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Preliminary definitions and notation

Norms. For any m X p matrix B with generic element b;;, we denote its spectral norm as ||B| =
(1BB)1/2 where BB is the largest eigenvalue of BB, the Frobenius norm as | B = (tr(B'B))'/2 =
(2222, b?j)l/z, and the column and row norm as |[Bll; = max; >, [b;;| and [|B|[oc = max; 3, by,
respectively. Throughout we make use of the following properties.

1. Subadditivity of the norm, for an m x p matrix A and a p X s matrix B:
IABJ| < [|A[[[B]- (C1)
2. Norm inequalities, for an n X n symmetric matrix A:
pit =A< VAL (A< = Al A< [AllF [AllF < VoAl (C2)

3. Weyl’s inequality, for two n x n symmetric matrices A and B, with eigenvalues uf and /L]»BI
A .
it —pPl<|A-B|, j=1..n (C3)

Factors’ dynamics. It is convenient to write the dynamic model of the factors, (8), as
q
AFj =cj(L)uy =Y cu(Lyuy, j=1,...r, (C4)
1=1

where ¢;(L) is an ¢ x 1 infinite rational polynomial matrix with entries ¢;;(L). Due to rationality,
there exists a positive real Ky such that

o0
sup  sup Z cjz-lk < K. (C5)
j=1,...rl=1,...q k=0

. t
From Assumption 4 we also have Fj; = > _, ¢} (L)us.
Idiosyncratic dynamics. Likewise, for the idiosyncratic components it is convenient to write (12)

as
Afit = di(L)Eity 7 = 1, ey (C6)

where d;(L) are a infinite polynomials defined as d;(L) = (1 — L)(1 — p;L)~'d;(L) with d;(L) also
infinite polynomials. Because of Assumption 3(c) there exists a positive real Ky such that

sup Z d3, < K. (C7)

1=1,...,n k—0

With reference to Assumption 6(a) we have p;, = 1 if ¢ € Z; and |p;| < 1 if ¢ € Z{. Hence, by
Assumptions 4, we have also &; = Zi:l di(L)el—s, which is non-stationary if and only if 7 € Z;.
Factors’ identification. The following choice of the factors is very convenient and will be adopted
in the sequel (see also Remark 3). Let W be the n x r matrix whose columns are the right normalised
eigenvectors of the variance-covariance matrix of Axy, corresponding to the first r eigenvalues ,ujAX ,
j =1,...,r. Following Forni et al. (2009) we identify the differenced factors by defining AF,; =
W’'Ax:. Now project Ax: on AF;: Axy = AAF; + R;. We see that A = W and that the
variance-covariance matrices of Ax; and of WAF, are equal, so that R; = 0 and the projection
becomes Ax; = WW’'Axy, that is (I, — WW')Ax; = 0. Since, by Assumption 4, xg = 0, we
obtain x; = WW'xy, for t > 0, or, in our preferred specification, x; = [\/nW][n~2W’x,]. We set
henceforth, for all n € N, )
n

1
A= \/ﬁW, Ft = Wlxt = EA/Xt. (CS)
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Note that now the factors F; and the loadings A;, for a given i, depend on n.

Sample size of differenced data. The data in level is assumed to be observed for ¢t = 1,...,T,
thus the sample size is T, which implies that the sample size of the data in differences is (T' — 1).
When both levels and differences are present in the same proof we keep the distinction between the
two sample sizes, however, in proofs where no confusion can arise we use just 7' as sample size.

C Proof of Lemma 1

In order to prove part (i), we first prove results on the asymptotic properties of the sample covariance

and of its eigenvalues and eigenvectors.
Sample covariance matriz. From Assumption 3(e) of independent common and idiosyncratic com-
ponents, we have T'5* = I‘OAX + 1"0A§ and therefore from Lemmas D3 (which holds uniformly over all i

and j) and D2(ii) and Assumption 3(e) we have

Ay Ax Ay A
HFO Iy <HF0 _I‘ox

n n

() o o)

Moreover, by denoting as €; an n-dimensional vector with 1 as i-th entry and all other entries equal
to zero, again by Lemmas D3 and D2(ii), we have

n

n n

€ (f\Ay _FAX FAy FAw) + egroAg < 1 - aAv —~A + LA&
n 0 0 f 0 vnoll T A\ n = ij b NG
1 M 1
= (ﬁ) =0 (G ) .
which holds for all ¢ =1, ..., n since Lemma D3 holds uniformly over all ¢ and j. Moreover, note that
for all i =1,...,n, it holds that
€ T5x 1 & 2 1 &
\/% = EZ (v3%)" = EZ (NTEFA))? < r2C?, (C11)
j=1 J=1

because of Assumption 2(b) of uniformly bounded loadings, i.e. with C' that does not depend on .

Sample eigenvalues. For the eigenvalues M X of FOAX and [ AAy of f‘OA Y and using Weyl’s inequality
(C3), we have

~Ay Ax [AY Ax
i T r 1 1
i B o H 0 0 =0, <max (,)> , ji=1,...,m (C12)
n n n n \/T n

From Lemma D2(i) and (C12), there exists an integer 7, such that for n > 71, we have
Ax ~Ay 1 1

i B0, (e (22)) o

Define as MAX and MA¥ the diagonal r x r matrices with diagonal elements ujAX and ﬁf‘y, respectively.

From (C13), the matrix n~*M#X is invertible for n > 7 and the inverse of n~1MAY exists with




probability tending to one as n,T — co. Moreover, by Lemma D2(i), (C12), and (C13), for n > 7 we

have
MAX 7!
(%)

which implies ||(n~'M*X)~!|| = O,(1). Then, from (C12) and (C13), we have

I55) - () 11 - -y s ()

Ax
F j=1 “Hj M

_n < 1
pex T Mg’

(C14)

d ﬁ-Ay - M-AX rmax;=i...r |ﬁ-Ay - N-AX\ 1 1
< Zn JAAy AJX < o J I =0, (max (, >> . (C15)
j=1 My " Hy nMﬁ +0, (max (LT’ 1)) VT 'n

Last, from the identification constraint (C8), we have that T';f is diagonal with entries E(AF 2) =
ujAX/n for j = 1,...,r, which are finite and bounded away from zero because of Lemma D2(i).

Then, by Assumption 1(d) I‘OAX has r non-zero distinct eigenvalues. Moreover, (C8) implies also that
n~!A’A =1, for any n € N. Therefore, under our identification constraints, Lemma D2(i) and thus
(C13) and (C14) hold for any n € N. As a consequence, from Lemma D2(i) there exist positive reals

C;,Cj, such that C'; > €j+1 for j=1,...,7r—1, and, for any n € N, we have

g™
ngjTgcj, j=1,...,m (C16)
Notice that then C'; = Mg and C, = Mg, where Mg and M are defined in Lemma D2(i).

Sample eigenvectors. Define as ijX and vAvjAy the n x 1 normalised eigenvectors corresponding to
the j-th largest eigenvalue of 1"0A X and f‘OAy, respectively. Define s; = sign(vAvjAy/ijX) and notice that

v/s\/jAy/ijXSj >0 forall j =1,...,r. Then, from Corollary 1 in Yu et al. (2015), defining /LOAX = 00,

we have

23/2|TgY — |

A A A ’
M ), (Mj X — Mjﬁl))

W 7w],AX5j|| < j:L...,’I’. (Cl?)

min ((MjAjﬁ -
Then, because of (C16) for the denominator of (C17), for any n € N we have
PN — X >n(Cy  —Cp) >0, j=2,....m, (C18)
Y =i 2 n(Cy = Cin) >0, =1 (C19)

Define J as the r x r diagonal matrix with entries s; and define also the n x r orthonormal matrices
of eigenvectors WAX = (whX ... wAX) and WAY = (W2 ... wAY), Then, from (C17), (C18), and
(C19), we have

= - 11
WAY - WA || < WY w2 =0 (max (, )) . C20
| | < ;HJ i sl p Vi) (C20)
We can now prove part (i). The loadings estimator is defined as A = n'/2WA¥ while from (C8) we
have A = n'/2WAX, Hence, X, = n'/2e,W2¥ and X, = n!/2e/W*2X. Then, notice that the columns
of WAXJ are also normalised eigenvectors of T5'X, that is Ty XWAXJ = WAXJMAX, Therefore, using



(C10), (C11), (C14), (C15), and (C20), for all s = 1,...,n we have

- _ Pl /MAY\ ! MAX 1
I3 = x| = W = rewa = | <[ () —rwaa (M)
Vn n n
() (%) - (%)
n n n
X\ —7=, —F= = X\ —7=, —F—= )
Vn n P VT n P VT V/n

where we also used the fact that |[WAX|| = 1. Note in particular that (C21) holds uniformly over all
i because of (C10) and (C11)) This proves part (i).

Turning to part (ii), for any i € Z,, consider b; defined in (17), then because of (13),

IAX
el
L ) 0

(C21)

<R
f
W2 Wl

E[[b; — bi|*] = E

T xit—% Z;lxit ’
(Zf 1 ( _)(l“it—fz'))Q _ i [(Zt_lt = ) L (C22)

Zt:l(t - %)2 (ﬁT(TQ - 1))2

where 3; = T} Z?:l yie and ; = T1 ZZ;I x; and therefore g, = &; + a; + b;(T + 1)/2. Then, for

all i € Ty, we have
e[(33m) J=ofel(3pm) el (S Ty <orel mf ] (3e)
<zc2§Tj§Tj{ 57 (B Bl + (Bt} <2077 (BRI + EIEH) = 07, (029

)

because of Assumption 2(b) of uniformly bounded loadings and Lemma D4(ii) and D4(iv) (and specif-
ically since E[¢%] = O(T') holds uniformly over i, see also (D13)) and using Cauchy-Schwarz inequality.
Moreover, by the same arguments leading to (C23), we also have
2 T 2
|| (ee) |
t=1

() T <ol om) el () I} <o

T
Z tF,

r T
<40222ts{ 2 (B E] + [Elcucu] b<ac Z PEED (eqim?) + eie])
e EACi ”<T21‘ DOTLEY (eqm, 2+ EI2]) = 0(T7), (C24)

From (C23) and (C24) we have that the numerator in (C22) is O(T®). Therefore, E[|3i—bi\2] =0(T™1),
for all i € 7, and by Chebychev’s inequality we prove part (ii).

We can now prove part (iii). First, note that by substituting the expressions for A and Ain (C20),

we have R
HA \—/ﬁAJ H _ H‘/A\,Ax _ WAXJH =0, <max (\/1?7 i)) , (C25)

K;&.%‘Op<nmx<véﬂi)>. (C26)

Then, let b = (31 . ~6n)’, where 32 is given in (17) if ¢ € Iy, while 31 = 0 otherwise and define the

~

de-trended data as X; = y; — bt. The factors are estimated as F; = n_lx’ﬁt. Let also b = (by ---by,)’

which implies also that




and a = (ay - - - ay,)" such that y, = a+ bt + x;. Then, for a given ¢ we have

1 = K’ﬁt JFt ‘ KIAFt JFt K’ét H K’(b — B)t H K’a
—||F, - IF,|| = — =t < —ty C27
v BRI it B e R B e (20
The first term on the rhs of (C27), is such that
o -3 =l 5 e« o
T VT /T
=0, —_, = O, | —= C28
<m(ﬁn>>+ () 2
because of (C26), (C25), and Lemma DA4(ii), D4(iv) and D4(vi) and since obviously ||J|| = 1.
The second term on the rhs of (C27) is such that
ANb-Db)t| [[A-AJ||[|[(b-Db)t| , |[A'(b-Db)
i N e Lo B v [
nVT
Now, because of part (ii), we have
E L‘B)t ’ fﬁZE[(b.,g,)ﬂ -0 1 (C30)
nT - nT Lo nl-n )"

1€y

since t < T and by (C25) the first term on the rhs of (C29) is o,(max(T~/2,n~1)). For the second
term on the rhs of (C29) we have (obviously [|J||? = 1)

A'(b— D)t T t2 - e ~
el < L[ (Do -0) | < 5 5l
nV/T ] 1 €Ty n*T i€Ty jETy
TC?*n" ~ .9 1
<= ;Eubi—b»]:o(ng(l_n)), (1)
1€XLy

where we used Assumption 2(b) of uniformly bounded loadings, Cauchy-Schwarz inequality and part
(ii). Therefore, (C29) is O,(n~1=m).
For the third term on the rhs of (C27), since ||al| = O(y/n), we have

Aa

HA AJ

1
— ), C32
||zl [l v =0 () s
By substituting (C28), (C29), and (C32) into (C27) we prove part (iii). This completes the proof. [




D Auxiliary Lemmas

Lemma D1 Under Assumptions 1 through 3, there exists a positive real My such that u5 < Ms and
n=t Y Y00 [Eleuej]| < Ms, for any n € N.

Proof. First notice that, from Assumption 3(b), we have

1 n n
n 2 [Eleuesd| < max 32 Eleusydl = I < s
j:

ij=1
Thus, from (C2), we have u§ = HI‘EH < HF6H1 < Ms. By setting M5 = M3, we complete the proof. (]

Lemma D2 Under Assumptions 1 through 3, there exist positive reals Mg, Mg, My, Mg, Mg and
an integer n such that
(i) Mg < n_lujAX < Mg foranyj=1,...,7 andn > n;
(ii) ulAg < My, for any n € N;
(i11) Mg < n’lujm” < Mg foranyj=1,...,7 andn > n;
(iv) pst < Mz, for any n € N.

Proof. Throughout, let T&F = E[AF,AF)], T5X = E[Ax:Ax}], T5* = E[A&AE]], and TE® =
E[Ax;Ax}]. Then, we can write T§F = WAFMAFWAF  where WAF is the rx 7 matrix of normalised
eigenvectors and M2¥ the corresponding diagonal matrix of eigenvalues. Define a new n x r loadings
matrix L = AWAF(MAF)1/2. Under Assumption 2(a) there exists an integer 7 such that n='A’A =
I, for any n > n, therefore, for any n > n,

L'L

— = MAF, (D1)

By Assumption 1(d) and square summability of the coefficients given in (C5), all eigenvalues of T§F
are positive and finite, i.e. there exist positive reals My and Mg such that

Mg <ppt <Mg, j=1,...,r (D2)

Then, for n > 7,

I\OAX B AwAFMAFwAF’A/ B LL
n o n T on

Therefore, the non-zero eigenvalues of I‘?X are the same as those of L'L, and from (D1), we have

n’lujAX = ujAF, for any n > n and any j = 1,...,7. Part (i) then follows from (D2).
As for part (ii), we have
i (2
3= 08¢ < 3 w75 < Kata = s (03)
k=0

because of square summability of the coefficients, with Ky defined in (C7), and from Lemma DI.

Finally, parts (iii) and (iv) are immediate consequences of Assumption 3(e) of independent common
and idiosyncratic shocks, which implies that T5® = 1"0A X 4+ 1"0A ¢ and of Weyl’s inequality (C3). So,

because of parts (i) and (ii), there exist positive reals Mg and Mg, such that, for j = 1,...,r, and for
any n > n,
pie H-AX ,uAf o MA& o M o pae Méx ¢ e
LSL+L§M6+L§M6+J:MS7 7 ZL_&.LZMG_A'_L:MS’
n n n n n n n n n

This proves part (iii). When j = r + 1, using parts (i) and (ii), and since rk(I‘OAX) = r, we have

pay < uffl + ,ulAf = ulAE < My, thus proving part (iv). This completes the proof. O



Lemma D3 Let the generic (i, j)-th element of the covariance matriz T of Ax; be 'yA” = E[Az; Azjy.

Let the generic (i,7)-th element of the sample covariance matriz I‘O Sy of Ay be ¥y 'yij . Then, under
Assumptions 1 through 4, as T — 0o, there ezists a positive real Cy which does not depend on i and j
such that E[Wﬁy — 57 A < CoT .

Proof. First, note that *y@‘” = NTHEN; + %%g, where A/ is the i-th row of A, T = E[AF;AF}),
and 7;,° = E[A& AL

Start with the sample covariance of the factors, and consider the fourth moments of AF;. Using
(C4), we have

T T q o
Z E[AF, AFj AF;AF;,| = Z Z Z E [Cotk Wit —kCitr kbt Wirt— k? Chom Whis —m Cih/ m Uht s—m )
t,s=1 t,s=11,l',h,h'=1 k,k’ ;m,m’=0
T T T
<K} S Eluntritnstns) = m( S B e + 3 o FYEul). o)
t,s=1 t,s=1 t=1 t=1

because of Assumption 1(a) of independence of u; and square summability of the coefficients, with K
defined in (C5). Similarly, for any (i, j)-th element of T§'¥', denoted as ’yiﬁ-‘F , we have

2
(") =(E [AFtAFJt (Z Z Efcanun—rcivnur - k’])

LU=1kk'=
T T T
<a'Kt S (EluElunene) = o' (Y ERIELR] + SOERED?). (09
t,s=1
Now, using (C2) and combining (D4) and (D5), we have

2 r T
1
t

ij=1 ,s=1

H' Z AF,AF, —T4F

=_ S (E[AFitAthAFisAFjs] - (%‘L;’F)2)

44T 44T K44T

Z E[ Ult uht

since E[u%,] =1 for any j = 1,...,q and because of Assumption 1(a) of existence of fourth moments.
In the same way, for the idiosyncratic component, using (C6), for all 4,5 = 1,...,n, we have

7"2K4q4M1
>l (E[uf))? < ———, (D6)

t=1

1 T 2 1 T
EH TZA@A@ — 5t } < =5 > (E[AGAGA&AL] - (159)?)
= t,s=1

K4M
Z E zta 2T 27 (D7)

where we used Assumption 3(a) of independence of €; and existence of its fourth moments, and square
summability of the coefficients, with K defined in (C7). By combining (D6) and (D7) and Assumption
2(b) of uniformly bounded loadings, as T' — 0o, there exists a positive real C; which does not depend
on i and j such that E[[F5* —~57*] < C1T~ 1.



Then for all 4,7 =1,...,n, we have
T 2
[|:}7§y _ aﬁ =E H Z ( Ayit — Ayz) (ijt — A?J) — Al‘itAJ}jt) :|

et

1
t=1

t=1
1 X 2 ) )
<2| 13 A | €10 - A7) )+ €110 - 47) (0 - A7), (D8)
t=1
Now, by definition of sample mean we have for alli=1,...,n

|z
=72 Z ‘E[A:citAxiSH

E[[b — AT’ H zmn

- t,s=1
1 T
<= Z E[X;AF, X AF,]| Z |E[A& AL
t,s=1
C T T 0 q 1 T o
ST2 Z Z |Cimukl [omanl D |E[tmyt—ktimys—n]| + T2 > Idikl ldinl[Eleir—reis—n]]
7,=1k,h=0 my,mo=1 t,s=1k,h=0

<02r2quE 2y, K E[e3] =0 ( D9
<—7 B+ o max B[] =0(5 ), (D9)

because of Assumption 1(a) of independence of u; and square summability of the coefficients, with
K, defined in (C5) and since E[u?,] = 1 for any j = 1,...,q, and because of Assumption 3(a) of
independence of ; and existence of its fourth moments, and square summability of the coefficients,
with Ky defined in (C7) and since max;—1,._, E[e%] is finite by Assumption 3(b). By using (D9) in
(D8) we have that as T — oo, there exists a positive real Cy which does not depend on i and j such
that E[[5;Y —357|%] < C.T~1.

Therefore,

~ T = ~SAzx SAx Az C1+C
E[75" — 45" < E[R5" - 357 + E[RS” - 151" < =

by setting Cy = C1 + Cy we complete the proof. O

(D10)

Lemma D4 Under Assumptions 1 through 4, for any t we have
(i) E[|AF|’] = O(1);

(it) E[|T~'/2Fy|]°] = O(1);

(iii) E[|[n='/2A&]]?] = O(1);

(iv) E[|(nT)"/2&]]°] = O(1);
(v) E[n2A'A& ] = O(1);

(vi) E[ll(nT)~"2A&]°] = O(1).

Proof. For part (i), just notice that, since by Assumption 1(b) AF}; ~ I(0) for any ¢ = 1,...,7, then
they have finite variance. This proves part (i).

T

For part (ii), from (C4) we have
|2 - etms - 1S (S o) |

*Z Z Z Z CiikCiv ke Elurs—pur s —pr] < Tq;flt < rqKj, (D11)

j=1s,8'=111I'=1k,k'=




since t < T and where we used the fact u; is a white noise because of Assumption 1(a) and we used
square summability of the coefficients, with K defined in (C5). This proves part (ii).

For part (iii), for any n € N and from (C6), we have,

A 1 & 1 & .
{H - ] = oD E[Ag] = - > El(di(L)en)’]
i=1 i=1
72;]6; djkdzk’ [5115 kEit— k’} < K2 HllaX E[ zt] (D12)
7 =0

where we used Assumption 3(a) of serially uncorrelated €; and square summability of the coefficients,
with K defined in (C7). Also because of the existence of fourth moments in Assumption 3(a) the
variance of €;; is finite for any . This proves part (iii).

Similarly, for part (iv), for any n € N, we have,

i sEd(Gue)

2

I
5|~
HM:
HM“
M

%

S

z-\

Sﬁ

ol

o

Pl

IA
Sz

max E[g3] < Ko max E[3), (D13)

since t < T and where we used the same assumptions as in (D12). This proves part (iv).

As for part (v), for any n € N, we have

e[| A2& "] - 1 Z ZAAg linEAAgAAg]
\/ﬁ ] it n]:1”:1 ij it N\l It
e C2 Ky &
— Z Z ndi Elei—rei—w] < ——2 > |Eleien]| < rC?KaMs, (D14)
i l=1 =0 i,l=1

where we used the same assumptions as in (D12), Assumption 2(b) of bounded loadings, and Lemma
D1. This proves part (v).

Similarly for part (vi), for any n € N, we have

T

A £t 1 T n 2 1 n
H’ } - nT Z E K Z Aijfit) } = nT = ”Z:1 E[)‘ijgit)\ljglt]
Z Z Z diwdi Eleis—rers -] C* Kot i |Eleien]| < rC*KyM; (D15)
i,l=1s,8'=1k,k'= L o ) TLT i,l=1 o ’

where we used the same assumptions as in (D14). This proves part (vi) and completes the proof. O

Lemma D5 Under Assumptions 1 and 4:

(i) F, = C(1) 22:1 u, + C(L)uy, such that C(L) is an r x q infinite rational polynomial matriz
with square summable coefficients; moroever, C(1) = ¥n’, where ¥ isrT xr —c, nis ¢ X r — ¢,
k() = rk(n) =r —c=q—d and B'C(1) = 0.4, where B is the r X ¢ cointegration matriz;

(ii) E[||B'F¢||?] = O(1) for anyt=1,...,T.

Proof. From Lemma 2.1 in Phillips and Solo (1992), the Beveridge-Nelson decomposition of C(L) in

(8) gives 3
AF, = C(1)u; + C(L)(uy — uy_1),

10



where C(L) = Yoo CLF with Cy = — ZZO:]C+1 C}, and has square summable coefficients because of
(C5). Then,

t
DY us+w, (D16)

where w; = C(L)(u; — ug) = C(L)u, since u; = 0, when ¢t < 0 by Assumption 4, and w; ~
1(0), because of square summability of the coefficients of C(L). Moreover, from Assumption 1(c) of
cointegration, we have C(1) = ¥n’, where ¢ is r x r — ¢ and 7 is ¢ X r — ¢. Since 3 is a cointegrating
vector for F;, we must have 8'F; ~ I(0), which from (D16) implies 8'C(1) = O.x4. This proves part
(1).

