̂∗
it χit ε̂∗it εit

φ % avg(B̂χ) sd(B̂χ) η
χ
1 η

χ
2 η

χ
3 avg(B̂χ) sd(B̂χ) η

χ
1 η

χ
2 η

χ
3 avg(B̂ε) sd(B̂ε) ηε1 avg(B̂ε) sd(B̂ε) ηε1

1

1 3.15 0.36 94 93 80 3.05 0.26 95 93 83 1.12 0.36 100 1.11 0.31 100
0.75 3.08 0.34 89 89 79 3.04 0.24 96 93 82 1.12 0.33 100 1.12 0.33 100
0.5 3.00 0.38 82 95 75 3.04 0.37 89 93 81 1.15 0.36 100 1.07 0.26 100
0.25 2.14 0.73 35 96 37 2.39 0.65 54 97 45 1.12 0.36 90 1.07 0.26 100

1.5

1 3.07 0.33 86 87 75 3.02 0.20 97 93 82 1.15 0.36 100 1.13 0.34 100
0.75 3.05 0.33 89 87 67 3.09 0.29 94 95 83 1.11 0.31 100 1.11 0.31 100
0.5 2.80 0.59 67 91 52 2.98 0.43 87 91 71 1.08 0.27 98 1.06 0.28 100
0.25 1.93 0.76 22 95 20 2.49 0.69 39 97 54 1.02 0.14 83 1.04 0.24 98

2

1 3.05 0.30 79 87 76 3.06 0.34 92 87 87 1.19 0.42 100 1.13 0.37 100
0.75 2.96 0.40 72 86 63 3.05 0.26 93 91 81 1.14 0.35 98 1.13 0.37 100
0.5 2.66 0.59 49 86 54 3.02 0.28 91 96 81 1.14 0.35 97 1.12 0.33 100
0.25 1.66 0.73 17 91 12 2.38 0.71 50 97 44 1.05 0.22 89 1.05 0.22 99

2.5

1 3.08 0.34 85 76 61 3.03 0.17 97 95 81 1.12 0.36 100 1.11 0.31 100
0.75 2.87 0.46 62 79 56 3.05 0.22 94 91 86 1.12 0.33 100 1.16 0.37 100
0.5 2.32 0.76 38 82 38 3.04 0.32 92 93 82 1.07 0.26 98 1.10 0.30 100
0.25 1.65 0.59 15 85 5 2.36 0.77 47 92 51 1.12 0.33 85 1.09 0.29 99

Table 23: (M2) Summary of the total number and location accuracy (|η̂b −
ηb| < 2 log T in %) of the estimated change-points when n = 100, T = 500 and
σ = 0.25

√
2.

χ̂∗
it χit ε̂∗it εit

φ % avg(B̂χ) sd(B̂χ) η
χ
1 η

χ
2 η

χ
3 avg(B̂χ) sd(B̂χ) η

χ
1 η

χ
2 η

χ
3 avg(B̂ε) sd(B̂ε) ηε1 avg(B̂ε) sd(B̂ε) ηε1

1

1 2.62 0.53 24 96 83 2.82 0.50 56 96 85 1.13 0.34 100 1.14 0.38 100
0.75 2.39 0.51 12 93 82 2.63 0.53 35 92 83 1.15 0.36 100 1.13 0.42 100
0.5 2.33 0.65 8 97 74 2.46 0.61 23 98 78 1.07 0.29 99 1.09 0.32 100
0.25 1.71 0.64 5 96 32 1.92 0.66 6 94 50 1.08 0.27 84 1.09 0.29 99

1.5

1 2.32 0.47 19 93 84 2.70 0.50 55 97 89 1.11 0.35 100 1.14 0.35 100
0.75 2.38 0.49 12 88 82 2.67 0.53 43 94 90 1.14 0.35 100 1.07 0.26 100
0.5 2.25 0.58 9 96 70 2.45 0.56 26 97 84 1.08 0.27 96 1.12 0.36 100
0.25 1.65 0.64 6 94 23 1.88 0.69 7 95 52 1.17 0.40 86 1.15 0.36 100

2

1 2.29 0.52 9 81 74 2.71 0.54 48 90 87 1.09 0.29 100 1.13 0.39 100
0.75 2.26 0.48 7 88 68 2.68 0.53 39 93 77 1.09 0.29 100 1.10 0.30 100
0.5 1.93 0.57 5 88 43 2.43 0.57 24 97 77 1.11 0.31 100 1.10 0.36 100
0.25 1.54 0.64 3 90 8 1.91 0.70 4 92 44 1.15 0.39 89 1.07 0.26 99

2.5

1 2.44 0.59 12 73 67 2.85 0.56 58 93 84 1.05 0.22 100 1.09 0.29 100
0.75 2.28 0.51 6 82 71 2.71 0.57 39 98 92 1.08 0.27 99 1.12 0.33 100
0.5 2.00 0.71 10 79 36 2.39 0.60 19 99 76 1.13 0.34 100 1.12 0.36 100
0.25 1.44 0.59 8 83 3 1.80 0.71 7 95 42 1.10 0.33 89 1.06 0.24 97
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Figure 31: (M2) Locations of the change-points estimated from χ̂∗it, χit (or-
acle), ε̂∗it and εit (oracle) by the DCBS algorithm (left to right) for % ∈
{1, 0.75, 0.5, 0.25} (top to bottom) when n = 100, T = 500, σ =

√
2 and φ = 1;

vertical lines indicate the locations of the true change-points ηχb , b = 1, 2, 3
(broken) and ηε1 (dotted).
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Figure 33: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ =
√
2 and φ = 2.
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Figure 34: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ =
√
2 and φ = 2.5.
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Figure 35: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.75

√
2 and φ = 1.5.
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Figure 36: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.75

√
2 and φ = 2.
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Figure 37: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.5

√
2 and φ = 1.
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Figure 38: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.5

√
2 and φ = 1.5.
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Figure 39: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.5

√
2 and φ = 2.
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Figure 40: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.5

√
2 and φ = 2.5.
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Figure 41: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.25

√
2 and φ = 1.
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Figure 42: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.25

√
2 and φ = 1.5.
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Figure 43: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.25

√
2 and φ = 2.
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Figure 44: (M2) Locations of the estimated change-points when n = 100, T = 500,
σ = 0.25

√
2 and φ = 2.5.
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