Turning to part (ii), from part (i) and (D16), we have
BF, =Bw, =B C(L)w

Define C(L) = 3'C(L) and notice that it has square summable coefficients because of square summa-
bility of the coefficients of C(L), then

r q 2
||/6,Ft|| ZE ZE{( 5jz(L)uzt> }
:Z Z Z CinCiir Blun—kwri i) < rqka, (D17)

J=11,I'=1k,k'=0

where we used the fact u; is a white noise because of Assumption 1(a) and we used square summability
of the coefficients, with K; defined in (C5). This proves part (ii) and completes the proof. |

Lemma D6 For k = 0,1, define T2F = E[AF,AF,_,] and TY = E[ww), ], where w, = C(L)u, is
defined in (D16). Define also, T = T§ + 2> 2 TY. Denote as W(+) a g-dimensional Brownian
motion with covariance I, and as W,.(-) an r-dimensional Brownian motion with covariance L.. Under
Assumptions 1 and 4, as T — oo,

(i) EJIT-1 Y 41 AF,AF,_, r“nﬂ =O0(T™Y), fork=0,1;

(i) T~ 2Zt 1FF/ _>C (fo ( )dT)C/( )5

(iii) T~ 1Zt 1 Fe 1AFI (fo dW’( )) '(1) + (TY - Tf);

(iv) T-1 S 1F F,3-% ca (fo dW’ (1)) (T$)V2B8 + T4 B;

(v) E[IT~ 1275 | B'EFB - BT“’BII ]— E7~ ¥ 16’F F,8 - E[BF,FB]°] = O(T");

(vi) E[|T~1 0,2, AR F;_ B —(T¢—T%)8|% =E[|T~' X/, AF,F,_, B—E[AF,F,_,8]|*] = O(T ).

Proof. For part (i), the case k = 0 is already proved in (D6) in the proof of Lemma D3. The proof
for the case k = 1, is analogous.

In order to prove the other statements, notice that rk(I'Y) = r because of Assumption 1(d) and
define, for 7 € [0,1],

L 7]
Ws.

X,r(r) = T Zl Uy, X, ()= (Ff>_1/2\/1f Zl

S

11



Then, we can write
: t
>u = VTau(3). (D18)
s=1

wmr () x5
ot (1) (1) (5] o

As proved in Corollary 2.2 in Phillips and Durlauf (1986) (see also Theorem 3.4 in Phillips and Solo,
1992), for any 7 € [0, 1], we have, as T — oo,
Xu0(1) SW(r),  Xur(r) S W,(7), (D21)

where W(-) is a ¢g-dimensional Brownian motion with covariance I, and W, (-) is a g-dimensional
Brownian motion with covariance I,.
For part (ii), from Lemma D5(i), we have

us>w£ + wy <C(1) zt:ug> } 73 Zwtw, (D22)

For the first term on the rhs of (D22), using (D18) and (D21), we have, as T' — oo,

L i (e 3 ) (e 3 u)] o | 1 W, (W, )0, (02

s=1 s=1

which is O, (1), since it has finite covariance, and has rank r — ¢, since rk(C(1)) = r — ¢ because of
Assumption 1(c). Then, since WT(T)_XZT(T_G‘T) = dv‘é;(T) +0(dr), as d7 — 0, using (D20) and (D21),
we have, as T" — oo,

T t

13 (emyu)e den( [ winme)m) o

t=1 s=1

which is Op (1), since it has finite covariance. Therefore, the second and third term on the rhs of (D22)
are O,(T1). Similarly, the fourth term on the rhs of (D22) is O,(T ') since || = O(1) and for

k =0,1, we have
1 < 2 1
E[HT ;wtw;,k . } =0 (T> , (D25)

by arguments analogous to those used in proving part (i). By substituting (D23), (D24), and (D25)
(which implies convergence in probability by Chebychev’s inequality) in (D22), and by Slutsky’s the-
orem, we prove part (ii).

For part (iii), from Lemma D5(i), we have

fZFt (AF) = ZT:KZC )( )ut)/] +;Z[(§C(1)us)Aw£]

+ ;ET: |:(-Ut1 (C(l)ut)/} + % ZthAwi' (D26)



For the first term on the rhs of (D26), using (D18), (D19), and (D21), we have, as T — oo,

;é [(2 C(l)us> (C(l)ut)/] 4 cu)(/ol Wq(r)dwg(r)) C'(1), (D27)

which is Op (1), since it has finite covariance, and has rank r —¢, since rk(C(1)) = r —c. For the second
term on the rhs of (D26), since Aw; = wy — w;_1, by following twice the same steps as those leading
to (D24), we have

;XT: Ktica)us)ma;} 40,0 (D28)

For the third term on the rhs of (D26) we have
T 2
1 Z ! 1
E[HT t=1 |:°-’t1 <C(1)ut) ] } =9 (T> . (D25)

by arguments similar to (D25) and the fact that Ejw;_ju}] = 0,«,, because of orthonormality of u,
given in Assumption 1(a). Last, for the fourth term on the rhs of (D26), we can use (D25) to show

that
1 I 2 1
! w w
E[H ;:1 wi_1Awy — (I‘l - I‘O) } =0 ( ) . (D30)

By substituting (D27), (D28), (D29) and (D30) (both implying convergence in probability by Cheby-
chev’s inequality) in (D26), and by Slutsky’s theorem, we prove part (iii).

Turning to part (iv), since 3'F; = 3wy, from Lemma D5(i), we have
1 I L I t L I
IO ECBIED SIS SO P LR ES gPew] I
t=1 t=1 Ns=1 t=1
d ! / w /2 w
—>C(1)</ Wq(T)dwT(T)) (r¢) “B+Ts8. (D31)
0

by analogous arguments as those leading to (D24) and using (D25) and Slutsky’s theorem. This
completes the proof of part (iv).

Part (v) is proved analogously just by multiplying (D31) also on the left by 3’ and then using
(D25) and the fact that 8'F; = 3’w; because of Lemma D5(i).

Finally, part (vi) is proved by noticing that
= = =
T Z AFF, 8= <T Z C(Huww;_; + T Z Awt‘*’éq)ﬁ
t=1 t=1 t=1
and using (D29) and (D30). This completes the proof. O

Lemma D7 Under Assumptions 1 through 4 and 6, as n,T — oo,
(i) Ell(nT®) L X7, FLgA[]2] = O(n=2=0);

(ii) E[|(vnT?) "t Y, Fugfl|?] = O(n=(=9);
(iii) E[|(n?T?)~" Yo A'&&IA[%] = O(n=2C=);
(iv) E[|(nT?)~1 321, &&]1%] = O(n~20-9));

(v) E[|(nT)~* Y AF&A[?] = O(Tn~(=9);
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(VAT) "t S AR = O(Tn~(1-9);
(n2T) ' S0 AVAEEA|%) = O(Tn=22-9);
(1) Y1, A&E)?) = O(Tn—20-9),

(iz) E[||(n3?T?)~ 1 2] &£, A|%] = O(n=(=29)).

Proof. Start with part (i):

n 2 C2 T T n
H‘ ZFtﬁt ] = 51 Z [(Z 1tz)\ij2§it) } < nQI:* > ‘E[thFjsfilt&zs]
J1,j2=1 i=1 t,s=1j=111,ia=1

< n2T4 Z Z ’E FJtF]S Z ’E[giltglés] +3 Z ’E[ghtgigs] }

t,s=1j=1 i1,i2€L§ i1,i2€7,
< ’Il2T4 Z Z { Z ’E[ghtfizs} +3 Z ‘E[ghtfizs] }

t,s=1j=1 1,52 €LY 11,42€7

t

= TL2T4 Z Z E { Z ‘E[€i1t€i2t]‘ +3 Z Z ’E[‘ghsgizs] ’}

t,s=1j=1 i1,i0€T¢ i1,42€Z1 s=1

1 1
5
§n2T4TE E[F K2M3 n+n’t) = O(nT)+O< 5 5)

where we used Assumption 2(b) of uniformly bounded loadings, Assumption 3(a) and (e) of indepen-
dent idiosyncratic shocks also independent of the common shocks, Assumptions 3 and 6 which bound
the cross-sectional dependence of idiosyncratic components, square summability of the coefficients,
with K defined in (C7), Cauchy-Schwarz inequality, and Lemma D4(ii). This proves part (i).

T

For part (ii) we have:
2 T n
} T4 ZZ E|:(ZFJt§Zt> ] < —1 Z Z Z ’E[thFjsfiltfizs]
s=1j=11i1,ia=1

T
1 Z
\/ETQ t=1 Jj=11i=1

S% iiE[FJZt]{ Z ’E[giltgigs] +3 Z ‘E[giltgigs]

t,s=1j=1 i1,i2€ZY i1,12€1 }
T T

LSS Er Y [ +3 Y Y[Elen]

t,s=1 j=1 i1,i2€Z i1,42€7; s=1 }

IN

T

1 1
< - TZE L K3 Ms(n + n’t) = O(T)+O( 15)

using the same arguments used for proving part (i). This proves part (ii).
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Turning to part (iii):

1 T 2 1 r T n n )
e[| S aveen]] - e 3 (S (St ) (D))
t=1 .71 ,J2=1 t=1 “ij=1 in=1
C4T2 T n n

<y Y [ElGntndatns]

j— : Y 5 Ny
t,s=1 11,1171 ig,i5=1

t s
C 2K}
> Tl4T4 ‘ Ezltgi’ltgizsgiés] +15 ‘E[Eilt’lgiat’zgizslgﬂzs’z]
t,s=1 “i4y,i €LF i2,ih €IS 11,84 €11 i2,i5 €Tyt th=1 s ,55,=1
t s
C’4 K3
~ Tl4T4 ‘ 5z1t5zt ‘E[Eigsgiés] + 15 )E[Eilt’gi’lt’] ’E[EZ‘QS/EiéS/]
t,s=1 21,1 €7, zz,i’zell il,illel-l t'=1 ig,i/zel-l s'=1
T 2 t 2
CYr?K}
s T 2\, 2 (Flewead|) #1592 D [Eleece]
s=1 il,iQGIf i1,i2€Zy s=1

Chr 2sz\/[:s 2/, 2 26,2 1 1
§7n4T4 T%(n° + 15n t):O(n2T2>+O<n2(25)>’

using the same arguments used for proving part (i). This proves part (iii).

For part (iv) we have:
2 1 n T 2 1 T
} = D E[( Z@@) } < = 2 [El6utitiss]

E{
i,j=1 t=1 t,s=1

K4 T 2 t 2
<t DA X [elesud|) +15( X Y[eleneen]) }
ts=1 i1,is€Ts s=1

11,12 €LY

1 T
—r5 D&k
t=1

KélMS 2 2 2642 1 1

using the same arguments used for proving part (i). This proves part (iv). Parts (v) and (vi) follow
from parts (i) and (ii) respectively. Parts (vii) and (ix) follow from part (iii), while part (viii) follows
from part (iv). This completes the proof. O

Lemma D8 Under Assumptions 1 through 5, as n,T — oo,
(i) E[|(nT?)~! ZL Fy(% —x,)'Al?] = O(n=20-7);
(ii) E[|(vaT?) = Y Fu(® — %)/ [?] = O(n=0-7);
(iii) E[|(n?T?)~1 o) A (R — %) (Re — %) A[|?] = O(n=40=7);
(iv) E[|(nT?)~1 Y (R — %) (% —x,)'[|2] = O(n=2(1-7);
(v) E[|(nT)~" Yo, AFy(Re — %)/ A[?] = O(Tn=20-7);
(vi) E[|( nT>— EZ” VAR (R — %) |2 = O(Tn=(=7);
(vii) E[ (n )~ Zt L N (AKX — Axy)(Xe —Xt)/A||2] = O(Tn_4(1_’7)),'
(viti) E[||(nT)~ Zt:l(AXt Ax) (X — x0)'|)?] = O(Tn*2<1*">).

Proof. We start with two preliminary results. First, note that forallj =1,... ,randallt,s=1,...

15



we have

S

t 2
E[sztF2 < q4K1 |:( Z th/> < Z 'lj,jS/) :| < q4K1 Z Z ‘E UjtUjt UjsUjs! ]
t'=1

s'=1 t,t'=1s,8'=1

T
< gt e+ Y et} < T (D32)
t,s=1

where we used square summability of the coefficients, with K; defined in (C5), and Assumption
1(a) of independence of the common shocks and finite fourth moments. Second, by using the same
reasoning as in (C23) and (C24) in the proof of Lemma 1, we have that E[(ZtT:1 zit)}] = O(T®) and
E[(Z:tT:1 tri)t] = O(T) for all i = 1,...,n. Therefore,

4
E [(Zf_l trit — % Z?:l xit) ] e
4 - 72
(LT(T2 - 1)) T

El(b: — b;)] = (D33)

for some positive real C; independent of 7.

Now let us consider part (i):
2 1 T T n N 2
[H ZFt X; — %)’ } :n2T4,ZlEK;Fm;/\m(bi_bi)t) }

J1,J2= = 1=

< n2T4 Z tsz Z ’ Fji Fys(bi, _/b\il)(biz _312)]‘

t,s=1 J=1141,i2€TZ,

< n2T4 Z tSZ thFQ Z \/E 11 - l1 iz _/b\i2)2]

ts=1 j=1 i1,i2€Ty
< Z ’fSZ E[FZF2] n" 3 E((b — b))
1€Ty

2.2
< SQT4 ( T(T+1)(T+2)(3T+1) K3/ M\ Tn 20 V1

1
S o ().

where we Assumption 2(b) of uniformly bounded loadings, Cauchy-Schwarz inequality, Assumption 5
(a) which bounds the number of deterministic linear trends, (D32), and (D33). This proves part (i).

For part (ii) we have

el =] ] - e i}EKZW—WY]

=1 i= t=1
2 2
< nT4 Z tszz E[FyuFyu(bs = 5% < nT4 Z tsz,/ [F2F2] S \JEl(bi — b))
t,s=1 J=14€Ty t,s=1 = i€y
T 1 2 -2 1 1
< — nyY -1 _
< — (lzT(T+1)(T+2)(3T+ 1)) KTV = 0 (nln) ,

using the same arguments used for proving part (i). This proves part (ii).
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Turning to part (iii):

T
1 ~ ~
W Z A/(Xt — Xt)(Xt — Xt)/A

2 r n
1 o~
E{ ] = 2 (35 (35 hon o - >(w%
g1,j2=1 t=1 VNiy=1 12=1
< 262021 E[(b; b 042 125231 E[(b; b
= n4T4 Z sn Z o n4T4 Z sn Z -
fs=1 €T, t,s=1 1€y
42 Cy

< n4T4(310T(T+ H(T+2)(2T + 1)(2T + 3)(5T — 1)>n4nT2 —0 (714(}_77)) 7

using the same arguments used for proving part (i). This proves part (iii).
For part (iv) we have:

T 2 n T 2
1 - - 1 ~ ~
E{ T2 Z(Xt —x¢) (X — x¢)/ } = api > E{(Z(bi = bi)(b; — bj)t2)> ]
= i,j=1 t=1
< n2T4 Z tQ ? Z b o b) (b S 2T4 Z tQSanZ
t,s=1 i,j=1 t,s=1
1 (1 mC1 1

using the same arguments used for proving part (i). This proves part (iv). Parts (v) and (vi) follow
from parts (i) and (ii) respectively. Part (vii) follows from part (iii), while part (viii) follows from part
(iv). This completes the proof. O

Lemma D9 Under Assumptions 1 through 6, as n,T — oo,
(i) E[l(n*T?) 7 00, A& (R —x,)'A[]?] = O(n~2=0m));
(ii) E[[(nT?) 7132/, &R — x¢)'[|?] = O(n~ (=07,
Proof. First, note that for all 4,5 € Z;, and all t, s = 1,...,T we have

t 2 s 2 T T
E[63¢5.] < K3E [( > ew) ( > gjs,) } <K§ Y Y [Eleasiweiess]

t'=1 s'=1 t,t’=1s,s'=1

T

T
< Kﬁl{ PLECTARDY E[E?ﬁ}i]} < Ky MpT?, (D34)
t=1 t,s=1

where we used square summability of the coefficients, with K5 defined in (C7), and Assumption 3(a)
of independence of the idiosyncratic shocks and finite fourth moments.

Then, consider part (i):

|- 2 (B (S ) (St )]

J1,J2=1 i1=1 2=1

047,2
Sn4T4ZtS Z Z ‘ fntfzs 12_ )(b’_b )]‘

=1 11, r=1 7,2712615

C4r2 T
T Zfs{ > VERELSEI+3 D0 (Rl }” D VEIbi —bi)
t,s=

11,1 €LY 11,11 €711 i2€Ly

T
1 Z -
E |:H 7n2T2 Algt (Xt — Xt)/A

IN

047”2

IN

T l-m)T
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where we Assumption 2(b) of uniformly bounded loadings, Cauchy-Schwarz inequality, Assumption 5
(a) which bounds the number of deterministic linear trends, Assumption 6 which bounds the number
of I(1) idiosyncratic components, (D34), and (D33) in the proof of Lemma D8. This proves part (i).
2 1 n T N 2
| = e 2 | (s -2) |
t=1

d
ij=1

T n
< a3 15 D [ElEatin(h; ;Y|

tis=1 ij=1

<n§T4§Tjts{Z E[¢h¢n] +3) ) \EE, %s]}Z\/E[(bj—@j)ﬂ

t,s= i€ 1€y J€Ty

For part (ii) we have:

1 X

o A

s D Gl% - x)
nT P

1 /1 ) o T 1 1

using the same arguments used for proving part (i). This proves part (ii). O

Lemma D10 Define the matrices
1 « 1« 1 <
Moo = > AF,AF}, Mg = T > AFF,,, Moy = T > AF,AF;_,
t=1 t=1 t=1

T T T
_ 1 ~ o = 1 ~ = — 1 ~ =,
M = = ?:1 FF;, My = > AF, ,F,_y, My = 7 > AF,_AF;

t=1 t=1

and denote by M, fori,j =0,1,2, the analogous ones but computed by using F; = JF;. Define also
B =JB. Under Assumptions 1 through 5, as n,T — oo,
(i) |77 Myy — T~ My, || = O, (max(n=/2, T=1/2 n=(-m));
(ii) | Moo — Mool| = Op(max(n=1/2, T=1/2 n=(1=m));
(iii) Moz — Mga|| = Op(max(n=1/2, 7=1/2 p=(1=m));
(iv) |[May — M|l = O (max(n=1/2, T=1/2 p=(1=m)y),
If also Assumption 6 holds, then,
(1) [Mo13 = MouB|| = Op(Br5.0);
(vi) |M218 — M21B|| = Op(Inr.5.);
(vii) |T~1*Moy — T~ *Moi|| = Op(Onr,5.9);
(viii) | T~/*Myy — T~Y2May || = Op(9n15.9);
(i) B M1 B = BMB = Op(inr5.0).

Proof. Throughout, we use ||3|| = O(1) and obviously ||J|| = 1 and the fact that, since v/T'/n — 0,
as n,T — oo we have (see also (C25) and (C26) in the proof of Lemma 1)

e R R Eat BT o3

and therefore |[n *A’A| = O,(1).
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Start with part (i). By adding and subtracting JF; from ﬁt, we have

1 T
HTz > FF -
t=1

Using (7

H F.-

3= \

ﬁ\H

1 T
72> P,
t=1

1 T
<273 (P
t=1

T

A
mon)|- [
T ~ ~, A
A’AF A’ A’
Z < t JF, + & + (Xt
n n
t=1
L <A’AF,5 JF><JF) ‘ 1
- t t =y
t=1 n T t=1

- JFt> (JFt>/
+ HY}? ; (ﬁt _ JFt> (E _ JFt)/

) and (18), the first term on the rhs of (D36) is such that

- JFt) (JFt)/H

50\ am

iK’EtFQJ 7ix Xt*Xt FJ
= n T t=1

(D36)

(D37)

Ay

By

Now, consider each of the three terms in (D37) separately:

B1<’

because of (D35)
A—AJ

vn

because of (D35)

o]

A'A
A < ‘

A—AJ

étF’ N ‘

ll=2 %+l

and Lemma D7(i) and D7(ii). Last,
(Xt — x¢)F}

1T

and Lemma D8(i) and D8(ii).

+

T2
r t=1

Consider the second term on the rhs of (D37)

1 T
| |7
t=1

because of (D35) and Lemma D6(ii). Then, considering the worst case, i.e. § =1, we have

N3

n

1 XT: A% — x)F!

n

()

— 0, (max (-

C1

1

)

1
=0, (g ) +O

T )~ /
1 A A’
[ (w5 o) = [ (5 ow ) (5o
et n n
1 A’'AF A’ AR — A’AF A’ AR —
:HWZ < t _JF, + & + (Xt Xt))( t _JF, + ft (Xt Xt)
et n n n n n
T -~ —~
1 A'AF.F, [ ANA A’AFtS
<oy (R 9) e (a8 o ey AR
T P n n
Dy
T - T - ~ ~ ~
1 A’fthJ 1 A’{tﬁgA 1 A’A Ft(xt — xt)’A
T2 +iﬁ§:‘7?"+2§§§: YT
t=1 t=1 t=
F1 g1 Hi
42 ET:K Xt—Xt H ‘ Z Xt—Xt Xt—Xt)AH

J1

19

K1

)|

(D38)



Now, consider each of the terms in (D38) separately. Term D behaves like A;, £ and F; behave like
Bi. Then term #H; is dominated by C;. Moreover, by Lemma D9(i) and D9(ii) term J; is dominated
by H; and by Lemma D8(iii) and D8(iv) term K is also dominated by #,. We are left with Gy, which,
considering the worst case, i.e. 6 = 1, is such that

Tgi&ﬂsz H Astet H

A—AJ €€ 11
& e [ p<max(ﬁ’n)>v

because of (D35) and Lemma D7(iii) and D7(iv). By substituting (D37) and (D38) into (D36), we
prove part (i). Part (ii), (iii), (iv) are proved analogously by noting that since in these cases we deal
with differenced data the terms due to the de-trending are all Op(Tfl/ 2) (this can be proved by simple
modifications in the proof of Lemma D8).

~

Eal
N

G <

Now, consider part (v):
I (. 1 < - »
HT dAFRF 6 ZAFtFél,BH < HT > (IAF) (Froy —IF, ) ﬁH
t=1 t=1

t=1
T
a3 (a8 asw) (g ) |

Consider the first term on the rhs of (D39)

Z(AthJAFt) (Ft L —JF,_, ﬁH (D39)

H t=1

Nl

1 L R ' 1z K’%t 1 ,
HT Z (IAF,) (Fiy - 3P, ) g” _ HTZ (1a8,) ( s _ JFH> 5”
= t=1
3 A A A (R I
:’ %Z <JAFt) (AIAnFtl —JF; 1 + A/it*l + A/(thln_ Xt1)> 3 (D40)
t=1
-[%3 NAF, ' JAF.€ ,AB
T
Az pS

ET:JAFt(Xt 1 — X¢—1 AﬁH

n

Ca

Now, consider each of the three terms in (D40) separately:
AA 1 1
Az < H -J ‘ H d_ARFL | 8] =0, () :
n T P VT
because of (D35) and Lemma D6(iii). Then,
T
1 AFNE 1| - 1 VT

+ ‘ T ; n 18l = Op | max | ~5=575 7 | |+

because of (D35) and Lemma D7(v) and D7(vi). Last,

T ~
1 AFt(Xt,1 _thl)/A 1 \/T
+HT§ : =0y | =730 i |-

n n(lf”])/z’ nlfﬂ

e

CQ < HA AJH H AFt(Xt 1 — X¢— 1)

NG
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because of (D35) and Lemma D8(v) and D8(vi). The second term on the rhs of (D39) contains only
stationary terms, thus is dominated by the first one.
Then, consider the third term on the rhs of (D39)

T ’ NI /
o (5% -am) (M= -om)
n

H © 3" (AR, —3AR,) (BF,, - BIF, )

T
t=1 t=1
T 7 T
1 «— AAAFF], | (A'A AAN . 1 AFt&t (A3
_‘T; - < - J)ﬁ+JAFFt1(J - )B + T;
Do Ea
T T % 3
AgtF’ 1A’AB JAFtSt 1Aﬁ NAEF, I3
e [z R
G2 Ho
T N ~ .
1 Astst 1A,6 A A AFt(Xt_l — Xt_l)/A,g
Hr—w w Y .
T2 K2
1 Ft AXt 1 — AXt 1) Aﬁ ! 1 T K’Ast(ﬁt_l — Xt_l)/l/ilé
+ Z n T T Z n?
t:l t=1
Ho L2
T 7~ S _ T A(AR, — S _ A3
n % Z A £t(AXt_1n2 AXt 1 A,B H H Z (AXt AXt)f;;t_l Xt—l) Aﬁ H ) (D41)
Mz N2

Term D5 behaves like term As, & and Go behave like term Bs, then since BJ F, = B'F; and therefore
it is stationary, and because of because of (D35), Fs is O, (max(T~/2,n=1/2)) (this can be proved by
simple modifications in the proof of Lemma D7). Terms Hz, K2, and A are dominated by Co. Terms
Lo and My behave as Co. We are left with term 75, which is such that

A—AJ|*|1 T AN N 5 A/Aftft 1A
T2 <H T T ; — B|| + H T ;
A—AJ A T 1
A s ﬁﬁleWW%(“)+0(10

because of Lemma D7(vii) and D7(viii). Therefore, Jo is dominated by Bs. By substituting (D40)
and (D41) we have that (D39) is O, (max(T"/2n=(1=0/2) T1/2p=(=0) y(1=0)/2 p(A=m)/2 T=1/2)) and
since T1/2n=(170/2) < 71/2p=(1=(6+m)/2) " then (D39) is also O,(Vnr.s,). Parts (vi), (vii), and (viii)
are proved in the same way.

Last counsider part (ix)

1 T o 1 T L T
HTZﬁ/FtFQﬂTZﬂ/FtFQﬂHﬁ H Z (Ft*JFt>(ﬁ/JFt) H
t=1
HTZ; (thJFt) (f‘tJFt)’BH. (D42)

The first term on the rhs of (D42) behaves exactly as the first term on the rhs of (D39), so we just
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have to consider the second term on the rhs of (D42)

”;fig(ﬁtJFg(ﬁtJFQ?ﬂ‘H 53 (Aﬁt t>(;§tJFO?ﬂ
t=1 t=1

7o~ -
1 B'ANAFF, (AA ., , ﬁ’A’AFtEtAﬁ
_‘TZ - — ~J)B+BIFF B+ Zn—
t=1 t=1
A3 BB
T / ¥V T R/ s N A
Lo Z JFfEfAIBH H BA&EfAﬁH H ZB'(AA _J> Fi (X — %) AﬁH
t=1 t=1 t=1 n n
C3 DS 83
T B T ks o
P Z N Xt x:)'AB H H B'A (x4 Xt)2(Xt x¢) AB H (D43)
=1 t=1 n
]'-3 gS

Now term Ajz is O,(T~/2), because of (D35) and Lemma D6(v), terms B3 and C3 behave like term
Bs in (D40), while term &5 is dominated by Cs in (D40). Then,

A—AJ|? d

T
3 L AGEA | a2
=z T B+ 73 g
Vn thl T w2
A-AJ €t£t 5112 T VT VT
A2 s S e = o (5) o (55m) =0 (555

because of Lemma D7(iii), D7(iv), and D7(ix) (multiplying the statements by 7?). Moreover,

th Xt_xt ‘

A—AJ ﬁtxt
ot g

A—AJ =12
B

i

H e

n2

T VT
<7ﬂ2n 5) ) +0p ( P &/2)’

because of Lemma D9(i) and D9(ii) (multiplying the statements by T?2). Last,

=1

A=A |1 = G —x)&E %) || 5 LA R Al
G < R s L P e I
vn T~ n pt
K*AJ 1 T (ﬁt*Xf Xf*Xt T \/T
| () 7))

because of Lemma D8(iii) and D8(iv) (multiplying the statements by T?).
By noticing that as n, T — oo, we have v/Tn~(2~7=9/2 5 0 (in F3) and vVTn~ =" — 0 (in G3),

we have
vT vT vT
D3+ F3+Gs = O, <n(2_5)/2>+017 <)+0p< > (D44)

n(2_77_5)/2 nl=n

By substituting (D44) into (D43) and then (D43) into the second term on the rhs of (D42) and the re-
sults of part (v) for the second term on the rhs of (D42), we prove part (ix). This completes the proof.(]
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Lemma D11 Define the matrices
Soo = Moo — MgsM5, Moy, So1 = Mo1 — MgeM5, Mar,  Siy = My — Mi2Mj, My,

where Mw = Mop Mgo = MOQ, and M12 = M21 Denote by S;j, fori,j = 0,1, the analogous ones
but compwvtedvby using ¥y = JF,. Define also 3 = I3 and B.. = ﬂl(/@p@ﬂ , where B, = JB.
such that B B = 0,_cx,. Under Assumptions 1 through 5, as n,T — oo,

(i) So0 — Sool| = Op(max(n=1/2, T=1/2 p=0-m)),
If also Assumption 6 holds, then,

(ii) 18'S118 — B'S118| = Op(Dnr5);

(iti) T~ 1/2ﬁ,SIIBL*_T 1/2,3/511#&*” = Op(Un15,m);
(i) | T~ 1/2,3/510300 SOLGL*_T 1/23'S10800 S018 14|l = Op(Vn1,6,4):
(v) 1T~ lﬁJ_*SlOSoo SmB,, — T~ lfh*slosoo SOlﬁJ_*” = Op(Vnr5m);
(vi) | T~ 1/3¢*511,3L*—T 18,8118 L] = Op(Vnrs)-

Proof. Throughout we use the fact that ||BL*|| = O(1). Part (i) is proved using Lemma D10(ii),
D10(iii) and D10(iv). For proving part (ii) we use Lemma D10(iv), D10(vi) and D10(ix). Part (iii) is

proved by combining part (i) with Lemma D10(v) and D10(ix), and by noticing that ||[T-/2F;| =
O,(1) from Lemma DA4(ii). For proving part (iv) we combine part (i) with Lemma D10(v), D10(vii)
and D10(viii). Part (v) is proved by combining part (i) with Lemma D10(vii) and D10(viii). Finally,
part (vi) follows from Lemma D10(i) and D10(viii). This completes the proof. O

Lemma D12 Consider the matrices S;; defined in Lemma D11, with i,j = 0,1. Define F, = JF,,
B = J3 and the conditional covariance matrices

QOO == E[AFtAF“AFt,l], QBB == E[B/Ft,1F£716|AFt,1], QOB == E[AFtF£716|AFt,1].
Under Assumptions 1 and 4, as T — oo,
(i) [1So0 — Q00| = (T 12);
(ii) 18'S1B — Q] = Ox(T~1/?);
(i) [So18 — Qypll = Op(T~/3).

Proof. For part (i), notice that

. . . . . . . —1 . . -1
Qoo = E[AF,AF)] — E[AF,AF,_|] (E[AFt_lAF;_l]) E[AF,_|AF)] = TAF rfF(rgF) TAF,

and
T

T T —1
1 o 1 o 1 } 3
Soo = TE AF,AF, — <T§ AFtAF;_1>< § AF,_|AF,_ 1) TE AF,_|AF)
t=1

t=2 t=2
-1
= Moo — MM, Mag.

Using Lemma D6(i), we have the result. Parts (ii) and (iii) are proved in the same way, but using
Lemma D6(v) and D6(vi), respectively. This completes the proof. O

Lemma D13 Under Assumptions 1 through 3, there exist positive reals My, Mo, Myg, M, M1
and an integer n such that

(i) Mg <n~tv A"(19) < Mgy a.e. in [—m, x|, and for any j =1,...,q and n > ii;

(1) SUPpe[—n,x V1 §(9) < Mg, for any n € N;
(iii) My, <n v JAT(H) < M a.e. in|[—m 7|, and for any j =1,...,q and n > n;
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(1) SUPpe|_r ] VA" () < Mg, for any n € N;
(v) My < nilyjA"”(O) < M, forany j=1,...,7 and n > 7;
(vi) VA% (0) < Mg, for any n € N.

Proof. For part (i) we can follow a reasoning similar to Lemma D2(i). The spectral density matrix
of the first difference of the common factors can be written as 47 (0) = (2r) "1 C(e~")C/(e=¥) and,
since tk(C(e~%)) = q a.e. in [—, 71|, then it has ¢ non-zero real eigenvalues and 7 — q zero eigenvalues.
Notice also that we have rk(C(e™"?)) < ¢ for any 0 € [—7, 7]. Moreover, given square summability of
the coefficients of C(L) as a consequence of Assumption 1(b), the non-zero eigenvalues are also finite
for any 6 € [—m,w]. Thus, by denoting as VAF (0) such eigenvalues, there exist positive reals M, and

M such that a.e. in [, 7]
My, <vRF(0) <My, j=1,....q. (D45)

Therefore, we can write T4 (0) = WA (O)MAF (0)WAF' (), where WA (0) is the r x ¢ matrix of
normalised eigenvectors, i.e. such that WAF ())WAF(9) =1, for any 6 € [—x, 7], and M2 (9) is the
corresponding g x q diagonal matrix of eigenvalues.

Define L(0) = AWAF(9)(MAF(9))1/2 for any § € [~n,7]. Then the spectral density matrix of
the first differences of the common component is given by

EA":(Q) _ %AEAF(Q)A/ _ %AWAF(G)MAF(Q)WTI(G)AI — w, 0 e [—’R’,Tf].

Moreover, since because of Assumption 2(a), there exists an integer 7 such that n='A’A = I,., for any
n > n, then
L'(0)L(0
% =M2F0), 0¢e[-mn]. (D46)
Therefore, a.e. in [—m, 7] the non-zero dynamic eigenvalues of X4X() are the same as those of
L'(6)L(#), and from (D46), we have for any n > 7 and a.e. in [—m, 7], nilyjAX(H) = VAF(O), for
any j =1,...,7. Part (i) then follows from (D45).

As for part (ii), from Assumption 3(c), for any 6 € [—m, 7|, there exists a positive real My such

that
oo
Z dike—zke

< Supz |dzk| < My. (D47)
k=0 ic

sup ‘di(e_w)’ < sup
ieN ‘ o

Define as 7;;(6) the generic (i, )-th entry of $4¢(¢). Then, for any n > 7,

n

GG?up ||ZJAg )||1 bup ,mnax Z loi; (0)] = ee?up Jmax ﬂ VE[eireji] d; (ei0)|
MZ M4 M3
< 1 max ; [Eleirejell < —5 (D48)

where we used (D47) and Assumption 3(b). From (C2) and (D48), we have, for any n > 7,

sup VlAg(G): sup HEAf )H sup HZAS Hl_M4M3, (D49)
oe[—m,m) oc[—m,m) oc[—m,m) 27

and part (ii) is proved by defining My = MZM3(2m)~!
Finally, parts (iii) and (iv), are immediate consequences of Assumption 3(e), which implies that
SAT(0) = IAX(0) + BAE(H), for any 0 € [, 7], and of Weyl’s inequality (C3). So, for j =1,...,q,
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and for any n > fi and a.e. in [—, 7], there exist positive reals M, and M1 such that

yAz (g VAx 0 Ag o Ag o My,
J ()S 1 ()—i—yl <9)§M10+ sup <9)§M10+7—M127
n n n 96[—71',#] n
vAT(f VX (9 A AL (g
Jn()Z jn()+ynn< ZMw—i—einf = <):M12~
E[—Tr,Tr] n

because of parts (i) and (ii). This proves part (iii). When j = ¢ + 1, using parts (i) and (ii), and
since tk(24X(6)) < ¢, for any 6 € [—7,7], we have v (f) < zxq+1(9) + Z/Ag(o) 1A§(9) < My, thus
proving part (iv).

Finally, for parts (v) and (vi) consider parts (iii) and (iv) but when # = 0. Then, rk(X4X(0)) =
7 < ¢ which implies M, < n~'v2X(0) < Mg, but UT_H(O) = 0. Using again parts (i) and (ii) and
Weyl’s inequality (C3), we prove parts (v) and (vi). This completes the proof. |

E Details on identification of IRFs and their confidence bands

E1 Identification

As we discuss in Section 3.2, the IRFs in (21) are in general not identified unless we also estimate
the orthogonal g x ¢ transformation R. Economic theory tells us that the choice of the identifying
transformation can be determined by the economic meaning attached to the common shocks, u;. In
general, for a given set of identifying restrictions, R depends on the other parameters of the model,
that is, it is determined by a mapping R = R(A, A(L),K). In the typical case of just- or under-
identifying restrictions, to estimate R we just have to consider the g rows of the raw estimated IRFs,
denoted as ®(,(L), corresponding to the economic variables which are relevant for identification of
the shocks. Therefore, we define the estimator R such that &’[q] (L)f{ satisfies our desired restrictions.
In this case, due to orthogonality, an estimator R is obtained by solving a linear system of qlg—1)/2
equatlons with ¢(¢ — 1)/2 unknowns, which depends on <I’[ 1(L) and therefore on A, AVECM(L) and
K. Once we have computed R, the n x ¢ matrix of identified IRFs is 'I>(L) {)(L)ﬁ. Finally, if
we denote the raw shocks as 1y, the identified shocks are given by u; = R/ut. Details on the two
identification schemes adopted in Section 6 are given below.

Application 1: Oil price shock. To identify the oil price shock, Stock and Watson (2016) use a
standard recursive identification scheme such that an oil price shock is the only shock having contem-
poraneous effect on the oil price. Specifically, when ¢ = 3, let z1; be the oil price, x3; be GDP, and
r3; be consumption; then, R must be such that ®3(0) = ®(3(0)R is lower triangular, i.e. such that
the identified IRFs are given by

N @11(0) 0 0 B ~
P51(0) = [¢21(0) ¢22(0) 0 | =2 O)R.
¢31(O) ¢32(0) ¢33(0)

Therefore, we can choose R= [6[3] (O)]’lﬁ, where R is the lower triangular Choleski factor such that
&'[3] (O):I;[g] (0) = RR/. The oil price shock is then obtained as @y, = T, where Ty is the first column
of R. The identified IRFs, reported in Figure 1, are given by the entries of the first column of :I\)(L),
corresponding to the variables considered.

Application 2: News shock. To identify the news shock, Forni et al. (2014) proceed as follows:
first, they identify what they call a “surprise technology shock” as the only shock having a contem-
poraneous effect on TFP; next, they identify the news shock by imposing that out of the remaining
four shocks, the news shock is the one with maximal impact on TFP at lag 60. In practice, this
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identification is obtained as follows—recall that the considered FAVAR is composed of two variables
(TFP and stock prices) and three estimated factors so that ¢ = 5: Let 214 and xo; be TFP and stock
prices, respectively, and let x3;, x4¢, x5 be GDP, consumption, and investment.
(a) The surprise technology shock is identified by setting R such that &’[5] (0) = 5[5] (O)f{ is lower
triangular, i.e. such that the identified IRFs are given by

on(0) 0 0 0 0
) 921(0) $a2(0) 0 0 0 o
@;5(0) = ¢31(0)  ¢32(0) ¢33(0) 0 0 = ®5(0)R.
$41(0)  ¢42(0)  ¢43(0) ¢44(0) 0
#51(0)  ¢52(0)  ¢53(0) @54(0)  @55(0)

Therefore, we can choose R= [‘5[5] (0)]_1f{7 where R is the lower triangular Choleski factor such
that :I;[ ](0)‘5[5} (0) = = RR'.

(b) The news shock is then identified by choosing the 4 x 1 vector To = (0722 T'32 T42 T52)" such that
15T = 1 and it maximizes the element (1,1) of 'I>[5](6O) 'I>[5] (60)r2, which is the effect of the
news shock on TFP at lag 60. The news shock is then obtained as uy; = THu;. The identified
IRFs to a news shock, reported in Figure 2, are given by the entries of the second column of
®(L), corresponding to the variables considered.

E2 Bootstrap confidence bands in practice

In order to build confidence intervals for the estimated IRFs, we use a bootstrap algorithm. In detail, at
each iteration d = 1,...,1000, we generate bootstrap shocks uf by drawing randomly with replacement
from the estimated shocks u; and we generate bootstrap common factors Fd. Then, we estimate
A(L)%, K7, and R? in (22) or (26), thus obtaining a bootstrap IRF ®(L)? = A[A(L)?] ‘KR,
Repeating this procedure beveral times gives, for each 4, j and lag k, a bootstrap distribution of the
IRF: {gi)” s d=1,...1000} (for simplicity below we omit the dependence on i and j of the IRF).

In order to compute the (1 — «) confidence interval, at each lag k we compute the sample variance
of {¢¢}, which we denote as 02, and then we construct the (1 — a) confidence interval is given by
[(bk + 2a/2 Ok, qi)k + 21—ay2 0k], Where 2,5 = —21_qo/2 is the /2 quantile of a standard normal, see
also Chapter 12 in Kilian and Liitkepohl (2017). By proceeding in this way we obtain symmetric
confidence bands around the estimated IRF.

Stock and Watson (2016) adopt a procedure very similar to the one described above. By contrast,
Forni et al. (2014) compute the confidence bands as the percentiles of {(Eﬁ} over the replication d. This
is also a a possible strategy, which yields confidence bands that are not symmetrical by construction,
but does not ensure that the estimated IRF is within the confidence bands.

E3 Estimated identified shocks

In Section 6, we show and discuss the estimated IRFs, which are our main object of interest. In
contrast, we said nothing about the identified shocks, which, although they are not the object of
interest in the empirical application, they are intimately intertwined with the IRFs, as we explain in
Section E1.

Figure 1 shows the estimated shocks. The left plot reports the oil price shock identified as in Stock
and Watson (2016), while the right plot reports the news shock identified as in Forni et al. (2014).
The figure shows both the estimate obtained by estimating an unrestricted VAR on f‘t or a VECM
on AF;. As we can see, the two estimates of the oil price shock are nearly indistinguishable, which
dovetail with the estimated IRFs shown in Figure 1 in the paper. By contrast, the news shock differs
depending on which law of motion is estimated for the common factors, which, as we explained in
Section 3 in the paper, depends on the fact that the restriction is imposed at lag 60, and therefore it
depends on the estimated of the long-run IRFs.
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Figure 1: ESTIMATED IDENTIFIED SHOCKS
Oil price shock News shock
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In each plot, the red line is the shock estimated by fitting a VECM on Af‘t, while the blue line is the shock estimated
by fitting a VAR on F¢. In the left plot, the two estimated shocks are so similar that the red line overlap completely
the blue line.

F Factor Augment VAR models

F1 On the relation between FAVAR and DFM
Consider the FAVAR model proposed by Bernanke et al. (2005):

Wy = Lfft + Lzzt + €y, ‘I’(L) |:£i:| = Vy, (Fl)
where z; is an m-dimensional vector of observable economic variables of interest, f; is a k-dimensional
vector of latent factors summarising additional information contained in the N-dimensional vector wy;.
In this setting e; is the idiosyncratic component of w; and v; is a white noise process containing the
structural shocks that we are interested in and it is of dimension k£ +m < N.

Following Stock and Watson (2016, Section 5.2), let

X; = {Wt} and F, = [ft} ,

Zy Zy

where x; is the vector of all observed time series of dimension n = N +m and Fy is (m+k)-dimensional.
Then, we can rewrite (F1) as

= AFt —|— éh ‘I’(L)Ft = Vg, (F2)

]&:{Lf Lz] and §t:{et]

where:

0m><'r Im Omxl

On the other hand the DFM reads
Xy = AFt + Et? A(L)Ft = Kut. (F?))

Therefore, the FAVAR (F2) is a restricted version of the DFM (F3), where the variables z; have unit
factor loadings and zero idiosyncratic component and the number of factors is » = k + m, which is
equal to the number of common shocks, i.e. in (F3) we also impose r = ¢ and thus K = I,. In
other words in a FAVAR the variables of interest z; are considered as “observable” factors. Although
the FAVAR has been mainly studied in a stationary setting, the same reasoning applies if we have
non-stationary data. Note that deterministic linear trends can also be included in the FAVAR as we
discuss in the next section.
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F2 FAVAR estimation
Let y;; be the observed data, then in our framework the FAVAR is written as

Yit = a; + bit + 244,
zio= (] U 2) + &,
V(L) z) = v,
where z; are the “observed” common factors, and f; are the “unobserved” common factors. The model
is estimated as follows:

1. estimate the unobserved common factors E from y; = (y1t- - ynt)' as explained in Section 3,
thus de-trending series first (if needed);

2. estimate W(L) by fitting either a VECM on (A/f\t’ Az;)" or an unrestricted VAR on (/f\t’ z,)
as explained in Section 3;

3. estimate (lA{/ i\f/) by regressing Ay;; onto a constant and the vector (Af{ AZ})’;
4. estimate IRFs as (lA{’ lAf/)[l/I\l(L)]*l.

In contrast, in the approach by Forni et al. (2014) the factors are extracted directly from the observed
data y;+, without controlling for the presence of possible deterministic linear trends. Therefore, the
FAVAR is written as ) ,

vie =L IE)E 2) + G

The model is estimated as follows:
1. estimate the unobserved common factors from PC analysis of y; = (Y11 -+ - ynt)" as in Bai (2004);
2. estimate an unrestricted VAR on (?t' z;)' as explained in Section 3 to get 'i’(L);
3. estimate (lAfU lAf/) by regressing Ay;; onto a constant and the vector (Af{ AZ})’;

4. estimate IRFs as (lA{’ lAfl)[l/I\l(L)]*l.
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Additional simulation results

Table G1: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
VECM Estimation — All variables, All Shocks

T n ) k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
75 50 0.50 0.10 0.11 0.21 0.27 0.29 0.30 0.30 0.31
75 50 0.75 0.10 0.12 0.24 0.33 0.39 0.41 0.43 0.45
75 50 0.85 0.11 0.13 0.27 0.40 0.47 0.51 0.53 0.57
75 50 0.95 0.10 0.14 0.29 0.43 0.51 0.55 0.58 0.63
75 50 1.00 0.10 0.15 0.32 0.47 0.57 0.62 0.65 0.70
100 50 0.50 0.07 0.08 0.14 0.19 0.20 0.21 0.21 0.22
100 50 0.75 0.07 0.09 0.17 0.25 0.30 0.33 0.35 0.38
100 50 0.85 0.07 0.09 0.19 0.28 0.34 0.38 0.40 0.46
100 50 0.95 0.07 0.10 0.23 0.35 0.43 0.48 0.51 0.59
100 50 1.00 0.07 0.11 0.25 0.37 0.44 0.50 0.53 0.61
75 75 0.50 0.09 0.11 0.19 0.25 0.26 0.27 0.27 0.27
75 75 0.75 0.09 0.11 0.20 0.29 0.33 0.35 0.36 0.38
75 75 0.85 0.09 0.12 0.24 0.36 0.42 0.46 0.48 0.51
75 75 0.95 0.09 0.13 0.26 0.40 0.48 0.52 0.54 0.58
75 75 1.00 0.08 0.12 0.26 0.41 0.50 0.54 0.57 0.62
100 75 0.50 0.06 0.07 0.14 0.17 0.19 0.19 0.19 0.19
100 75 0.75 0.06 0.07 0.15 0.22 0.25 0.27 0.28 0.30
100 75 0.85 0.06 0.08 0.17 0.26 0.32 0.35 0.37 0.42
100 75 0.95 0.06 0.09 0.19 0.30 0.38 0.42 0.45 0.52
100 75 1.00 0.06 0.09 0.21 0.32 0.40 0.45 0.48 0.56
100 100 0.50 0.06 0.07 0.13 0.16 0.17 0.18 0.18 0.18
100 100 0.75 0.05 0.07 0.14 0.21 0.24 0.26 0.27 0.28
100 100 0.85 0.05 0.07 0.15 0.23 0.28 0.31 0.33 0.37
100 100 0.95 0.06 0.08 0.18 0.29 0.36 0.40 0.43 0.50
100 100 1.00 0.06 0.09 0.19 0.30 0.37 0.42 0.45 0.52
200 200 0.50 0.02 0.03 0.05 0.07 0.07 0.07 0.07 0.07
200 200 0.75 0.02 0.03 0.06 0.09 0.10 0.11 0.12 0.14
200 200 0.85 0.02 0.03 0.07 0.10 0.13 0.15 0.17 0.23
200 200 0.95 0.02 0.04 0.08 0.13 0.16 0.20 0.23 0.35
200 200 1.00 0.02 0.04 0.09 0.14 0.18 0.22 0.26 0.42
300 300 0.50 0.02 0.02 0.03 0.04 0.05 0.05 0.05 0.05
300 300 0.75 0.02 0.02 0.04 0.06 0.07 0.07 0.08 0.10
300 300 0.85 0.02 0.02 0.04 0.06 0.08 0.10 0.11 0.18
300 300 0.95 0.02 0.03 0.05 0.08 0.10 0.12 0.14 0.30
300 300 1.00 0.02 0.03 0.07 0.09 0.11 0.14 0.16 0.34

MSE for the estimated IRFs by fitting a VECM on f‘t. T is the number of observations, n is the number of variables,
and n1 = [n%] is the number of I(1) idiosyncratic components. In these simulations there are n, = [n"] variables with
a deterministic linear trend, with ny = n;.
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Table F2a: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
VECM Estimation — All variables, All Shocks

T n § n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 50 0.50 0.50 0.22 0.21 0.35 0.44 0.47 0.48 0.48 0.49
75 50 0.75 0.50 0.51 0.52 0.76 0.84 0.89 0.92 0.95 1.01
75 50 0.75 0.75 0.24 0.22 0.37 0.49 0.54 0.57 0.58 0.59
75 50 0.85 0.50 0.26 0.25 0.41 0.52 0.59 0.62 0.64 0.68
75 50 0.85 0.75 0.30 0.28 0.42 0.52 0.60 0.64 0.66 0.68
75 50 0.85 0.85 0.27 0.26 0.44 0.58 0.65 0.68 0.69 0.73
75 50 0.95 0.50 0.24 0.26 0.43 0.58 0.66 0.71 0.73 0.79
75 50 0.95 0.75 0.32 0.35 0.54 0.70 0.79 0.84 0.87 0.91
75 50 0.95 0.85 0.31 0.30 0.48 0.62 0.69 0.73 0.75 0.80
75 50 0.95 0.95 0.39 0.35 0.56 0.71 0.76 0.79 0.81 0.83
75 50 1.00 0.50 0.25 0.27 0.47 0.61 0.70 0.75 0.78 0.84
75 50 1.00 0.75 0.26 0.30 0.52 0.67 0.76 0.82 0.85 0.91
75 50 1.00 0.85 0.19 0.23 0.41 0.56 0.64 0.68 0.70 0.72
75 50 1.00 0.95 0.23 0.28 0.51 0.67 0.74 0.77 0.78 0.80
75 50 1.00 1.00 0.26 0.26 0.45 0.60 0.68 0.71 0.71 0.74
100 50 0.50 0.50 0.11 0.11 0.20 0.26 0.28 0.29 0.30 0.31
100 50 0.75 0.50 0.17 0.16 0.30 0.38 0.42 0.44 0.46 0.50
100 50 0.75 0.75 0.14 0.14 0.27 0.35 0.40 0.42 0.44 0.47
100 50 0.85 0.50 0.14 0.15 0.28 0.38 0.44 0.48 0.50 0.56
100 50 0.85 0.75 0.11 0.13 0.26 0.37 0.44 0.48 0.51 0.56
100 50 0.85 0.85 0.16 0.16 0.29 0.41 0.47 0.51 0.53 0.57
100 50 0.95 0.50 0.12 0.15 0.30 0.43 0.51 0.56 0.60 0.67
100 50 0.95 0.75 0.14 0.17 0.32 0.44 0.52 0.57 0.61 0.67
100 50 0.95 0.85 0.12 0.15 0.30 0.43 0.51 0.56 0.59 0.65
100 50 0.95 0.95 0.15 0.17 0.31 0.43 0.50 0.54 0.57 0.61
100 50 1.00 0.50 0.14 0.18 0.33 0.46 0.54 0.60 0.64 0.71
100 50 1.00 0.75 0.11 0.14 0.29 0.42 0.50 0.55 0.58 0.64
100 50 1.00 0.85 0.15 0.19 0.35 0.49 0.57 0.61 0.64 0.70
100 50 1.00 0.95 0.15 0.18 0.33 0.46 0.55 0.60 0.63 0.67
100 50 1.00 1.00 0.15 0.18 0.33 0.46 0.54 0.58 0.60 0.64

MSE for the estimated IRFs by fitting a VECM on F.. T is the number of observations, n is the number of variables,
n1 = [n®] is the number of I(1) idiosyncratic components, and ny = [n"] is the number of variables with a deterministic
linear trend.
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Table F2b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
VECM Estimation — All variables, All Shocks

T n § n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 0.19 0.17 0.29 0.35 0.37 0.37 0.37 0.38
75 75 0.75 0.50 0.21 0.22 0.38 0.45 0.47 0.49 0.50 0.52
75 75 0.75 0.75 0.20 0.21 0.36 0.46 0.50 0.52 0.53 0.55
75 75 0.85 0.50 0.28 0.26 0.41 0.50 0.54 0.58 0.60 0.64
75 75 0.85 0.75 0.23 0.22 0.38 0.48 0.53 0.56 0.57 0.60
75 75 0.85 0.85 0.21 0.19 0.35 0.47 0.54 0.57 0.58 0.60
75 75 0.95 0.50 0.22 0.23 0.38 0.51 0.59 0.64 0.66 0.71
75 75 0.95 0.75 0.25 0.26 0.42 0.53 0.60 0.64 0.67 0.70
75 75 0.95 0.85 0.16 0.17 0.34 0.49 0.57 0.62 0.63 0.66
75 75 0.95 0.95 0.18 0.19 0.36 0.51 0.59 0.62 0.63 0.64
75 75 1.00 0.50 0.17 0.21 0.38 0.52 0.61 0.66 0.68 0.73
75 75 1.00 0.75 0.19 0.21 0.38 0.51 0.60 0.64 0.66 0.69
75 75 1.00 0.85 0.17 0.20 0.38 0.54 0.63 0.67 0.69 0.72
75 75 1.00 0.95 0.13 0.16 0.33 0.49 0.57 0.60 0.61 0.63
75 75 1.00 1.00 0.18 0.22 0.37 0.52 0.59 0.61 0.63 0.64
100 75 0.50 0.50 0.09 0.10 0.18 0.22 0.23 0.24 0.24 0.24
100 75 0.75 0.50 0.10 0.11 0.21 0.28 0.32 0.34 0.35 0.37
100 75 0.75 0.75 0.11 0.12 0.22 0.29 0.32 0.34 0.35 0.37
100 75 0.85 0.50 0.10 0.11 0.21 0.30 0.36 0.39 0.41 0.46
100 75 0.85 0.75 0.15 0.14 0.25 0.34 0.39 0.42 0.44 0.47
100 75 0.85 0.85 0.11 0.12 0.22 0.32 0.37 0.41 0.42 0.45
100 75 0.95 0.50 0.09 0.12 0.25 0.36 0.42 0.47 0.50 0.56
100 75 0.95 0.75 0.19 0.21 0.34 0.42 0.48 0.51 0.54 0.58
100 75 0.95 0.85 0.12 0.14 0.26 0.39 0.46 0.51 0.54 0.60
100 75 0.95 0.95 0.09 0.11 0.24 0.36 0.43 0.47 0.50 0.53
100 75 1.00 0.50 0.11 0.14 0.27 0.39 0.47 0.52 0.55 0.62
100 75 1.00 0.75 0.13 0.16 0.31 0.41 0.49 0.54 0.57 0.64
100 75 1.00 0.85 0.11 0.14 0.27 0.40 0.48 0.53 0.57 0.62
100 75 1.00 0.95 0.11 0.13 0.26 0.39 0.46 0.51 0.53 0.57
100 75 1.00 1.00 0.09 0.12 0.25 0.38 0.46 0.51 0.53 0.57

MSE for the estimated IRFs by fitting a VECM on F.. T is the number of observations, n is the number of variables,
n1 = [n®] is the number of I(1) idiosyncratic components, and ny = [n"] is the number of variables with a deterministic
linear trend.

32



Table F2c: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
VECM Estimation — All variables, All Shocks

T n 0 n k=0 k=1 k=4 k=28 k=12 k=16 k=20 k =100
100 100 0.50 0.50 0.09 0.10 0.17 0.21 0.22 0.22 0.22 0.23
100 100 0.75 0.50 0.09 0.10 0.18 0.25 0.28 0.30 0.31 0.33
100 100 0.75 0.75 0.09 0.10 0.20 0.27 0.30 0.32 0.33 0.34
100 100 0.85 0.50 0.11 0.13 0.24 0.32 0.37 0.40 0.42 0.46
100 100 0.85 0.75 0.10 0.11 0.22 0.31 0.36 0.39 0.41 0.45
100 100 0.85 0.85 0.10 0.11 0.22 0.31 0.36 0.39 0.41 0.44
100 100 0.95 0.50 0.09 0.11 0.21 0.33 0.40 0.44 0.48 0.54
100 100 0.95 0.75 0.09 0.10 0.21 0.31 0.39 0.43 0.46 0.51
100 100 0.95 0.85 0.09 0.12 0.23 0.34 0.42 0.47 0.50 0.55
100 100 0.95 0.95 0.09 0.11 0.22 0.33 0.41 0.45 0.47 0.51
100 100 1.00 0.50 0.08 0.10 0.22 0.33 0.40 0.45 0.48 0.54
100 100 1.00 0.75 0.09 0.11 0.23 0.36 0.44 0.50 0.53 0.59
100 100 1.00 0.85 0.08 0.10 0.22 0.34 0.41 0.46 0.49 0.55
100 100 1.00 0.95 0.08 0.10 0.23 0.37 0.45 0.50 0.52 0.56
100 100 1.00 1.00 0.08 0.11 0.22 0.34 0.41 0.45 0.46 0.49
200 200 0.50 0.50 0.04 0.04 0.07 0.09 0.09 0.10 0.10 0.10
200 200 0.75 0.50 0.03 0.04 0.07 0.10 0.12 0.13 0.14 0.16
200 200 0.75 0.75 0.03 0.04 0.07 0.10 0.11 0.12 0.13 0.15
200 200 0.85 0.50 0.03 0.04 0.08 0.12 0.15 0.17 0.18 0.25
200 200 0.85 0.75 0.03 0.04 0.08 0.12 0.15 0.17 0.19 0.25
200 200 0.85 0.85 0.03 0.04 0.08 0.11 0.14 0.17 0.18 0.24
200 200 0.95 0.50 0.03 0.04 0.09 0.14 0.17 0.21 0.23 0.36
200 200 0.95 0.75 0.03 0.05 0.09 0.14 0.18 0.22 0.25 0.38
200 200 0.95 0.85 0.03 0.04 0.09 0.14 0.19 0.22 0.26 0.38
200 200 0.95 0.95 0.03 0.04 0.09 0.15 0.19 0.23 0.26 0.38
200 200 1.00 0.50 0.03 0.05 0.10 0.15 0.19 0.23 0.26 0.41
200 200 1.00 0.75 0.03 0.04 0.10 0.15 0.19 0.23 0.26 0.41
200 200 1.00 0.85 0.03 0.05 0.11 0.16 0.21 0.26 0.30 0.45
200 200 1.00 0.95 0.03 0.05 0.10 0.16 0.21 0.26 0.29 0.43
200 200 1.00 1.00 0.03 0.04 0.10 0.16 0.21 0.25 0.28 0.40
300 300 0.50 0.50 0.02 0.02 0.04 0.05 0.06 0.06 0.06 0.06
300 300 0.75 0.50 0.02 0.02 0.04 0.06 0.07 0.08 0.08 0.10
300 300 0.75 0.75 0.02 0.02 0.05 0.06 0.07 0.08 0.08 0.11
300 300 0.85 0.50 0.02 0.03 0.05 0.07 0.09 0.10 0.12 0.19
300 300 0.85 0.75 0.02 0.03 0.05 0.07 0.09 0.11 0.12 0.19
300 300 0.85 0.85 0.02 0.03 0.05 0.07 0.09 0.10 0.12 0.18
300 300 0.95 0.50 0.02 0.03 0.06 0.09 0.11 0.13 0.16 0.33
300 300 0.95 0.75 0.02 0.03 0.06 0.09 0.11 0.14 0.16 0.32
300 300 0.95 0.85 0.02 0.03 0.06 0.09 0.12 0.14 0.17 0.33
300 300 0.95 0.95 0.02 0.03 0.06 0.09 0.12 0.15 0.18 0.33
300 300 1.00 0.50 0.02 0.03 0.07 0.09 0.12 0.14 0.17 0.36
300 300 1.00 0.75 0.02 0.03 0.07 0.10 0.12 0.15 0.17 0.36
300 300 1.00 0.85 0.02 0.03 0.07 0.10 0.12 0.15 0.18 0.36
300 300 1.00 0.95 0.02 0.03 0.07 0.10 0.13 0.16 0.19 0.37
300 300 1.00 1.00 0.02 0.03 0.06 0.10 0.13 0.16 0.19 0.36

MSE for the estimated IRFs by fitting a VECM on F,;. T is the number of observations, n is the number of variables,
n1 = [n%] is the number of I(1) idiosyncratic components, and n, = [n"] is the number of variables with a deterministic
linear trend.
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Table F3a: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
VECM Estimation — First variable, first shock

T n ) n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 50 0.50 0.50 0.00 0.03 0.08 0.10 0.11 0.11 0.11 0.11
75 50 0.75 0.50 0.00 0.03 0.09 0.14 0.16 0.17 0.18 0.19
75 50 0.75 0.75 0.00 0.03 0.09 0.14 0.16 0.17 0.18 0.18
75 50 0.85 0.50 0.00 0.03 0.10 0.16 0.19 0.20 0.21 0.22
75 50 0.85 0.75 0.00 0.03 0.11 0.18 0.21 0.23 0.23 0.24
75 50 0.85 0.85 0.00 0.03 0.12 0.19 0.22 0.23 0.24 0.25
75 50 0.95 0.50 0.00 0.03 0.11 0.19 0.23 0.25 0.26 0.27
75 50 0.95 0.75 0.00 0.03 0.11 0.19 0.24 0.26 0.26 0.27
75 50 0.95 0.85 0.00 0.03 0.12 0.21 0.24 0.26 0.26 0.27
75 50 0.95 0.95 0.00 0.03 0.12 0.20 0.23 0.24 0.24 0.25
75 50 1.00 0.50 0.00 0.03 0.12 0.21 0.26 0.28 0.29 0.30
75 50 1.00 0.75 0.00 0.03 0.12 0.20 0.25 0.27 0.27 0.28
75 50 1.00 0.85 0.00 0.04 0.12 0.21 0.26 0.28 0.28 0.29
75 50 1.00 0.95 0.00 0.03 0.12 0.20 0.24 0.25 0.26 0.26
75 50 1.00 1.00 0.00 0.03 0.12 0.20 0.24 0.25 0.25 0.26
100 50 0.50 0.50 0.00 0.02 0.06 0.09 0.10 0.10 0.10 0.10
100 50 0.75 0.50 0.00 0.03 0.07 0.11 0.13 0.15 0.16 0.17
100 50 0.75 0.75 0.00 0.03 0.08 0.12 0.15 0.16 0.17 0.18
100 50 0.85 0.50 0.00 0.02 0.07 0.13 0.16 0.18 0.19 0.22
100 50 0.85 0.75 0.00 0.03 0.08 0.14 0.18 0.20 0.21 0.24
100 50 0.85 0.85 0.00 0.03 0.09 0.16 0.20 0.22 0.23 0.25
100 50 0.95 0.50 0.00 0.03 0.09 0.15 0.20 0.23 0.24 0.27
100 50 0.95 0.75 0.00 0.03 0.10 0.17 0.22 0.24 0.26 0.28
100 50 0.95 0.85 0.00 0.03 0.09 0.16 0.21 0.24 0.25 0.27
100 50 0.95 0.95 0.00 0.03 0.09 0.15 0.19 0.21 0.22 0.24
100 50 1.00 0.50 0.00 0.03 0.09 0.16 0.21 0.24 0.25 0.29
100 50 1.00 0.75 0.00 0.03 0.09 0.16 0.20 0.23 0.24 0.26
100 50 1.00 0.85 0.00 0.03 0.09 0.16 0.21 0.23 0.25 0.27
100 50 1.00 0.95 0.00 0.03 0.10 0.18 0.22 0.25 0.26 0.28
100 50 1.00 1.00 0.00 0.03 0.10 0.18 0.22 0.24 0.25 0.27

MSE for the estimated IRF all(L) by fitting a VECM on F;. T is the number of observations, n is the number of
variables, n1 = [n%] is the number of I(1) idiosyncratic components, and nj, = [n"] is the number of variables with a
deterministic linear trend.
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Table F3b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
VECM Estimation — First variable, first shock

T n ) n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 0.00 0.03 0.07 0.09 0.09 0.10 0.10 0.10
75 75 0.75 0.50 0.00 0.03 0.08 0.12 0.14 0.14 0.15 0.15
75 75 0.75 0.75 0.00 0.03 0.09 0.13 0.14 0.15 0.15 0.16
75 75 0.85 0.50 0.00 0.03 0.09 0.16 0.19 0.20 0.21 0.22
75 75 0.85 0.75 0.00 0.03 0.10 0.17 0.20 0.21 0.22 0.23
75 75 0.85 0.85 0.00 0.03 0.10 0.17 0.20 0.21 0.21 0.22
75 75 0.95 0.50 0.00 0.03 0.11 0.18 0.22 0.24 0.25 0.26
75 75 0.95 0.75 0.00 0.03 0.11 0.19 0.24 0.26 0.26 0.27
75 75 0.95 0.85 0.00 0.03 0.10 0.17 0.21 0.22 0.23 0.23
75 75 0.95 0.95 0.00 0.03 0.12 0.21 0.25 0.26 0.26 0.27
75 75 1.00 0.50 0.00 0.03 0.10 0.18 0.23 0.25 0.26 0.27
75 75 1.00 0.75 0.00 0.03 0.11 0.20 0.24 0.26 0.27 0.28
75 75 1.00 0.85 0.00 0.03 0.11 0.21 0.25 0.27 0.27 0.28
75 75 1.00 0.95 0.00 0.03 0.12 0.21 0.25 0.26 0.27 0.27
75 75 1.00 1.00 0.00 0.03 0.12 0.21 0.25 0.26 0.26 0.27
100 75 0.50 0.50 0.00 0.02 0.05 0.06 0.07 0.07 0.07 0.07
100 75 0.75 0.50 0.00 0.02 0.06 0.10 0.12 0.13 0.13 0.14
100 75 0.75 0.75 0.00 0.02 0.07 0.10 0.12 0.13 0.14 0.15
100 75 0.85 0.50 0.00 0.02 0.07 0.12 0.15 0.17 0.19 0.21
100 75 0.85 0.75 0.00 0.02 0.07 0.13 0.16 0.18 0.19 0.20
100 75 0.85 0.85 0.00 0.02 0.07 0.13 0.16 0.18 0.19 0.21
100 75 0.95 0.50 0.00 0.02 0.08 0.14 0.18 0.21 0.23 0.26
100 75 0.95 0.75 0.00 0.02 0.08 0.15 0.19 0.22 0.23 0.25
100 75 0.95 0.85 0.00 0.02 0.08 0.15 0.19 0.21 0.22 0.24
100 75 0.95 0.95 0.00 0.03 0.09 0.16 0.21 0.23 0.24 0.26
100 75 1.00 0.50 0.00 0.03 0.08 0.14 0.18 0.21 0.22 0.26
100 75 1.00 0.75 0.00 0.02 0.08 0.15 0.20 0.22 0.23 0.26
100 75 1.00 0.85 0.00 0.02 0.08 0.15 0.19 0.22 0.23 0.25
100 75 1.00 0.95 0.00 0.02 0.08 0.16 0.21 0.24 0.25 0.26
100 75 1.00 1.00 0.00 0.02 0.08 0.15 0.19 0.21 0.22 0.24

MSE for the estimated IRF 511([/) by fitting a VECM on F;. T is the number of observations, n is the number of
variables, n1 = [n%] is the number of I(1) idiosyncratic components, and nj, = [n"] is the number of variables with a
deterministic linear trend.
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Table F3c: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
VECM Estimation — First variable, first shock

T n 0 n k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
100 100 0.50 0.50 0.00 0.02 0.05 0.06 0.06 0.07 0.07 0.07
100 100 0.75 0.50 0.00 0.02 0.06 0.09 0.10 0.11 0.11 0.12
100 100 0.75 0.75 0.00 0.02 0.06 0.09 0.10 0.11 0.11 0.12
100 100 0.85 0.50 0.00 0.02 0.06 0.11 0.14 0.15 0.16 0.18
100 100 0.85 0.75 0.00 0.02 0.07 0.11 0.14 0.16 0.17 0.18
100 100 0.85 0.85 0.00 0.02 0.07 0.12 0.15 0.17 0.18 0.19
100 100 0.95 0.50 0.00 0.02 0.07 0.12 0.17 0.19 0.21 0.24
100 100 0.95 0.75 0.00 0.02 0.07 0.13 0.18 0.20 0.21 0.24
100 100 0.95 0.85 0.00 0.02 0.08 0.14 0.19 0.21 0.23 0.25
100 100 0.95 0.95 0.00 0.02 0.08 0.15 0.20 0.22 0.23 0.25
100 100 1.00 0.50 0.00 0.02 0.07 0.14 0.18 0.21 0.22 0.25
100 100 1.00 0.75 0.00 0.02 0.08 0.16 0.21 0.23 0.25 0.27
100 100 1.00 0.85 0.00 0.02 0.08 0.16 0.21 0.23 0.25 0.27
100 100 1.00 0.95 0.00 0.02 0.08 0.16 0.21 0.23 0.24 0.26
100 100 1.00 1.00 0.00 0.02 0.09 0.17 0.22 0.24 0.25 0.27
200 200 0.50 0.50 0.00 0.01 0.02 0.03 0.03 0.03 0.03 0.03
200 200 0.75 0.50 0.00 0.01 0.02 0.04 0.04 0.05 0.05 0.06
200 200 0.75 0.75 0.00 0.01 0.02 0.04 0.04 0.05 0.05 0.06
200 200 0.85 0.50 0.00 0.01 0.03 0.05 0.06 0.08 0.09 0.13
200 200 0.85 0.75 0.00 0.01 0.03 0.05 0.07 0.08 0.09 0.13
200 200 0.85 0.85 0.00 0.01 0.03 0.05 0.06 0.08 0.09 0.12
200 200 0.95 0.50 0.00 0.01 0.03 0.06 0.08 0.10 0.12 0.20
200 200 0.95 0.75 0.00 0.01 0.03 0.06 0.08 0.11 0.12 0.19
200 200 0.95 0.85 0.00 0.01 0.03 0.06 0.09 0.12 0.14 0.22
200 200 0.95 0.95 0.00 0.01 0.03 0.06 0.09 0.12 0.14 0.21
200 200 1.00 0.50 0.00 0.01 0.03 0.06 0.09 0.12 0.14 0.22
200 200 1.00 0.75 0.00 0.01 0.04 0.06 0.09 0.11 0.13 0.22
200 200 1.00 0.85 0.00 0.01 0.03 0.06 0.09 0.12 0.14 0.22
200 200 1.00 0.95 0.00 0.01 0.04 0.07 0.11 0.14 0.16 0.23
200 200 1.00 1.00 0.00 0.01 0.03 0.07 0.10 0.13 0.15 0.22
300 300 0.50 0.50 0.00 0.01 0.01 0.02 0.02 0.02 0.02 0.02
300 300 0.75 0.50 0.00 0.01 0.01 0.02 0.02 0.03 0.03 0.04
300 300 0.75 0.75 0.00 0.01 0.02 0.02 0.03 0.03 0.03 0.04
300 300 0.85 0.50 0.00 0.01 0.02 0.03 0.04 0.05 0.05 0.09
300 300 0.85 0.75 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.10
300 300 0.85 0.85 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.10
300 300 0.95 0.50 0.00 0.01 0.02 0.04 0.05 0.07 0.08 0.18
300 300 0.95 0.75 0.00 0.01 0.02 0.04 0.06 0.07 0.09 0.18
300 300 0.95 0.85 0.00 0.01 0.02 0.04 0.05 0.07 0.09 0.18
300 300 0.95 0.95 0.00 0.01 0.02 0.04 0.06 0.08 0.09 0.18
300 300 1.00 0.50 0.00 0.01 0.02 0.03 0.05 0.07 0.08 0.19
300 300 1.00 0.75 0.00 0.01 0.02 0.04 0.06 0.08 0.09 0.21
300 300 1.00 0.85 0.00 0.01 0.02 0.04 0.06 0.08 0.10 0.20
300 300 1.00 0.95 0.00 0.01 0.02 0.04 0.07 0.09 0.11 0.22
300 300 1.00 1.00 0.00 0.01 0.02 0.04 0.06 0.08 0.10 0.19

MSE for the estimated IRF <$11(L) by fitting a VECM on f‘t. T is the number of observations, n is the number of
variables, n; = [n%] is the number of I(1) idiosyncratic components, and nj, = [n"] is the number of variables with a
deterministic linear trend.

36



Table F4: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
VECM Estimation — All variables, All Shocks

T n 0 k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
75 50 0.50 1.01 0.96 0.88 0.82 0.79 0.77 0.76 0.74
75 50 0.75 1.01 0.96 0.91 0.89 0.89 0.88 0.87 0.85
75 50 0.85 0.98 0.93 0.91 0.95 0.95 0.95 0.94 0.94
75 50 0.95 1.01 0.95 0.94 0.96 0.96 0.96 0.96 0.96
75 50 1.00 1.01 0.97 0.96 0.99 1.01 1.01 1.00 0.99
100 50 0.50 0.99 0.92 0.80 0.77 0.74 0.72 0.71 0.68
100 50 0.75 1.00 0.94 0.87 0.89 0.89 0.88 0.87 0.85
100 50 0.85 1.00 0.95 0.89 0.90 0.91 0.92 0.91 0.88
100 50 0.95 0.99 0.95 0.92 0.96 0.98 0.98 0.97 0.95
100 50 1.00 0.99 0.95 0.92 0.96 0.98 0.97 0.97 0.94
75 75 0.50 0.98 0.94 0.82 0.75 0.72 0.70 0.69 0.68
75 75 0.75 1.01 0.97 0.86 0.84 0.82 0.81 0.80 0.78
75 75 0.85 0.99 0.95 0.90 0.93 0.93 0.93 0.93 0.91
75 75 0.95 0.96 0.94 0.92 0.93 0.93 0.93 0.92 0.90
75 75 1.00 0.99 0.97 0.94 0.96 0.97 0.97 0.96 0.95
100 75 0.50 0.99 0.92 0.82 0.76 0.72 0.70 0.69 0.67
100 75 0.75 1.00 0.95 0.84 0.83 0.82 0.80 0.79 0.76
100 75 0.85 1.00 0.93 0.86 0.89 0.90 0.90 0.89 0.86
100 75 0.95 1.00 0.95 0.89 0.93 0.95 0.96 0.95 0.92
100 75 1.00 1.00 0.95 0.92 0.96 0.97 0.97 0.96 0.94
100 100 0.50 0.99 0.94 0.80 0.74 0.70 0.68 0.66 0.64
100 100 0.75 0.99 0.93 0.85 0.83 0.82 0.80 0.79 0.76
100 100 0.85 0.99 0.93 0.87 0.88 0.88 0.87 0.86 0.82
100 100 0.95 1.00 0.96 0.91 0.95 0.95 0.95 0.94 0.90
100 100 1.00 0.99 0.95 0.90 0.92 0.93 0.93 0.93 0.92
200 200 0.50 0.98 0.88 0.72 0.69 0.66 0.63 0.61 0.57
200 200 0.75 0.99 0.87 0.73 0.75 0.74 0.72 0.70 0.62
200 200 0.85 0.98 0.87 0.77 0.81 0.81 0.81 0.81 0.74
200 200 0.95 0.99 0.89 0.81 0.88 0.91 0.93 0.94 0.88
200 200 1.00 0.99 0.90 0.82 0.89 0.93 0.95 0.96 0.94
300 300 0.50 0.98 0.85 0.69 0.70 0.67 0.64 0.62 0.55
300 300 0.75 0.98 0.84 0.71 0.75 0.74 0.73 0.71 0.61
300 300 0.85 0.98 0.83 0.71 0.78 0.80 0.81 0.81 0.75
300 300 0.95 0.98 0.85 0.73 0.82 0.86 0.88 0.90 0.88
300 300 1.00 0.98 0.87 0.78 0.85 0.90 0.93 0.95 0.91

Ratio between the MSE for the estimated IRFs obtained by fitting a VECM on f‘t, and the MSE for the estimated IRFs
obtained by fitting a VECM on the common factors estimated as in Bai and Ng (2004). Values smaller than one indicate
a better performance of our method. T is the number of observations, n is the number of variables, and n; = [n?] is
the number of I(1) idiosyncratic components. In these simulations there are n, = [n"] variables with a deterministic
linear trend, with ny, = nj.
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Table F5a: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
VECM Estimation — All variables, All Shocks

T n ) n k=20 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 50 0.50 0.50 0.98 0.94 0.87 0.85 0.84 0.84 0.84 0.84
75 50 0.75 0.50 1.44 1.40 1.42 1.37 1.32 1.31 1.31 1.31
75 50 0.75 0.75 1.15 1.06 1.04 1.03 1.03 1.02 1.00 0.98
75 50 0.85 0.50 1.17 1.08 1.05 1.03 1.02 1.01 1.01 1.00
75 50 0.85 0.75 0.92 0.85 0.84 0.85 0.88 0.88 0.86 0.79
75 50 0.85 0.85 1.16 1.09 1.08 1.09 1.08 1.06 1.04 1.03
75 50 0.95 0.50 1.06 1.03 1.02 1.06 1.06 1.05 1.05 1.04
75 50 0.95 0.75 0.70 0.71 0.78 0.86 0.91 0.93 0.92 0.94
75 50 0.95 0.85 1.06 0.97 1.00 1.07 1.05 1.04 1.03 0.98
75 50 0.95 0.95 1.05 0.96 0.97 0.98 0.98 0.98 0.97 0.93
75 50 1.00 0.50 1.01 0.97 1.02 1.04 1.03 1.03 1.02 1.00
75 50 1.00 0.75 1.10 1.07 1.09 1.10 1.11 1.11 1.10 1.07
75 50 1.00 0.85 1.03 1.01 1.01 1.03 1.02 1.00 0.98 0.94
75 50 1.00 0.95 0.97 0.96 1.01 1.05 1.06 1.05 1.02 0.98
75 50 1.00 1.00 1.07 1.00 1.03 1.06 1.03 1.00 0.96 0.90
100 50 0.50 0.50 0.97 0.94 0.87 0.85 0.84 0.83 0.83 0.81
100 50 0.75 0.50 1.09 1.01 1.01 1.00 0.98 0.97 0.96 0.92
100 50 0.75 0.75 0.93 0.91 0.89 0.90 0.90 0.90 0.89 0.86
100 50 0.85 0.50 1.01 0.96 0.95 0.97 0.98 0.97 0.96 0.93
100 50 0.85 0.75 0.97 0.93 0.91 0.94 0.96 0.96 0.95 0.91
100 50 0.85 0.85 1.04 0.96 0.89 0.93 0.95 0.96 0.96 0.91
100 50 0.95 0.50 1.00 0.97 0.94 0.97 1.00 1.00 1.00 0.96
100 50 0.95 0.75 1.01 0.98 0.94 0.98 0.99 0.99 0.99 0.93
100 50 0.95 0.85 1.04 1.00 0.99 1.03 1.04 1.05 1.04 0.96
100 50 0.95 0.95 0.85 0.84 0.89 0.94 0.96 0.96 0.94 0.88
100 50 1.00 0.50 1.04 1.02 0.99 1.00 1.01 1.01 1.01 0.97
100 50 1.00 0.75 0.97 0.96 0.94 1.00 1.01 1.01 0.99 0.92
100 50 1.00 0.85 1.04 1.00 0.98 1.03 1.04 1.04 1.03 0.99
100 50 1.00 0.95 1.07 1.02 0.96 1.01 1.05 1.04 1.02 0.93
100 50 1.00 1.00 1.08 0.99 0.99 1.03 1.03 1.01 0.99 0.90

Ratio between the MSE for the estimated IRFs obtained by fitting a VECM on f‘t, and the MSE for the estimated IRFs
obtained by fitting a VECM on the common factors estimated as in Bai and Ng (2004). Values smaller than one indicate
a better performance of our method. T is the number of observations, n is the number of variables, and n1 = [n?] is the
number of I(1) idiosyncratic components, and n, = [n"] is the number of variables with a deterministic linear trend.
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Table F5b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
VECM Estimation — All variables, All Shocks

T n ) n k=20 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 0.96 0.91 0.89 0.84 0.81 0.79 0.78 0.78
75 75 0.75 0.50 0.98 0.97 1.02 0.99 0.95 0.94 0.93 0.92
75 75 0.75 0.75 1.18 1.18 1.08 1.05 1.03 1.00 0.99 0.96
75 75 0.85 0.50 0.89 0.94 0.91 0.91 0.88 0.87 0.86 0.86
75 75 0.85 0.75 1.01 0.99 0.97 0.93 0.93 0.92 0.92 0.90
75 75 0.85 0.85 1.12 1.03 1.00 1.01 1.01 1.00 0.98 0.94
75 75 0.95 0.50 0.94 0.95 0.95 0.96 0.97 0.97 0.96 0.94
75 75 0.95 0.75 1.10 1.06 0.97 0.97 0.97 0.96 0.94 0.92
75 75 0.95 0.85 1.03 0.95 0.95 0.99 1.01 1.00 0.98 0.94
75 75 0.95 0.95 0.98 0.95 0.98 1.03 1.03 1.00 0.97 0.90
75 75 1.00 0.50 0.97 0.96 0.96 0.98 0.98 0.98 0.97 0.94
75 75 1.00 0.75 0.99 0.93 0.92 0.98 1.02 1.02 1.00 0.96
75 75 1.00 0.85 1.04 0.99 0.99 1.01 1.02 1.02 1.00 0.96
75 75 1.00 0.95 0.96 0.90 0.94 0.98 0.97 0.94 0.91 0.84
75 75 1.00 1.00 1.09 1.04 0.95 1.01 1.00 0.97 0.94 0.89
100 75 0.50 0.50 0.97 0.91 0.86 0.82 0.79 0.77 0.76 0.75
100 75 0.75 0.50 1.02 0.97 0.93 0.91 0.88 0.88 0.87 0.84
100 75 0.75 0.75 0.99 0.99 0.95 0.93 0.92 0.89 0.88 0.83
100 75 0.85 0.50 0.94 0.91 0.87 0.89 0.90 0.89 0.88 0.85
100 75 0.85 0.75 1.08 0.97 0.93 0.95 0.96 0.95 0.93 0.88
100 75 0.85 0.85 1.03 0.97 0.90 0.93 0.94 0.93 0.91 0.85
100 75 0.95 0.50 1.00 0.97 0.93 0.95 0.95 0.95 0.95 0.91
100 75 0.95 0.75 1.76 1.52 1.25 1.14 1.08 1.04 1.01 0.95
100 75 0.95 0.85 1.03 0.97 0.97 1.02 1.03 1.01 1.00 0.92
100 75 0.95 0.95 1.01 0.94 0.93 1.01 1.03 1.02 1.00 0.92
100 75 1.00 0.50 1.10 1.04 0.96 0.99 1.00 1.00 1.00 0.95
100 75 1.00 0.75 1.09 0.98 0.97 0.99 1.01 1.01 1.00 0.94
100 75 1.00 0.85 0.98 0.94 0.94 0.99 1.01 1.01 1.00 0.93
100 75 1.00 0.95 1.02 0.95 0.93 1.00 1.02 1.00 0.98 0.91
100 75 1.00 1.00 1.02 0.95 0.96 1.03 1.03 1.01 0.99 0.89

Ratio between the MSE for the estimated IRFs obtained by fitting a VECM on f‘t, and the MSE for the estimated IRFs
obtained by fitting a VECM on the common factors estimated as in Bai and Ng (2004). Values smaller than one indicate
a better performance of our method. T is the number of observations, n is the number of variables, and n1 = [n?] is the
number of I(1) idiosyncratic components, and n, = [n"] is the number of variables with a deterministic linear trend.
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Table F5c: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
VECM Estimation — All variables, All Shocks

T n 0 n k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
100 100 0.50 0.50 1.00 0.95 0.85 0.79 0.75 0.73 0.72 0.70
100 100 0.75 0.50 1.01 0.95 0.88 0.86 0.85 0.84 0.83 0.81
100 100 0.75 0.75 0.96 0.94 0.89 0.85 0.83 0.82 0.81 0.78
100 100 0.85 0.50 1.01 0.96 0.93 0.92 0.92 0.92 0.92 0.89
100 100 0.85 0.75 0.97 0.92 0.93 0.95 0.95 0.94 0.93 0.87
100 100 0.85 0.85 1.04 0.98 0.94 0.96 0.95 0.93 0.92 0.86
100 100 0.95 0.50 0.99 0.93 0.90 0.92 0.93 0.93 0.92 0.89
100 100 0.95 0.75 1.03 0.95 0.91 0.94 0.95 0.95 0.94 0.88
100 100 0.95 0.85 1.00 0.96 0.95 1.01 1.03 1.03 1.01 0.93
100 100 0.95 0.95 1.03 0.95 0.93 0.99 1.00 0.99 0.96 0.88
100 100 1.00 0.50 1.00 0.95 0.92 0.96 0.97 0.96 0.95 0.91
100 100 1.00 0.75 1.00 0.94 0.92 0.97 0.99 0.99 0.98 0.93
100 100 1.00 0.85 1.00 0.94 0.93 0.98 1.00 0.98 0.97 0.89
100 100 1.00 0.95 0.99 0.93 0.95 1.02 1.04 1.02 0.99 0.89
100 100 1.00 1.00 1.00 0.94 0.93 0.99 0.99 0.97 0.94 0.85
200 200 0.50 0.50 0.98 0.91 0.80 0.78 0.74 0.71 0.70 0.66
200 200 0.75 0.50 0.99 0.90 0.79 0.80 0.79 0.78 0.77 0.72
200 200 0.75 0.75 0.99 0.90 0.77 0.77 0.75 0.73 0.71 0.65
200 200 0.85 0.50 0.99 0.90 0.81 0.85 0.86 0.86 0.86 0.78
200 200 0.85 0.75 0.99 0.89 0.81 0.86 0.88 0.88 0.88 0.79
200 200 0.85 0.85 0.99 0.88 0.80 0.86 0.88 0.88 0.88 0.79
200 200 0.95 0.50 0.99 0.90 0.81 0.87 0.90 0.92 0.93 0.88
200 200 0.95 0.75 0.99 0.90 0.82 0.89 0.94 0.97 0.98 0.91
200 200 0.95 0.85 0.99 0.90 0.83 0.93 0.98 1.01 1.01 0.92
200 200 0.95 0.95 0.99 0.89 0.82 0.93 0.99 1.01 1.02 0.89
200 200 1.00 0.50 0.99 0.91 0.84 0.91 0.95 0.97 0.98 0.93
200 200 1.00 0.75 0.99 0.89 0.82 0.90 0.95 0.97 0.98 0.92
200 200 1.00 0.85 0.99 0.91 0.84 0.94 1.00 1.03 1.04 0.93
200 200 1.00 0.95 0.99 0.89 0.84 0.96 1.02 1.05 1.06 0.92
200 200 1.00 1.00 0.98 0.87 0.82 0.95 1.02 1.05 1.05 0.90
300 300 0.50 0.50 0.98 0.87 0.75 0.75 0.72 0.70 0.68 0.63
300 300 0.75 0.50 0.99 0.85 0.74 0.78 0.77 0.75 0.73 0.64
300 300 0.75 0.75 0.98 0.85 0.73 0.76 0.76 0.75 0.73 0.65
300 300 0.85 0.50 0.99 0.86 0.75 0.80 0.82 0.83 0.83 0.77
300 300 0.85 0.75 0.99 0.86 0.76 0.82 0.84 0.85 0.85 0.78
300 300 0.85 0.85 0.98 0.85 0.75 0.80 0.83 0.84 0.85 0.78
300 300 0.95 0.50 0.99 0.88 0.79 0.86 0.91 0.94 0.95 0.92
300 300 0.95 0.75 0.99 0.87 0.78 0.88 0.94 0.97 0.99 0.94
300 300 0.95 0.85 0.98 0.86 0.78 0.88 0.95 0.99 1.01 0.95
300 300 0.95 0.95 0.98 0.85 0.78 0.91 0.99 1.04 1.06 0.95
300 300 1.00 0.50 0.98 0.88 0.79 0.87 0.92 0.95 0.97 0.95
300 300 1.00 0.75 0.99 0.87 0.77 0.86 0.92 0.96 0.98 0.95
300 300 1.00 0.85 0.99 0.87 0.78 0.88 0.95 0.99 1.02 0.95
300 300 1.00 0.95 0.98 0.85 0.77 0.91 1.01 1.08 1.11 1.00
300 300 1.00 1.00 0.98 0.83 0.75 0.90 1.00 1.05 1.08 0.96

Ratio between the MSE for the estimated IRFs obtained by fitting a VECM on f‘t, and the MSE for the estimated IRFs
obtained by fitting a VECM on the common factors estimated as in Bai and Ng (2004). Values smaller than one indicate
a better performance of our method. T is the number of observations, n is the number of variables, and n; = [n‘s] is the
number of (1) idiosyncratic components, and n, = [n"] is the number of variables with a deterministic linear trend.
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Table F6a: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
VECM Estimation — First variable, first shock

T n ) n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 50 0.50 0.50 1.07 0.98 0.86 0.81 0.78 0.76 0.75 0.73
75 50 0.75 0.50 1.05 0.98 0.98 0.97 0.94 0.91 0.89 0.86
75 50 0.75 0.75 0.94 0.97 0.96 0.96 0.93 0.90 0.88 0.84
75 50 0.85 0.50 1.04 0.95 0.98 0.99 0.97 0.95 0.94 0.91
75 50 0.85 0.75 0.95 0.98 1.06 1.07 1.03 1.00 0.98 0.93
75 50 0.85 0.85 1.06 0.99 1.08 1.10 1.05 1.01 0.99 0.95
75 50 0.95 0.50 1.00 0.94 1.03 1.07 1.05 1.02 1.00 0.97
75 50 0.95 0.75 1.05 0.97 1.00 1.07 1.05 1.01 0.99 0.94
75 50 0.95 0.85 1.04 0.95 1.04 1.11 1.07 1.02 0.99 0.93
75 50 0.95 0.95 1.01 1.00 111 1.12 1.05 0.99 0.95 0.88
75 50 1.00 0.50 1.11 0.95 1.00 1.03 1.01 0.98 0.96 0.93
75 50 1.00 0.75 1.01 0.97 1.08 1.13 1.10 1.07 1.04 0.98
75 50 1.00 0.85 1.05 0.96 1.06 1.11 1.08 1.05 1.02 0.96
75 50 1.00 0.95 0.99 0.93 1.06 1.12 1.06 1.00 0.96 0.91
75 50 1.00 1.00 1.01 0.91 1.07 1.11 1.04 0.98 0.94 0.87
100 50 0.50 0.50 0.91 0.94 0.84 0.81 0.78 0.75 0.73 0.70
100 50 0.75 0.50 0.97 0.92 0.87 0.91 0.89 0.87 0.86 0.81
100 50 0.75 0.75 1.00 0.97 0.97 0.99 0.95 0.92 0.90 0.85
100 50 0.85 0.50 1.03 0.92 0.97 1.07 1.06 1.03 1.00 0.94
100 50 0.85 0.75 0.99 0.93 0.96 1.04 1.04 1.03 1.01 0.95
100 50 0.85 0.85 0.91 0.91 0.99 1.08 1.07 1.04 1.02 0.94
100 50 0.95 0.50 0.96 0.91 0.94 1.05 1.06 1.05 1.04 0.99
100 50 0.95 0.75 0.98 0.92 1.01 1.10 1.08 1.05 1.03 0.97
100 50 0.95 0.85 1.00 0.90 1.02 111 1.09 1.06 1.02 0.91
100 50 0.95 0.95 1.03 0.88 0.91 1.03 1.02 0.98 0.95 0.85
100 50 1.00 0.50 1.05 0.92 1.00 1.11 1.11 1.08 1.06 0.97
100 50 1.00 0.75 0.99 0.90 0.97 1.07 1.06 1.03 1.00 0.90
100 50 1.00 0.85 1.01 0.91 1.01 1.12 1.10 1.06 1.04 0.95
100 50 1.00 0.95 1.10 0.91 1.04 1.17 1.15 1.10 1.06 0.95
100 50 1.00 1.00 1.01 0.87 0.99 1.11 1.08 1.02 0.98 0.88

Ratio between the MSE for the estimated IRF $11 (L) obtained by fitting a VECM on f‘t, and the MSE for the estimated
IRFs obtained by fitting a VECM on the common factors estimated as in Bai and Ng (2004). Values smaller than one
indicate a better performance of our method. T is the number of observations, n is the number of variables, and n1 = [n‘s]
is the number of I(1) idiosyncratic components, and n, = [n”] is the number of variables with a deterministic linear

trend.
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Table F6b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
VECM Estimation — First variable, first shock

T n ) n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 0.96 1.03 0.85 0.75 0.70 0.68 0.67 0.65
75 75 0.75 0.50 1.03 1.00 0.91 0.90 0.88 0.86 0.85 0.83
75 75 0.75 0.75 0.98 1.02 0.90 0.85 0.81 0.78 0.77 0.74
75 75 0.85 0.50 0.99 1.00 0.97 0.95 0.92 0.90 0.88 0.88
75 75 0.85 0.75 1.04 1.03 1.00 1.00 0.95 0.92 0.90 0.86
75 75 0.85 0.85 1.11 1.01 1.03 1.05 1.01 0.97 0.95 0.91
75 75 0.95 0.50 0.97 0.96 1.00 1.01 1.00 0.97 0.95 0.91
75 75 0.95 0.75 0.89 0.98 1.00 1.03 1.01 0.97 0.95 0.90
75 75 0.95 0.85 0.98 1.00 1.06 1.11 1.08 1.04 1.00 0.93
75 75 0.95 0.95 0.94 0.99 1.08 1.12 1.06 1.00 0.96 0.90
75 75 1.00 0.50 0.97 0.95 0.95 1.00 1.00 0.98 0.97 0.94
75 75 1.00 0.75 1.04 0.96 1.01 1.06 1.06 1.03 1.01 0.96
75 75 1.00 0.85 1.00 0.98 1.07 1.12 1.08 1.04 1.01 0.96
75 75 1.00 0.95 1.02 0.97 1.09 1.14 1.09 1.03 1.00 0.93
75 75 1.00 1.00 0.99 0.99 1.15 1.14 1.03 0.95 0.91 0.83
100 75 0.50 0.50 0.94 0.95 0.77 0.73 0.69 0.67 0.66 0.63
100 75 0.75 0.50 1.04 0.97 0.87 0.86 0.83 0.81 0.79 0.76
100 75 0.75 0.75 0.97 0.94 0.88 0.87 0.84 0.82 0.80 0.76
100 75 0.85 0.50 1.04 0.95 0.95 0.96 0.95 0.93 0.91 0.86
100 75 0.85 0.75 0.98 0.95 0.95 0.99 0.98 0.95 0.93 0.87
100 75 0.85 0.85 1.01 0.92 0.94 1.00 0.99 0.97 0.94 0.87
100 75 0.95 0.50 0.95 0.94 0.97 1.03 1.02 1.01 1.00 0.95
100 75 0.95 0.75 1.01 0.92 0.97 1.07 1.07 1.05 1.03 0.95
100 75 0.95 0.85 1.03 0.92 0.99 1.08 1.06 1.02 1.00 0.93
100 75 0.95 0.95 1.06 0.95 1.03 1.13 1.12 1.09 1.06 0.97
100 75 1.00 0.50 1.03 0.91 0.94 1.01 1.00 0.99 0.97 0.93
100 75 1.00 0.75 0.95 0.92 0.99 1.11 1.09 1.05 1.02 0.94
100 75 1.00 0.85 1.00 0.90 1.00 1.11 1.10 1.07 1.04 0.93
100 75 1.00 0.95 1.03 0.90 1.06 1.18 1.14 1.08 1.03 0.92
100 75 1.00 1.00 0.90 0.89 1.00 1.10 1.07 1.02 0.98 0.88

Ratio between the MSE for the estimated IRF $11 (L) obtained by fitting a VECM on f‘t, and the MSE for the estimated
IRFs obtained by fitting a VECM on the common factors estimated as in Bai and Ng (2004). Values smaller than one
indicate a better performance of our method. T is the number of observations, n is the number of variables, and n1 = [n‘s]
is the number of I(1) idiosyncratic components, and n, = [n”] is the number of variables with a deterministic linear

trend.
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Table F6c: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
VECM Estimation — First variable, first shock

T n 0 n k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
100 100 0.50 0.50 0.95 0.98 0.77 0.69 0.65 0.63 0.62 0.60
100 100 0.75 0.50 1.03 0.98 0.90 0.88 0.83 0.80 0.78 0.74
100 100 0.75 0.75 0.95 0.97 0.87 0.82 0.78 0.75 0.73 0.69
100 100 0.85 0.50 1.02 0.94 0.94 0.96 0.94 0.92 0.91 0.86
100 100 0.85 0.75 1.03 0.95 0.95 0.98 0.95 0.92 0.90 0.83
100 100 0.85 0.85 1.05 0.94 0.95 1.01 1.01 0.99 0.97 0.90
100 100 0.95 0.50 0.94 0.94 0.91 0.97 0.98 0.98 0.96 0.91
100 100 0.95 0.75 1.02 0.93 0.94 1.00 1.00 0.98 0.97 0.91
100 100 0.95 0.85 1.05 0.94 1.01 1.12 111 1.08 1.05 0.95
100 100 0.95 0.95 0.95 0.93 1.04 1.12 1.09 1.05 1.01 0.91
100 100 1.00 0.50 0.99 0.93 0.96 1.05 1.05 1.02 1.00 0.94
100 100 1.00 0.75 1.03 0.95 1.03 1.12 1.11 1.09 1.06 0.99
100 100 1.00 0.85 1.16 0.93 1.05 1.12 1.09 1.05 1.02 0.94
100 100 1.00 0.95 1.04 0.92 1.03 1.12 1.09 1.04 1.00 0.89
100 100 1.00 1.00 1.05 0.94 1.11 1.18 1.13 1.07 1.03 0.92
200 200 0.50 0.50 0.94 0.89 0.72 0.67 0.62 0.59 0.57 0.53
200 200 0.75 0.50 1.09 0.88 0.77 0.78 0.75 0.73 0.72 0.67
200 200 0.75 0.75 1.00 0.88 0.75 0.73 0.69 0.67 0.65 0.59
200 200 0.85 0.50 0.96 0.82 0.78 0.84 0.84 0.82 0.81 0.73
200 200 0.85 0.75 0.94 0.82 0.79 0.86 0.86 0.85 0.84 0.75
200 200 0.85 0.85 0.97 0.84 0.80 0.91 0.92 0.92 0.90 0.79
200 200 0.95 0.50 1.04 0.82 0.79 0.94 0.98 0.99 0.98 0.92
200 200 0.95 0.75 0.95 0.83 0.81 0.99 1.04 1.06 1.05 0.95
200 200 0.95 0.85 1.05 0.81 0.82 1.07 1.13 1.14 1.12 0.96
200 200 0.95 0.95 0.93 0.79 0.80 1.03 1.09 1.09 1.08 0.92
200 200 1.00 0.50 0.98 0.82 0.81 1.00 1.04 1.06 1.05 0.98
200 200 1.00 0.75 0.97 0.81 0.82 1.00 1.06 1.06 1.06 0.95
200 200 1.00 0.85 0.96 0.80 0.80 1.00 1.06 1.06 1.06 0.93
200 200 1.00 0.95 0.94 0.79 0.84 1.12 1.19 1.19 1.17 0.95
200 200 1.00 1.00 1.12 0.76 0.83 1.14 1.18 1.17 1.15 0.96
300 300 0.50 0.50 1.00 0.83 0.66 0.65 0.59 0.55 0.53 0.48
300 300 0.75 0.50 0.96 0.78 0.66 0.70 0.67 0.65 0.63 0.52
300 300 0.75 0.75 1.02 0.74 0.67 0.74 0.72 0.71 0.70 0.62
300 300 0.85 0.50 0.99 0.75 0.73 0.83 0.84 0.84 0.84 0.77
300 300 0.85 0.75 0.91 0.77 0.72 0.84 0.85 0.85 0.84 0.73
300 300 0.85 0.85 0.98 0.74 0.70 0.84 0.86 0.88 0.89 0.83
300 300 0.95 0.50 0.96 0.76 0.73 0.91 0.97 0.99 1.00 0.92
300 300 0.95 0.75 0.94 0.77 0.73 0.93 0.99 1.01 1.02 0.96
300 300 0.95 0.85 1.00 0.73 0.70 0.94 1.03 1.06 1.07 0.98
300 300 0.95 0.95 1.09 0.73 0.73 0.99 1.08 1.10 111 0.94
300 300 1.00 0.50 1.10 0.79 0.72 0.91 0.98 1.00 1.01 0.95
300 300 1.00 0.75 0.94 0.77 0.72 0.94 1.03 1.05 1.06 0.99
300 300 1.00 0.85 0.98 0.78 0.73 0.95 1.02 1.04 1.04 0.92
300 300 1.00 0.95 0.98 0.72 0.71 1.02 1.13 1.16 1.17 1.00
300 300 1.00 1.00 1.01 0.68 0.67 1.02 1.13 1.15 1.16 0.98

Ratio between the MSE for the estimated IRF $11 (L) obtained by fitting a VECM on f‘t, and the MSE for the estimated
IRFs obtained by fitting a VECM on the common factors estimated as in Bai and Ng (2004). Values smaller than one
indicate a better performance of our method. T is the number of observations, n is the number of variables, and n; = [n9]
is the number of I(1) idiosyncratic components, and n, = [n"] is the number of variables with a deterministic linear

trend.
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Table F7: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
Unrestricted VAR in Levels Estimation — All variables, All Shocks

T n 0 k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
75 50 0.50 0.10 0.11 0.20 0.32 0.42 0.50 0.56 0.77
75 50 0.75 0.10 0.12 0.23 0.36 0.47 0.54 0.59 0.75
75 50 0.85 0.10 0.13 0.25 0.40 0.50 0.58 0.63 0.76
75 50 0.95 0.10 0.14 0.27 0.41 0.51 0.59 0.64 0.74
75 50 1.00 0.10 0.14 0.29 0.45 0.55 0.62 0.68 0.75
100 50 0.50 0.07 0.07 0.14 0.24 0.32 0.40 0.46 0.72
100 50 0.75 0.07 0.09 0.17 0.28 0.37 0.45 0.51 0.74
100 50 0.85 0.07 0.09 0.18 0.29 0.38 0.45 0.52 0.74
100 50 0.95 0.07 0.10 0.22 0.34 0.44 0.51 0.57 0.76
100 50 1.00 0.07 0.11 0.24 0.36 0.45 0.52 0.58 0.74
75 75 0.50 0.09 0.10 0.19 0.32 0.42 0.51 0.56 0.77
75 75 0.75 0.09 0.10 0.20 0.33 0.44 0.52 0.58 0.76
75 75 0.85 0.09 0.11 0.23 0.37 0.48 0.56 0.62 0.77
75 75 0.95 0.09 0.12 0.25 0.40 0.51 0.59 0.65 0.77
75 75 1.00 0.08 0.12 0.25 0.40 0.52 0.61 0.67 0.76
100 75 0.50 0.06 0.07 0.14 0.24 0.33 0.40 0.47 0.74
100 75 0.75 0.06 0.07 0.15 0.26 0.35 0.43 0.49 0.75
100 75 0.85 0.06 0.08 0.17 0.28 0.37 0.45 0.52 0.76
100 75 0.95 0.06 0.09 0.19 0.31 0.41 0.49 0.56 0.76
100 75 1.00 0.06 0.09 0.20 0.32 0.42 0.50 0.57 0.76
100 100 0.50 0.06 0.07 0.13 0.23 0.31 0.39 0.46 0.76
100 100 0.75 0.05 0.07 0.14 0.25 0.35 0.43 0.50 0.76
100 100 0.85 0.05 0.07 0.15 0.26 0.36 0.45 0.51 0.74
100 100 0.95 0.06 0.08 0.18 0.29 0.39 0.48 0.54 0.74
100 100 1.00 0.06 0.08 0.19 0.31 0.40 0.49 0.55 0.74
200 200 0.50 0.02 0.03 0.05 0.10 0.14 0.19 0.24 0.67
200 200 0.75 0.02 0.03 0.06 0.11 0.16 0.22 0.27 0.68
200 200 0.85 0.02 0.03 0.07 0.12 0.17 0.23 0.28 0.70
200 200 0.95 0.02 0.04 0.08 0.14 0.19 0.25 0.31 0.72
200 200 1.00 0.02 0.04 0.09 0.14 0.20 0.26 0.32 0.74
300 300 0.50 0.02 0.02 0.03 0.06 0.08 0.11 0.15 0.58
300 300 0.75 0.02 0.02 0.04 0.07 0.10 0.14 0.17 0.61
300 300 0.85 0.02 0.02 0.05 0.08 0.11 0.15 0.18 0.63
300 300 0.95 0.02 0.03 0.06 0.08 0.12 0.16 0.20 0.67
300 300 1.00 0.02 0.03 0.07 0.10 0.13 0.17 0.20 0.67

MSE for the estimated IRFs by fitting an unrestricted VAR on f‘t. T is the number of observations, n is the number
of variables, and n1 = [n%] is the number of I(1) idiosyncratic components. In these simulations there are ny = [n"]
variables with a deterministic linear trend, with n, = nj.
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Table F8a: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
Unrestricted VAR in Levels Estimation — All variables, All Shocks

T n § n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 50 0.50 0.50 0.21 0.19 0.30 0.41 0.49 0.55 0.60 0.77
75 50 0.75 0.50 0.42 0.43 0.57 0.58 0.61 0.65 0.68 0.77
75 50 0.75 0.75 0.22 0.20 0.33 0.46 0.55 0.62 0.66 0.76
75 50 0.85 0.50 0.25 0.24 0.36 0.47 0.56 0.62 0.67 0.76
75 50 0.85 0.75 0.35 0.30 0.39 0.48 0.57 0.63 0.68 0.76
75 50 0.85 0.85 0.26 0.25 0.39 0.51 0.59 0.65 0.69 0.76
75 50 0.95 0.50 0.25 0.25 0.39 0.52 0.60 0.65 0.69 0.75
75 50 0.95 0.75 0.29 0.32 0.47 0.58 0.66 0.71 0.75 0.78
75 50 0.95 0.85 0.31 0.30 0.42 0.54 0.63 0.68 0.72 0.76
75 50 0.95 0.95 0.44 0.39 0.53 0.62 0.67 0.70 0.73 0.77
75 50 1.00 0.50 0.26 0.27 0.43 0.54 0.62 0.68 0.72 0.76
75 50 1.00 0.75 0.24 0.28 0.45 0.56 0.63 0.69 0.72 0.76
75 50 1.00 0.85 0.19 0.23 0.38 0.52 0.62 0.68 0.73 0.77
75 50 1.00 0.95 0.23 0.26 0.44 0.58 0.66 0.71 0.74 0.77
75 50 1.00 1.00 0.27 0.26 0.40 0.54 0.63 0.69 0.72 0.77
100 50 0.50 0.50 0.11 0.11 0.19 0.29 0.38 0.45 0.51 0.74
100 50 0.75 0.50 0.17 0.15 0.27 0.37 0.44 0.51 0.56 0.76
100 50 0.75 0.75 0.14 0.14 0.25 0.36 0.45 0.52 0.57 0.75
100 50 0.85 0.50 0.14 0.15 0.27 0.37 0.45 0.52 0.57 0.73
100 50 0.85 0.75 0.11 0.12 0.25 0.37 0.47 0.54 0.60 0.77
100 50 0.85 0.85 0.15 0.15 0.28 0.40 0.50 0.58 0.64 0.77
100 50 0.95 0.50 0.12 0.15 0.28 0.41 0.50 0.57 0.62 0.76
100 50 0.95 0.75 0.14 0.17 0.30 0.42 0.52 0.60 0.65 0.78
100 50 0.95 0.85 0.12 0.15 0.28 0.41 0.51 0.58 0.64 0.78
100 50 0.95 0.95 0.14 0.16 0.29 0.41 0.51 0.58 0.63 0.75
100 50 1.00 0.50 0.14 0.18 0.31 0.43 0.52 0.59 0.64 0.76
100 50 1.00 0.75 0.11 0.14 0.27 0.40 0.49 0.56 0.62 0.75
100 50 1.00 0.85 0.15 0.18 0.32 0.45 0.54 0.60 0.65 0.75
100 50 1.00 0.95 0.15 0.17 0.31 0.44 0.55 0.62 0.67 0.77
100 50 1.00 1.00 0.15 0.17 0.31 0.43 0.53 0.59 0.64 0.77

MSE for the estimated IRFs by fitting an unrestricted VAR on F.. T is the number of observations, n is the number
of variables, and n; = [n®] is the number of I(1) idiosyncratic components, and nj = [n"] is the number of variables
with a deterministic linear trend.
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Table F8b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
Unrestricted VAR in Levels Estimation — All variables, All Shocks

T n § n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 0.19 0.16 0.25 0.36 0.45 0.52 0.57 0.75
75 75 0.75 0.50 0.22 0.21 0.33 0.41 0.50 0.56 0.62 0.76
75 75 0.75 0.75 0.20 0.20 0.32 0.42 0.52 0.59 0.64 0.77
75 75 0.85 0.50 0.29 0.25 0.36 0.45 0.54 0.61 0.66 0.77
75 75 0.85 0.75 0.23 0.22 0.35 0.45 0.55 0.62 0.67 0.76
75 75 0.85 0.85 0.24 0.19 0.33 0.47 0.57 0.64 0.69 0.77
75 75 0.95 0.50 0.20 0.21 0.33 0.46 0.56 0.64 0.69 0.77
75 75 0.95 0.75 0.23 0.24 0.37 0.48 0.58 0.65 0.70 0.76
75 75 0.95 0.85 0.15 0.16 0.32 0.47 0.58 0.66 0.71 0.77
75 75 0.95 0.95 0.17 0.18 0.33 0.49 0.61 0.68 0.71 0.76
75 75 1.00 0.50 0.17 0.20 0.34 0.47 0.57 0.63 0.68 0.75
75 75 1.00 0.75 0.19 0.21 0.35 0.48 0.58 0.66 0.70 0.74
75 75 1.00 0.85 0.17 0.19 0.35 0.50 0.62 0.69 0.74 0.78
75 75 1.00 0.95 0.13 0.16 0.31 0.48 0.61 0.68 0.72 0.75
75 75 1.00 1.00 0.18 0.21 0.34 0.50 0.61 0.67 0.70 0.75
100 75 0.50 0.50 0.09 0.10 0.18 0.27 0.36 0.43 0.49 0.76
100 75 0.75 0.50 0.10 0.11 0.20 0.30 0.39 0.46 0.53 0.75
100 75 0.75 0.75 0.11 0.12 0.21 0.32 0.42 0.50 0.56 0.76
100 75 0.85 0.50 0.09 0.10 0.20 0.31 0.41 0.48 0.54 0.74
100 75 0.85 0.75 0.14 0.14 0.23 0.34 0.43 0.50 0.56 0.74
100 75 0.85 0.85 0.11 0.12 0.22 0.34 0.45 0.53 0.59 0.76
100 75 0.95 0.50 0.09 0.12 0.24 0.35 0.45 0.53 0.59 0.77
100 75 0.95 0.75 0.17 0.18 0.30 0.39 0.48 0.55 0.61 0.75
100 75 0.95 0.85 0.12 0.13 0.25 0.38 0.48 0.56 0.62 0.76
100 75 0.95 0.95 0.09 0.11 0.23 0.37 0.48 0.56 0.62 0.76
100 75 1.00 0.50 0.11 0.14 0.26 0.38 0.47 0.55 0.61 0.77
100 75 1.00 0.75 0.13 0.16 0.29 0.40 0.50 0.58 0.64 0.76
100 75 1.00 0.85 0.11 0.13 0.26 0.40 0.50 0.59 0.65 0.78
100 75 1.00 0.95 0.11 0.13 0.25 0.39 0.49 0.58 0.63 0.76
100 75 1.00 1.00 0.09 0.12 0.24 0.39 0.50 0.58 0.64 0.75

MSE for the estimated IRFs by fitting an unrestricted VAR on F.. T is the number of observations, n is the number
of variables, and n; = [n®] is the number of I(1) idiosyncratic components, and nj = [n"] is the number of variables
with a deterministic linear trend.
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Table F8c: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
Unrestricted VAR in Levels Estimation — All variables, All Shocks

T n 0 n k=0 k=1 k=4 k=28 k=12 k=16 k=20 k =100
100 100 0.50 0.50 0.09 0.10 0.17 0.26 0.35 0.42 0.48 0.75
100 100 0.75 0.50 0.09 0.09 0.18 0.28 0.36 0.44 0.50 0.74
100 100 0.75 0.75 0.09 0.10 0.20 0.31 0.41 0.49 0.55 0.77
100 100 0.85 0.50 0.12 0.13 0.23 0.32 0.41 0.48 0.55 0.75
100 100 0.85 0.75 0.10 0.11 0.21 0.32 0.42 0.50 0.57 0.77
100 100 0.85 0.85 0.10 0.11 0.21 0.33 0.43 0.51 0.57 0.75
100 100 0.95 0.50 0.09 0.10 0.21 0.33 0.43 0.51 0.58 0.77
100 100 0.95 0.75 0.08 0.10 0.20 0.33 0.43 0.52 0.58 0.74
100 100 0.95 0.85 0.09 0.11 0.23 0.35 0.46 0.55 0.61 0.76
100 100 0.95 0.95 0.09 0.10 0.21 0.35 0.47 0.57 0.63 0.76
100 100 1.00 0.50 0.08 0.10 0.21 0.34 0.43 0.51 0.57 0.75
100 100 1.00 0.75 0.09 0.11 0.22 0.36 0.47 0.55 0.61 0.76
100 100 1.00 0.85 0.08 0.10 0.21 0.34 0.45 0.53 0.60 0.75
100 100 1.00 0.95 0.08 0.10 0.22 0.38 0.50 0.58 0.64 0.76
100 100 1.00 1.00 0.08 0.11 0.21 0.36 0.46 0.54 0.60 0.73
200 200 0.50 0.50 0.04 0.04 0.07 0.12 0.17 0.21 0.26 0.68
200 200 0.75 0.50 0.03 0.04 0.08 0.12 0.17 0.22 0.27 0.68
200 200 0.75 0.75 0.03 0.04 0.08 0.13 0.18 0.24 0.30 0.71
200 200 0.85 0.50 0.03 0.04 0.09 0.14 0.19 0.24 0.29 0.70
200 200 0.85 0.75 0.03 0.04 0.09 0.14 0.20 0.26 0.31 0.71
200 200 0.85 0.85 0.03 0.04 0.08 0.14 0.20 0.26 0.32 0.72
200 200 0.95 0.50 0.03 0.04 0.09 0.15 0.20 0.26 0.31 0.72
200 200 0.95 0.75 0.03 0.05 0.09 0.15 0.21 0.27 0.33 0.74
200 200 0.95 0.85 0.03 0.04 0.09 0.15 0.22 0.28 0.34 0.72
200 200 0.95 0.95 0.03 0.04 0.09 0.16 0.23 0.30 0.37 0.74
200 200 1.00 0.50 0.03 0.05 0.10 0.15 0.21 0.27 0.32 0.72
200 200 1.00 0.75 0.03 0.04 0.10 0.16 0.22 0.28 0.34 0.74
200 200 1.00 0.85 0.03 0.05 0.11 0.17 0.24 0.31 0.37 0.75
200 200 1.00 0.95 0.03 0.05 0.11 0.17 0.25 0.32 0.38 0.76
200 200 1.00 1.00 0.03 0.04 0.10 0.17 0.24 0.31 0.37 0.72
300 300 0.50 0.50 0.02 0.02 0.04 0.07 0.10 0.13 0.16 0.58
300 300 0.75 0.50 0.02 0.02 0.05 0.08 0.11 0.14 0.18 0.60
300 300 0.75 0.75 0.02 0.02 0.05 0.08 0.11 0.15 0.18 0.61
300 300 0.85 0.50 0.02 0.03 0.05 0.08 0.12 0.15 0.19 0.62
300 300 0.85 0.75 0.02 0.03 0.05 0.09 0.12 0.16 0.20 0.64
300 300 0.85 0.85 0.02 0.03 0.05 0.09 0.13 0.17 0.21 0.67
300 300 0.95 0.50 0.02 0.03 0.06 0.09 0.13 0.16 0.21 0.66
300 300 0.95 0.75 0.02 0.03 0.06 0.09 0.13 0.17 0.21 0.67
300 300 0.95 0.85 0.02 0.03 0.06 0.10 0.14 0.18 0.23 0.69
300 300 0.95 0.95 0.02 0.03 0.06 0.10 0.15 0.19 0.24 0.69
300 300 1.00 0.50 0.02 0.03 0.07 0.10 0.13 0.17 0.21 0.66
300 300 1.00 0.75 0.02 0.03 0.07 0.10 0.14 0.18 0.22 0.68
300 300 1.00 0.85 0.02 0.03 0.07 0.10 0.14 0.18 0.23 0.69
300 300 1.00 0.95 0.02 0.03 0.07 0.10 0.15 0.19 0.24 0.70
300 300 1.00 1.00 0.02 0.03 0.07 0.10 0.15 0.20 0.25 0.69

MSE for the estimated IRFs by fitting an unrestricted VAR on F,. T is the number of observations, n is the number
of variables, and n; = [n®] is the number of I(1) idiosyncratic components, and ny = [n"] is the number of variables
with a deterministic linear trend.
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Table F9a: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
Unrestricted VAR in Levels Estimation — First variable, first shock

T n ) n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 50 0.50 0.50 0.00 0.03 0.10 0.19 0.26 0.31 0.35 0.45
75 50 0.75 0.50 0.00 0.03 0.11 0.21 0.29 0.34 0.38 0.45
75 50 0.75 0.75 0.00 0.03 0.11 0.21 0.29 0.35 0.38 0.46
75 50 0.85 0.50 0.00 0.03 0.10 0.20 0.28 0.34 0.38 0.45
75 50 0.85 0.75 0.00 0.03 0.12 0.24 0.33 0.38 0.42 0.47
75 50 0.85 0.85 0.00 0.03 0.13 0.25 0.33 0.38 0.42 0.47
75 50 0.95 0.50 0.00 0.03 0.11 0.22 0.30 0.36 0.40 0.46
75 50 0.95 0.75 0.00 0.03 0.11 0.23 0.32 0.38 0.42 0.46
75 50 0.95 0.85 0.00 0.03 0.13 0.25 0.34 0.39 0.43 0.47
75 50 0.95 0.95 0.00 0.03 0.13 0.25 0.34 0.39 0.42 0.46
75 50 1.00 0.50 0.00 0.03 0.12 0.25 0.34 0.41 0.45 0.50
75 50 1.00 0.75 0.00 0.03 0.12 0.23 0.32 0.37 0.41 0.46
75 50 1.00 0.85 0.00 0.04 0.13 0.25 0.34 0.39 0.43 0.47
75 50 1.00 0.95 0.00 0.03 0.12 0.25 0.34 0.39 0.42 0.46
75 50 1.00 1.00 0.00 0.03 0.13 0.26 0.34 0.39 0.42 0.46
100 50 0.50 0.50 0.00 0.02 0.08 0.16 0.22 0.28 0.32 0.47
100 50 0.75 0.50 0.00 0.03 0.08 0.16 0.22 0.28 0.32 0.45
100 50 0.75 0.75 0.00 0.03 0.09 0.18 0.25 0.31 0.35 0.47
100 50 0.85 0.50 0.00 0.02 0.08 0.16 0.23 0.28 0.32 0.44
100 50 0.85 0.75 0.00 0.02 0.09 0.18 0.25 0.31 0.36 0.48
100 50 0.85 0.85 0.00 0.03 0.10 0.20 0.29 0.35 0.40 0.50
100 50 0.95 0.50 0.00 0.03 0.09 0.18 0.25 0.31 0.35 0.45
100 50 0.95 0.75 0.00 0.03 0.10 0.20 0.28 0.35 0.39 0.49
100 50 0.95 0.85 0.00 0.02 0.09 0.19 0.27 0.33 0.38 0.46
100 50 0.95 0.95 0.00 0.03 0.09 0.19 0.27 0.32 0.36 0.45
100 50 1.00 0.50 0.00 0.03 0.09 0.18 0.26 0.32 0.36 0.46
100 50 1.00 0.75 0.00 0.03 0.09 0.18 0.26 0.32 0.36 0.46
100 50 1.00 0.85 0.00 0.03 0.09 0.19 0.27 0.33 0.38 0.46
100 50 1.00 0.95 0.00 0.03 0.10 0.21 0.29 0.35 0.39 0.47
100 50 1.00 1.00 0.00 0.03 0.10 0.21 0.29 0.35 0.39 0.48

MSE for the estimated IRF $11(L) by fitting an unrestricted VAR on F;. T is the number of observations, n is the
number of variables, and n1 = [n®] is the number of I(1) idiosyncratic components, and n, = [n"] is the number of
variables with a deterministic linear trend.
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Table F9b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
Unrestricted VAR in Levels Estimation — First variable, first shock

T n ) n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 0.00 0.03 0.10 0.19 0.26 0.31 0.35 0.46
75 75 0.75 0.50 0.00 0.03 0.10 0.19 0.26 0.31 0.35 0.45
75 75 0.75 0.75 0.00 0.03 0.11 0.21 0.30 0.35 0.39 0.47
75 75 0.85 0.50 0.00 0.03 0.10 0.21 0.30 0.36 0.40 0.48
75 75 0.85 0.75 0.00 0.03 0.11 0.24 0.33 0.39 0.42 0.49
75 75 0.85 0.85 0.00 0.03 0.12 0.24 0.32 0.38 0.41 0.47
75 75 0.95 0.50 0.00 0.03 0.11 0.22 0.30 0.36 0.39 0.45
75 75 0.95 0.75 0.00 0.03 0.12 0.24 0.33 0.40 0.43 0.48
75 75 0.95 0.85 0.00 0.03 0.11 0.22 0.30 0.35 0.38 0.43
75 75 0.95 0.95 0.00 0.03 0.13 0.26 0.35 0.40 0.43 0.46
75 75 1.00 0.50 0.00 0.03 0.11 0.22 0.30 0.36 0.40 0.46
75 75 1.00 0.75 0.00 0.03 0.12 0.24 0.33 0.39 0.42 0.47
75 75 1.00 0.85 0.00 0.03 0.12 0.25 0.34 0.40 0.43 0.47
75 75 1.00 0.95 0.00 0.03 0.13 0.26 0.34 0.39 0.42 0.45
75 75 1.00 1.00 0.00 0.03 0.13 0.27 0.36 0.41 0.43 0.47
100 75 0.50 0.50 0.00 0.02 0.06 0.13 0.19 0.24 0.28 0.44
100 75 0.75 0.50 0.00 0.02 0.08 0.16 0.23 0.29 0.33 0.47
100 75 0.75 0.75 0.00 0.02 0.08 0.16 0.24 0.29 0.34 0.46
100 75 0.85 0.50 0.00 0.02 0.08 0.16 0.23 0.29 0.33 0.45
100 75 0.85 0.75 0.00 0.02 0.08 0.17 0.25 0.31 0.35 0.47
100 75 0.85 0.85 0.00 0.02 0.08 0.18 0.26 0.32 0.37 0.47
100 75 0.95 0.50 0.00 0.02 0.08 0.16 0.24 0.30 0.35 0.46
100 75 0.95 0.75 0.00 0.02 0.09 0.18 0.26 0.32 0.36 0.46
100 75 0.95 0.85 0.00 0.02 0.09 0.18 0.25 0.31 0.35 0.44
100 75 0.95 0.95 0.00 0.02 0.10 0.20 0.28 0.34 0.38 0.47
100 75 1.00 0.50 0.00 0.03 0.08 0.16 0.23 0.29 0.33 0.46
100 75 1.00 0.75 0.00 0.02 0.08 0.18 0.26 0.31 0.36 0.46
100 75 1.00 0.85 0.00 0.02 0.08 0.17 0.25 0.32 0.36 0.45
100 75 1.00 0.95 0.00 0.02 0.09 0.20 0.29 0.35 0.39 0.47
100 75 1.00 1.00 0.00 0.02 0.09 0.19 0.27 0.32 0.36 0.45

MSE for the estimated IRF $11(L) by fitting an unrestricted VAR on F;. T is the number of observations, n is the
number of variables, and n1 = [n®] is the number of I(1) idiosyncratic components, and n, = [n"] is the number of
variables with a deterministic linear trend.

49



Table F9c: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS
Unrestricted VAR in Levels Estimation — First variable, first shock

T n 0 n k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
100 100 0.50 0.50 0.00 0.02 0.07 0.14 0.20 0.25 0.29 0.46
100 100 0.75 0.50 0.00 0.02 0.07 0.14 0.20 0.26 0.30 0.45
100 100 0.75 0.75 0.00 0.02 0.08 0.15 0.22 0.28 0.32 0.46
100 100 0.85 0.50 0.00 0.02 0.07 0.14 0.21 0.27 0.31 0.45
100 100 0.85 0.75 0.00 0.02 0.08 0.16 0.23 0.29 0.33 0.45
100 100 0.85 0.85 0.00 0.02 0.08 0.17 0.25 0.31 0.35 0.46
100 100 0.95 0.50 0.00 0.02 0.07 0.15 0.23 0.29 0.34 0.46
100 100 0.95 0.75 0.00 0.02 0.07 0.17 0.25 0.31 0.35 0.46
100 100 0.95 0.85 0.00 0.02 0.08 0.18 0.27 0.33 0.38 0.47
100 100 0.95 0.95 0.00 0.02 0.09 0.20 0.29 0.35 0.39 0.48
100 100 1.00 0.50 0.00 0.02 0.08 0.16 0.24 0.29 0.34 0.44
100 100 1.00 0.75 0.00 0.02 0.09 0.19 0.27 0.33 0.38 0.47
100 100 1.00 0.85 0.00 0.02 0.09 0.19 0.28 0.34 0.38 0.48
100 100 1.00 0.95 0.00 0.02 0.09 0.20 0.29 0.35 0.40 0.48
100 100 1.00 1.00 0.00 0.02 0.10 0.21 0.30 0.36 0.40 0.48
200 200 0.50 0.50 0.00 0.01 0.03 0.05 0.08 0.12 0.15 0.40
200 200 0.75 0.50 0.00 0.01 0.03 0.06 0.10 0.13 0.16 0.41
200 200 0.75 0.75 0.00 0.01 0.03 0.06 0.10 0.14 0.18 0.43
200 200 0.85 0.50 0.00 0.01 0.03 0.07 0.11 0.15 0.18 0.45
200 200 0.85 0.75 0.00 0.01 0.03 0.07 0.11 0.15 0.19 0.45
200 200 0.85 0.85 0.00 0.01 0.03 0.07 0.11 0.15 0.19 0.42
200 200 0.95 0.50 0.00 0.01 0.03 0.07 0.11 0.15 0.19 0.44
200 200 0.95 0.75 0.00 0.01 0.03 0.07 0.11 0.15 0.19 0.42
200 200 0.95 0.85 0.00 0.01 0.03 0.08 0.13 0.18 0.22 0.47
200 200 0.95 0.95 0.00 0.01 0.03 0.08 0.13 0.18 0.23 0.47
200 200 1.00 0.50 0.00 0.01 0.03 0.07 0.11 0.15 0.19 0.42
200 200 1.00 0.75 0.00 0.01 0.04 0.07 0.11 0.15 0.19 0.43
200 200 1.00 0.85 0.00 0.01 0.03 0.07 0.12 0.17 0.21 0.44
200 200 1.00 0.95 0.00 0.01 0.04 0.08 0.14 0.19 0.23 0.44
200 200 1.00 1.00 0.00 0.01 0.04 0.08 0.13 0.18 0.22 0.44
300 300 0.50 0.50 0.00 0.01 0.02 0.03 0.05 0.07 0.09 0.35
300 300 0.75 0.50 0.00 0.01 0.02 0.03 0.06 0.08 0.10 0.35
300 300 0.75 0.75 0.00 0.01 0.02 0.04 0.06 0.08 0.11 0.38
300 300 0.85 0.50 0.00 0.01 0.02 0.04 0.06 0.09 0.11 0.41
300 300 0.85 0.75 0.00 0.01 0.02 0.04 0.07 0.09 0.12 0.40
300 300 0.85 0.85 0.00 0.01 0.02 0.04 0.07 0.10 0.13 0.42
300 300 0.95 0.50 0.00 0.01 0.02 0.04 0.07 0.10 0.12 0.41
300 300 0.95 0.75 0.00 0.01 0.02 0.04 0.07 0.10 0.13 0.43
300 300 0.95 0.85 0.00 0.01 0.02 0.04 0.07 0.11 0.14 0.42
300 300 0.95 0.95 0.00 0.01 0.02 0.05 0.08 0.12 0.15 0.43
300 300 1.00 0.50 0.00 0.01 0.02 0.04 0.06 0.09 0.12 0.39
300 300 1.00 0.75 0.00 0.01 0.02 0.05 0.07 0.10 0.13 0.43
300 300 1.00 0.85 0.00 0.01 0.02 0.05 0.08 0.11 0.14 0.44
300 300 1.00 0.95 0.00 0.01 0.02 0.05 0.09 0.12 0.16 0.45
300 300 1.00 1.00 0.00 0.01 0.02 0.04 0.08 0.11 0.14 0.40

MSE for the estimated IRF $11(L) by fitting an unrestricted VAR on f‘t. T is the number of observations, n is the
number of variables, and n1 = [n®] is the number of I(1) idiosyncratic components, and n;, = [n"] is the number of
variables with a deterministic linear trend.
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Table F10: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
Unrestricted VAR in Levels Estimation — All variables, All Shocks

T n 0 k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
75 50 0.50 0.99 0.97 0.91 0.89 0.90 0.91 0.93 0.99
75 50 0.75 0.99 0.98 0.93 0.92 0.93 0.94 0.94 0.99
75 50 0.85 0.98 0.97 0.94 0.94 0.94 0.94 0.95 1.00
75 50 0.95 1.00 0.98 0.96 0.94 0.95 0.96 0.96 0.99
75 50 1.00 1.01 1.00 0.97 0.95 0.96 0.96 0.96 1.00
100 50 0.50 0.99 0.96 0.91 0.91 0.92 0.93 0.94 0.99
100 50 0.75 1.00 0.98 0.92 0.93 0.93 0.94 0.94 0.99
100 50 0.85 1.00 0.98 0.94 0.92 0.93 0.94 0.94 0.99
100 50 0.95 1.00 0.99 0.96 0.95 0.94 0.95 0.95 1.00
100 50 1.00 0.99 0.99 0.97 0.96 0.95 0.95 0.95 0.99
75 75 0.50 0.99 0.98 0.90 0.89 0.90 0.92 0.93 0.99
75 75 0.75 1.00 0.98 0.91 0.90 0.92 0.93 0.94 1.00
75 75 0.85 1.00 0.98 0.93 0.92 0.93 0.94 0.94 1.00
75 75 0.95 0.98 0.98 0.94 0.92 0.93 0.94 0.94 0.99
75 75 1.00 0.99 0.99 0.96 0.93 0.93 0.94 0.95 1.00
100 75 0.50 0.99 0.95 0.90 0.91 0.92 0.93 0.93 0.99
100 75 0.75 1.00 0.98 0.93 0.92 0.92 0.93 0.93 0.99
100 75 0.85 1.00 0.97 0.92 0.91 0.92 0.92 0.93 0.99
100 75 0.95 1.00 0.98 0.94 0.93 0.94 0.94 0.95 0.99
100 75 1.00 1.00 0.99 0.95 0.93 0.93 0.94 0.95 0.99
100 100 0.50 0.99 0.96 0.89 0.88 0.89 0.90 0.92 0.99
100 100 0.75 0.99 0.96 0.92 0.91 0.92 0.93 0.94 0.99
100 100 0.85 0.99 0.97 0.92 0.91 0.93 0.93 0.94 0.99
100 100 0.95 1.00 0.98 0.94 0.92 0.93 0.93 0.94 0.99
100 100 1.00 0.99 0.99 0.96 0.93 0.93 0.93 0.94 0.99
200 200 0.50 0.99 0.93 0.86 0.87 0.89 0.90 0.92 0.98
200 200 0.75 0.99 0.94 0.87 0.90 0.91 0.92 0.93 0.98
200 200 0.85 0.99 0.94 0.90 0.91 0.91 0.92 0.93 0.98
200 200 0.95 0.99 0.96 0.92 0.93 0.93 0.94 0.94 0.99
200 200 1.00 1.00 0.97 0.93 0.93 0.93 0.94 0.94 0.99
300 300 0.50 0.99 0.91 0.83 0.87 0.88 0.90 0.91 0.98
300 300 0.75 0.99 0.91 0.85 0.90 0.91 0.92 0.93 0.98
300 300 0.85 0.99 0.92 0.86 0.90 0.92 0.93 0.94 0.98
300 300 0.95 0.99 0.94 0.88 0.91 0.93 0.94 0.95 0.99
300 300 1.00 0.99 0.95 0.90 0.93 0.94 0.94 0.95 0.99

Ratio between the MSE for the estimated IRFs obtained by fitting an unrestricted VAR on f‘t, and the MSE for the
estimated IRFs obtained by fitting an unrestricted VAR on the common factors estimated as in Bai and Ng (2004).
Values smaller than one indicate a better performance of our method. T is the number of observations, n is the number
of variables, and n1 = [n%] is the number of I(1) idiosyncratic components. In these simulations there are ny = [n"]
variables with a deterministic linear trend, with n, = nj.
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Table F1la: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
Unrestricted VAR in Levels Estimation — All variables, All Shocks

T n 0 n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 50 0.50 0.50 0.93 0.96 0.91 0.91 0.94 0.96 0.97 1.00
75 50 0.75 0.50 1.14 1.15 1.19 1.09 1.03 1.00 1.00 0.99
75 50 0.75 0.75 1.14 1.11 1.05 1.03 1.03 1.02 1.02 1.00
75 50 0.85 0.50 0.95 0.94 0.91 0.93 0.95 0.96 0.97 1.00
75 50 0.85 0.75 0.69 0.64 0.73 0.82 0.94 0.96 0.99 1.01
75 50 0.85 0.85 1.04 1.04 1.03 1.01 1.01 1.02 1.02 1.01
75 50 0.95 0.50 1.05 1.04 0.99 0.99 0.99 0.98 0.98 1.00
75 50 0.95 0.75 0.78 0.80 0.86 0.92 0.96 0.98 0.99 1.00
75 50 0.95 0.85 0.88 0.84 0.84 0.92 0.95 0.98 0.99 1.01
75 50 0.95 0.95 0.92 0.82 0.83 0.94 0.98 1.00 0.99 1.01
75 50 1.00 0.50 0.95 0.95 1.00 0.98 0.97 0.97 0.98 1.00
75 50 1.00 0.75 1.05 1.04 1.02 1.01 1.00 1.00 1.00 1.00
75 50 1.00 0.85 0.98 0.97 0.97 0.99 1.00 1.00 1.00 1.00
75 50 1.00 0.95 0.94 0.94 0.96 1.00 1.02 1.02 1.02 1.00
75 50 1.00 1.00 1.12 1.06 1.00 1.02 1.02 1.01 0.99 1.01
100 50 0.50 0.50 0.98 0.97 0.94 0.94 0.95 0.96 0.96 1.00
100 50 0.75 0.50 1.06 1.02 1.03 0.99 0.97 0.97 0.98 0.99
100 50 0.75 0.75 0.92 0.94 0.95 0.99 1.01 1.01 1.02 1.00
100 50 0.85 0.50 1.01 1.02 0.99 0.97 0.98 0.98 0.99 1.00
100 50 0.85 0.75 0.94 0.93 0.94 0.97 0.99 1.00 1.00 1.00
100 50 0.85 0.85 1.06 1.01 0.96 0.99 1.02 1.03 1.03 1.00
100 50 0.95 0.50 0.98 0.97 0.96 0.95 0.95 0.96 0.97 1.00
100 50 0.95 0.75 0.96 0.96 0.95 0.98 0.99 1.01 1.01 1.00
100 50 0.95 0.85 1.03 1.02 0.99 1.01 1.03 1.03 1.03 1.00
100 50 0.95 0.95 0.83 0.83 0.90 0.99 1.02 1.02 1.02 1.00
100 50 1.00 0.50 1.06 1.06 1.01 0.98 0.98 0.98 0.98 1.00
100 50 1.00 0.75 0.97 0.98 0.97 0.98 0.99 1.00 1.00 1.00
100 50 1.00 0.85 1.01 0.99 1.00 1.01 1.02 1.03 1.02 1.00
100 50 1.00 0.95 1.01 0.95 0.94 1.02 1.05 1.05 1.04 1.01
100 50 1.00 1.00 1.02 0.96 0.97 1.01 1.02 1.02 1.01 1.01

Ratio between the MSE for the estimated IRFs obtained by fitting an unrestricted VAR on f‘t, and the MSE for the
estimated IRFs obtained by fitting an unrestricted VAR on the common factors estimated as in Bai and Ng (2004).
Values smaller than one indicate a better performance of our method. T is the number of observations, n is the number
of variables, and n; = [n®] is the number of I(1) idiosyncratic components, and ny = [n"] is the number of variables
with a deterministic linear trend.
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Table F11b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
Unrestricted VAR in Levels Estimation — All variables, All Shocks

T n 0 n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 1.05 1.01 0.94 0.92 0.93 0.95 0.96 1.00
75 75 0.75 0.50 1.02 1.03 1.06 0.97 0.95 0.96 0.96 0.99
75 75 0.75 0.75 1.09 1.10 1.03 1.01 1.01 1.01 1.00 1.00
75 75 0.85 0.50 0.98 1.00 0.94 0.92 0.94 0.95 0.96 1.00
75 75 0.85 0.75 1.09 1.08 1.00 0.97 0.99 1.00 1.00 1.00
75 75 0.85 0.85 1.19 1.07 1.02 1.01 1.03 1.03 1.02 1.00
75 75 0.95 0.50 0.87 0.91 0.97 0.94 0.95 0.95 0.96 1.00
75 75 0.95 0.75 0.96 0.96 0.93 0.96 0.99 1.00 1.00 1.00
75 75 0.95 0.85 0.95 0.93 0.94 0.99 1.02 1.03 1.02 1.00
75 75 0.95 0.95 0.97 0.95 0.97 1.02 1.04 1.04 1.02 1.00
75 75 1.00 0.50 0.90 0.90 0.95 0.95 0.96 0.97 0.97 1.00
75 75 1.00 0.75 1.05 1.04 1.00 0.99 1.01 1.01 1.01 1.00
75 75 1.00 0.85 1.00 0.98 0.98 0.99 1.01 1.02 1.01 1.00
75 75 1.00 0.95 0.99 0.95 0.97 1.02 1.04 1.03 1.02 1.00
75 75 1.00 1.00 1.01 1.00 0.94 1.01 1.03 1.02 1.00 1.01
100 75 0.50 0.50 1.01 0.97 0.94 0.94 0.95 0.96 0.97 0.99
100 75 0.75 0.50 1.01 1.00 0.96 0.95 0.95 0.96 0.96 0.99
100 75 0.75 0.75 1.05 1.04 0.98 0.98 1.00 1.00 1.00 0.99
100 75 0.85 0.50 0.96 0.96 0.93 0.93 0.95 0.96 0.96 0.99
100 75 0.85 0.75 0.96 0.94 0.95 0.97 0.99 1.00 1.00 1.00
100 75 0.85 0.85 0.97 0.95 0.95 1.02 1.04 1.05 1.05 1.00
100 75 0.95 0.50 0.98 0.99 0.97 0.95 0.95 0.96 0.97 1.00
100 75 0.95 0.75 1.36 1.28 1.15 1.05 1.01 0.99 0.99 1.00
100 75 0.95 0.85 1.00 0.99 0.98 1.01 1.02 1.02 1.02 1.00
100 75 0.95 0.95 1.01 0.97 0.98 1.04 1.05 1.06 1.05 1.01
100 75 1.00 0.50 1.09 1.08 1.01 0.98 0.97 0.98 0.98 1.00
100 75 1.00 0.75 1.07 1.02 0.97 0.98 0.99 1.00 1.00 1.00
100 75 1.00 0.85 0.99 0.98 0.97 0.99 1.02 1.02 1.02 1.00
100 75 1.00 0.95 0.99 0.96 0.96 1.00 1.03 1.04 1.04 1.00
100 75 1.00 1.00 1.01 0.97 0.98 1.04 1.06 1.06 1.04 1.00

Ratio between the MSE for the estimated IRFs obtained by fitting an unrestricted VAR on f‘t, and the MSE for the
estimated IRFs obtained by fitting an unrestricted VAR on the common factors estimated as in Bai and Ng (2004).
Values smaller than one indicate a better performance of our method. T is the number of observations, n is the number
of variables, and n; = [n®] is the number of I(1) idiosyncratic components, and ny = [n"] is the number of variables
with a deterministic linear trend.
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Table Fllc: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
Unrestricted VAR in Levels Estimation — All variables, All Shocks

T n 0 n k=0 k=1 k=4 k=28 k=12 k=16 k=20 k =100
100 100 0.50 0.50 1.00 0.97 0.94 0.94 0.95 0.95 0.96 0.99
100 100 0.75 0.50 1.00 0.98 0.94 0.94 0.94 0.95 0.95 0.99
100 100 0.75 0.75 0.98 0.97 0.95 0.97 0.99 1.00 1.01 1.00
100 100 0.85 0.50 1.06 1.04 0.98 0.95 0.94 0.95 0.96 0.99
100 100 0.85 0.75 0.99 0.97 0.96 0.97 0.99 1.00 1.00 0.99
100 100 0.85 0.85 1.01 1.00 0.98 1.01 1.03 1.04 1.04 1.00
100 100 0.95 0.50 1.02 0.99 0.94 0.94 0.95 0.95 0.96 0.99
100 100 0.95 0.75 1.01 0.98 0.95 0.97 0.98 0.99 1.00 1.00
100 100 0.95 0.85 0.97 0.96 0.96 1.00 1.02 1.03 1.03 1.00
100 100 0.95 0.95 1.02 0.98 0.98 1.04 1.07 1.07 1.06 1.00
100 100 1.00 0.50 0.99 0.98 0.95 0.95 0.96 0.96 0.96 1.00
100 100 1.00 0.75 1.00 0.98 0.96 0.98 0.99 0.99 0.99 1.00
100 100 1.00 0.85 1.00 0.98 0.97 1.00 1.02 1.03 1.03 1.00
100 100 1.00 0.95 0.99 0.97 0.99 1.05 1.07 1.06 1.05 1.00
100 100 1.00 1.00 0.99 0.96 0.97 1.04 1.06 1.06 1.04 1.00
200 200 0.50 0.50 0.99 0.95 0.90 0.92 0.94 0.95 0.96 0.99
200 200 0.75 0.50 0.99 0.95 0.89 0.92 0.94 0.95 0.96 0.99
200 200 0.75 0.75 1.00 0.96 0.91 0.94 0.97 0.99 1.00 1.00
200 200 0.85 0.50 0.99 0.96 0.92 0.93 0.94 0.95 0.96 0.99
200 200 0.85 0.75 1.00 0.96 0.93 0.97 1.00 1.01 1.02 1.00
200 200 0.85 0.85 0.99 0.94 0.90 0.96 1.01 1.04 1.06 1.01
200 200 0.95 0.50 0.99 0.96 0.91 0.93 0.95 0.96 0.97 0.99
200 200 0.95 0.75 0.99 0.96 0.92 0.95 0.98 0.99 1.01 1.00
200 200 0.95 0.85 1.00 0.96 0.92 0.98 1.02 1.04 1.05 1.00
200 200 0.95 0.95 1.00 0.95 0.93 1.03 1.09 1.11 1.12 0.99
200 200 1.00 0.50 1.00 0.97 0.93 0.94 0.96 0.96 0.97 0.99
200 200 1.00 0.75 0.99 0.96 0.93 0.96 0.98 1.00 1.01 1.00
200 200 1.00 0.85 0.99 0.96 0.93 0.98 1.01 1.04 1.05 1.00
200 200 1.00 0.95 0.99 0.95 0.94 1.02 1.08 1.10 1.11 0.99
200 200 1.00 1.00 0.99 0.93 0.92 1.02 1.08 1.10 1.11 0.98
300 300 0.50 0.50 0.99 0.92 0.86 0.89 0.90 0.92 0.93 0.99
300 300 0.75 0.50 0.99 0.92 0.86 0.90 0.92 0.94 0.95 0.99
300 300 0.75 0.75 0.99 0.92 0.87 0.93 0.96 0.98 1.00 1.01
300 300 0.85 0.50 0.99 0.93 0.88 0.92 0.94 0.96 0.96 0.99
300 300 0.85 0.75 0.99 0.93 0.89 0.94 0.98 1.00 1.01 1.02
300 300 0.85 0.85 0.99 0.93 0.89 0.96 1.00 1.04 1.06 1.03
300 300 0.95 0.50 1.00 0.95 0.90 0.93 0.94 0.95 0.96 0.99
300 300 0.95 0.75 0.99 0.94 0.89 0.93 0.97 0.99 1.00 1.01
300 300 0.95 0.85 0.99 0.93 0.90 0.96 1.01 1.03 1.04 1.02
300 300 0.95 0.95 0.99 0.93 0.89 0.98 1.05 1.09 111 1.03
300 300 1.00 0.50 0.99 0.95 0.91 0.93 0.94 0.95 0.96 0.99
300 300 1.00 0.75 1.00 0.95 0.90 0.95 0.98 1.00 1.01 1.01
300 300 1.00 0.85 0.99 0.94 0.90 0.95 1.00 1.02 1.04 1.02
300 300 1.00 0.95 0.99 0.92 0.89 0.99 1.06 1.09 1.11 1.02
300 300 1.00 1.00 0.99 0.90 0.86 0.99 1.07 1.12 1.15 1.01

Ratio between the MSE for the estimated IRFs obtained by fitting an unrestricted VAR on f‘t, and the MSE for the
estimated IRFs obtained by fitting an unrestricted VAR on the common factors estimated as in Bai and Ng (2004).
Values smaller than one indicate a better performance of our method. 7' is the number of observations, n is the number
of variables, and n; = [n®] is the number of I(1) idiosyncratic components, and nj, = [n"] is the number of variables
with a deterministic linear trend.
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Table F12a: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
Unrestricted VAR in Levels Estimation — First Variable, First Shock

T n 6 n k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
T N delta alpha k=0 k=1 k=4 k=8 k=12 k=16 k=20 k=100
75 50 0.50 0.50 1.07 1.00 0.97 0.98 0.99 0.98 0.98 1.00
75 50 0.75 0.50 1.04 0.98 0.98 1.00 1.00 1.00 0.99 0.99
75 50 0.75 0.75 0.96 0.98 1.00 1.02 1.03 1.02 1.01 1.00
75 50 0.85 0.50 0.98 0.98 1.00 0.99 0.99 0.99 0.98 1.00
75 50 0.85 0.75 0.94 0.99 1.03 1.04 1.03 1.02 1.01 1.00
75 50 0.85 0.85 1.04 0.99 1.05 1.07 1.06 1.05 1.03 1.00
75 50 0.95 0.50 1.03 0.96 0.96 0.98 0.98 0.98 0.98 1.00
75 50 0.95 0.75 1.05 1.00 0.98 1.01 1.02 1.01 1.01 1.00
75 50 0.95 0.85 0.99 1.00 1.06 1.09 1.08 1.06 1.04 1.00
75 50 0.95 0.95 1.03 1.01 1.08 1.11 1.09 1.06 1.03 1.00
75 50 1.00 0.50 0.96 0.97 0.96 0.96 0.97 0.97 0.98 1.00
75 50 1.00 0.75 1.02 1.00 1.01 1.01 1.01 1.00 1.00 1.01
75 50 1.00 0.85 0.93 0.99 1.04 1.07 1.06 1.05 1.03 1.00
75 50 1.00 0.95 1.09 0.98 1.08 1.12 1.10 1.06 1.02 1.00
75 50 1.00 1.00 1.03 0.98 1.10 1.13 1.11 1.06 1.02 0.99
100 50 0.50 0.50 1.04 0.99 0.98 0.98 0.98 0.99 0.99 0.99
100 50 0.75 0.50 0.96 0.98 0.97 0.99 0.99 0.99 0.99 1.00
100 50 0.75 0.75 1.01 1.01 1.02 1.04 1.03 1.03 1.02 1.00
100 50 0.85 0.50 1.01 0.98 0.98 1.00 1.00 1.00 1.00 1.00
100 50 0.85 0.75 1.01 0.98 1.01 1.04 1.04 1.04 1.03 1.00
100 50 0.85 0.85 0.93 0.96 1.03 1.09 1.09 1.08 1.06 1.00
100 50 0.95 0.50 0.96 0.98 0.96 0.99 0.99 1.00 1.00 1.00
100 50 0.95 0.75 1.05 0.99 1.02 1.06 1.05 1.04 1.03 1.00
100 50 0.95 0.85 1.09 0.98 1.02 1.07 1.07 1.06 1.05 1.00
100 50 0.95 0.95 1.04 0.96 1.03 111 111 1.09 1.06 1.00
100 50 1.00 0.50 1.01 0.99 1.01 1.02 1.02 1.01 1.00 1.00
100 50 1.00 0.75 0.99 0.99 1.01 1.03 1.04 1.03 1.03 1.00
100 50 1.00 0.85 0.97 0.98 1.03 1.07 1.07 1.06 1.04 1.00
100 50 1.00 0.95 1.03 0.97 1.05 1.12 1.11 1.09 1.06 1.00
100 50 1.00 1.00 0.96 0.94 1.06 1.12 1.10 1.07 1.04 1.00

Ratio between the MSE for the estimated IRF $11(L) obtained by fitting an unrestricted VAR on f‘t, and the MSE for
the estimated IRFs obtained by fitting an unrestricted VAR on the common factors estimated as in Bai and Ng (2004).
Values smaller than one indicate a better performance of our method. T is the number of observations, n is the number
of variables, and n; = [n°] is the number of I(1) idiosyncratic components, and ny = [n"] is the number of variables
with a deterministic linear trend.
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Table F12b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
Unrestricted VAR in Levels Estimation — First Variable, First Shock

T n ) n k=20 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 1.05 1.02 0.97 0.94 0.95 0.95 0.96 0.99
75 75 0.75 0.50 0.95 0.99 0.96 0.96 0.97 0.97 0.97 1.00
75 75 0.75 0.75 0.98 1.01 0.99 1.00 1.01 1.01 1.01 1.00
75 75 0.85 0.50 0.99 0.98 0.93 0.93 0.94 0.96 0.97 1.00
75 75 0.85 0.75 0.97 1.00 0.99 1.01 1.02 1.02 1.01 1.00
75 75 0.85 0.85 0.88 0.99 1.03 1.07 1.06 1.05 1.03 1.00
75 75 0.95 0.50 0.98 0.97 0.96 0.96 0.97 0.97 0.98 1.00
75 75 0.95 0.75 1.04 0.98 0.98 1.00 1.01 1.01 1.00 1.00
75 75 0.95 0.85 0.97 1.01 1.04 1.07 1.06 1.04 1.02 1.00
75 75 0.95 0.95 0.89 1.00 1.09 1.12 1.09 1.06 1.03 1.00
75 75 1.00 0.50 1.01 0.97 0.92 0.95 0.96 0.97 0.97 1.00
75 75 1.00 0.75 1.04 1.00 0.99 1.01 1.02 1.03 1.02 1.00
75 75 1.00 0.85 0.96 0.99 1.02 1.06 1.06 1.05 1.03 1.00
75 75 1.00 0.95 0.87 0.98 1.07 1.11 1.09 1.05 1.02 0.99
75 75 1.00 1.00 1.10 1.02 1.18 1.16 1.11 1.06 1.02 1.01
100 75 0.50 0.50 1.03 1.01 0.94 0.95 0.96 0.97 0.97 0.99
100 75 0.75 0.50 0.97 1.01 0.95 0.96 0.96 0.97 0.97 0.99
100 75 0.75 0.75 0.94 0.98 1.01 1.03 1.03 1.03 1.02 1.00
100 75 0.85 0.50 1.04 0.99 0.98 0.97 0.98 0.98 0.98 1.00
100 75 0.85 0.75 1.05 0.97 1.00 1.01 1.02 1.02 1.01 1.00
100 75 0.85 0.85 1.01 0.98 1.05 1.09 1.09 1.08 1.06 1.00
100 75 0.95 0.50 1.04 0.98 0.97 0.97 0.97 0.97 0.97 1.00
100 75 0.95 0.75 1.01 0.98 1.00 1.02 1.02 1.02 1.01 1.00
100 75 0.95 0.85 1.00 1.00 1.05 1.08 1.08 1.07 1.06 1.00
100 75 0.95 0.95 0.98 1.00 1.06 1.11 1.09 1.07 1.05 1.01
100 75 1.00 0.50 0.98 0.98 0.95 0.96 0.96 0.97 0.97 0.99
100 75 1.00 0.75 1.00 0.98 1.01 1.04 1.04 1.03 1.03 1.00
100 75 1.00 0.85 0.98 0.97 1.02 1.07 1.07 1.07 1.05 1.00
100 75 1.00 0.95 0.99 0.97 1.08 1.13 1.12 1.09 1.06 1.00
100 75 1.00 1.00 1.05 0.98 1.10 1.17 1.15 1.11 1.08 0.99

Ratio between the MSE for the estimated IRF $11(L) obtained by fitting an unrestricted VAR on f‘t, and the MSE for
the estimated IRFs obtained by fitting an unrestricted VAR on the common factors estimated as in Bai and Ng (2004).
Values smaller than one indicate a better performance of our method. T is the number of observations, n is the number
of variables, and n; = [n®] is the number of I(1) idiosyncratic components, and nj = [n"] is the number of variables
with a deterministic linear trend.
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Table F12c: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO BAI AND NG (2004)
Unrestricted VAR in Levels Estimation — First Variable, First Shock

T n 0 n k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
100 100 0.50 0.50 0.97 1.00 0.96 0.96 0.96 0.96 0.97 1.00
100 100 0.75 0.50 0.99 1.00 1.00 0.99 0.98 0.98 0.98 0.99
100 100 0.75 0.75 1.00 1.00 1.00 1.01 1.02 1.01 1.01 1.00
100 100 0.85 0.50 1.00 0.97 0.94 0.96 0.97 0.97 0.98 0.99
100 100 0.85 0.75 0.95 0.98 0.99 1.01 1.02 1.02 1.01 1.00
100 100 0.85 0.85 1.02 0.99 1.02 1.06 1.07 1.07 1.06 1.00
100 100 0.95 0.50 1.02 0.99 0.94 0.94 0.96 0.96 0.96 0.99
100 100 0.95 0.75 0.96 0.98 0.98 1.00 1.02 1.02 1.01 1.00
100 100 0.95 0.85 0.96 0.98 1.03 1.07 1.07 1.06 1.05 1.00
100 100 0.95 0.95 0.96 0.97 1.08 1.13 1.11 1.09 1.07 1.00
100 100 1.00 0.50 0.99 0.96 0.94 0.95 0.96 0.97 0.97 1.00
100 100 1.00 0.75 0.99 1.00 1.02 1.03 1.02 1.02 1.01 1.00
100 100 1.00 0.85 0.98 0.97 1.03 1.07 1.07 1.06 1.05 1.00
100 100 1.00 0.95 0.97 0.99 1.08 1.12 1.11 1.09 1.06 1.00
100 100 1.00 1.00 0.97 1.01 1.14 1.19 1.15 1.11 1.08 1.00
200 200 0.50 0.50 0.97 0.96 0.93 0.94 0.95 0.95 0.96 0.99
200 200 0.75 0.50 0.98 0.94 0.93 0.94 0.95 0.96 0.96 0.99
200 200 0.75 0.75 1.00 0.98 0.96 0.99 1.00 1.01 1.01 1.01
200 200 0.85 0.50 1.00 0.95 0.95 0.96 0.96 0.97 0.97 0.99
200 200 0.85 0.75 1.07 0.93 0.96 1.01 1.03 1.03 1.03 1.01
200 200 0.85 0.85 0.98 0.93 0.95 1.05 1.08 1.09 1.09 1.01
200 200 0.95 0.50 1.02 0.93 0.93 0.98 0.98 0.98 0.98 0.99
200 200 0.95 0.75 1.12 0.95 0.94 1.01 1.03 1.04 1.04 1.00
200 200 0.95 0.85 0.98 0.93 0.96 1.07 1.08 1.08 1.08 0.99
200 200 0.95 0.95 0.93 0.91 0.97 1.12 1.15 1.15 1.15 1.00
200 200 1.00 0.50 1.06 0.93 0.93 0.98 0.98 0.98 0.98 0.99
200 200 1.00 0.75 1.01 0.93 0.94 1.00 1.02 1.02 1.02 1.00
200 200 1.00 0.85 0.97 0.92 0.94 1.04 1.06 1.06 1.06 1.00
200 200 1.00 0.95 0.98 0.91 0.97 1.13 1.16 1.16 1.14 1.00
200 200 1.00 1.00 1.03 0.89 1.01 1.17 1.17 1.15 1.13 0.98
300 300 0.50 0.50 1.03 0.95 0.88 0.91 0.92 0.93 0.94 0.99
300 300 0.75 0.50 1.04 0.89 0.90 0.97 0.97 0.97 0.98 0.99
300 300 0.75 0.75 1.00 0.86 0.88 0.98 1.00 1.02 1.02 1.01
300 300 0.85 0.50 1.12 0.89 0.89 0.94 0.95 0.95 0.96 0.99
300 300 0.85 0.75 1.00 0.89 0.91 1.01 1.03 1.04 1.04 1.02
300 300 0.85 0.85 1.02 0.88 0.90 1.03 1.06 1.07 1.08 1.03
300 300 0.95 0.50 1.02 0.91 0.89 0.95 0.96 0.97 0.97 0.99
300 300 0.95 0.75 1.03 0.88 0.88 1.00 1.01 1.02 1.02 1.01
300 300 0.95 0.85 0.97 0.88 0.89 1.04 1.06 1.07 1.07 1.03
300 300 0.95 0.95 1.09 0.86 0.91 1.10 1.14 1.15 1.15 1.02
300 300 1.00 0.50 1.02 0.93 0.90 0.99 1.00 1.00 1.00 0.99
300 300 1.00 0.75 1.00 0.90 0.88 0.98 1.01 1.01 1.01 1.01
300 300 1.00 0.85 1.01 0.90 0.90 1.03 1.06 1.07 1.07 1.02
300 300 1.00 0.95 1.07 0.85 0.88 1.08 1.13 1.14 1.14 1.02
300 300 1.00 1.00 0.97 0.80 0.84 1.11 1.17 1.18 1.18 1.00

Ratio between the MSE for the estimated IRF $11(L) obtained by fitting an unrestricted VAR on f‘t, and the MSE for
the estimated IRFs obtained by fitting an unrestricted VAR on the common factors estimated as in Bai and Ng (2004).
Values smaller than one indicate a better performance of our method. T is the number of observations, n is the number
of variables, and n; = [n®] is the number of I(1) idiosyncratic components, and ny = [n"] is the number of variables
with a deterministic linear trend.
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Table F13: MONTECARLO SIMULATIONS - IMPULSE RESPONSES

MEAN SQUARED ERRORS RELATIVE TO VAR IN DIFFERENCES
All variables, All Shocks

T n ) k=0 k=1 k=4 k=8 k=12 k=16 k=20 k =100
75 50 0.50 0.99 0.64 0.41 0.45 0.48 0.49 0.50 0.51
75 50 0.75 1.04 0.67 0.46 0.55 0.63 0.67 0.69 0.72
75 50 0.85 1.00 0.68 0.52 0.66 0.76 0.82 0.85 0.91
75 50 0.95 1.04 0.70 0.55 0.70 0.81 0.88 0.92 1.01
75 50 1.00 1.05 0.72 0.59 0.76 0.89 0.96 1.01 1.09
100 50 0.50 0.99 0.56 0.31 0.34 0.36 0.38 0.38 0.39
100 50 0.75 1.03 0.62 0.38 0.47 0.54 0.59 0.62 0.69
100 50 0.85 1.01 0.63 0.41 0.50 0.60 0.67 0.72 0.82
100 50 0.95 1.00 0.66 0.49 0.63 0.75 0.84 0.90 1.03
100 50 1.00 1.02 0.70 0.52 0.65 0.77 0.86 0.92 1.05
75 75 0.50 1.02 0.65 0.40 0.43 0.44 0.45 0.45 0.45
75 75 0.75 1.01 0.65 0.42 0.50 0.57 0.60 0.61 0.64
75 75 0.85 1.00 0.67 0.48 0.61 0.71 0.76 0.80 0.85
75 75 0.95 1.00 0.69 0.53 0.68 0.79 0.86 0.90 0.96
75 75 1.00 1.01 0.69 0.53 0.71 0.84 0.91 0.95 1.04
100 75 0.50 0.99 0.57 0.31 0.33 0.35 0.35 0.36 0.36
100 75 0.75 1.01 0.59 0.35 0.43 0.48 0.52 0.54 0.58
100 75 0.85 0.99 0.60 0.38 0.48 0.57 0.64 0.68 0.77
100 75 0.95 1.00 0.63 0.43 0.56 0.68 0.76 0.81 0.94
100 75 1.00 1.00 0.65 0.45 0.59 0.72 0.81 0.87 1.01
100 100 0.50 0.97 0.56 0.30 0.31 0.33 0.33 0.33 0.34
100 100 0.75 0.98 0.56 0.33 0.40 0.45 0.48 0.50 0.52
100 100 0.85 0.99 0.57 0.36 0.45 0.54 0.60 0.63 0.69
100 100 0.95 0.99 0.62 0.41 0.54 0.66 0.74 0.79 0.91
100 100 1.00 0.99 0.63 0.43 0.56 0.68 0.77 0.83 0.97
200 200 0.50 0.91 0.36 0.14 0.15 0.16 0.16 0.16 0.16
200 200 0.75 0.92 0.39 0.16 0.19 0.22 0.24 0.26 0.30
200 200 0.85 0.93 0.42 0.19 0.22 0.27 0.32 0.35 0.49
200 200 0.95 0.93 0.45 0.23 0.28 0.36 0.43 0.49 0.77
200 200 1.00 0.95 0.48 0.25 0.30 0.39 0.47 0.55 0.90
300 300 0.50 0.87 0.28 0.10 0.10 0.11 0.11 0.11 0.11
300 300 0.75 0.88 0.30 0.11 0.13 0.15 0.16 0.18 0.22
300 300 0.85 0.89 0.32 0.13 0.15 0.19 0.22 0.25 0.41
300 300 0.95 0.90 0.37 0.16 0.18 0.23 0.28 0.33 0.68
300 300 1.00 0.90 0.41 0.19 0.21 0.26 0.31 0.37 0.77

Ratio between the MSE for the estimated IRFs obtained by fitting a VECM on 1/4;,5, and the MSE for the estimated and
cumulated IRFs obtained by estimating a VAR on AF; as in Forni et al. (2009). Values smaller than one indicate a
better performance of our method. T is the number of observations, n is the number of variables, and n; = |'n5] is the
number of I(1) idiosyncratic components. In these simulations there are ny = [n"] variables with a deterministic linear

trend, with n = § or equivalently n, = n;.
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Table F14a: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO VAR IN DIFFERENCES
All variables, All Shocks

T n é n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 50 0.50 0.50 1.18 0.81 0.58 0.63 0.65 0.67 0.68 0.69
75 50 0.75 0.50 1.47 1.16 0.94 0.93 0.97 1.01 1.04 1.11
75 50 0.75 0.75 1.10 0.75 0.59 0.68 0.74 0.77 0.79 0.81
75 50 0.85 0.50 1.26 0.86 0.64 0.72 0.80 0.83 0.86 0.91
75 50 0.85 0.75 1.23 0.89 0.64 0.70 0.79 0.85 0.86 0.89
75 50 0.85 0.85 1.24 0.86 0.69 0.78 0.86 0.90 0.92 0.96
75 50 0.95 0.50 1.23 0.87 0.67 0.78 0.88 0.93 0.97 1.05
75 50 0.95 0.75 0.98 0.81 0.66 0.76 0.84 0.89 0.92 0.96
75 50 0.95 0.85 1.27 0.90 0.69 0.79 0.86 0.91 0.95 1.00
75 50 0.95 0.95 1.33 0.93 0.75 0.84 0.89 0.92 0.94 0.97
75 50 1.00 0.50 1.14 0.83 0.69 0.79 0.88 0.95 0.98 1.06
75 50 1.00 0.75 1.23 0.93 0.77 0.87 0.97 1.04 1.08 1.16
75 50 1.00 0.85 1.15 0.86 0.67 0.79 0.88 0.93 0.95 0.98
75 50 1.00 0.95 1.21 0.90 0.77 0.88 0.96 1.00 1.01 1.04
75 50 1.00 1.00 0.94 0.68 0.59 0.71 0.79 0.82 0.83 0.85
100 50 0.50 0.50 1.07 0.66 0.41 0.44 0.47 0.49 0.50 0.52
100 50 0.75 0.50 0.96 0.65 0.51 0.55 0.60 0.63 0.66 0.72
100 50 0.75 0.75 0.93 0.67 0.49 0.55 0.61 0.65 0.67 0.71
100 50 0.85 0.50 1.13 0.76 0.54 0.62 0.71 0.76 0.80 0.89
100 50 0.85 0.75 1.02 0.70 0.52 0.63 0.73 0.80 0.84 0.92
100 50 0.85 0.85 1.23 0.78 0.54 0.64 0.72 0.77 0.81 0.87
100 50 0.95 0.50 1.08 0.76 0.57 0.69 0.80 0.88 0.93 1.05
100 50 0.95 0.75 1.18 0.82 0.59 0.69 0.80 0.87 0.92 1.02
100 50 0.95 0.85 1.08 0.76 0.57 0.70 0.81 0.89 0.94 1.03
100 50 0.95 0.95 0.94 0.71 0.55 0.65 0.75 0.81 0.85 0.91
100 50 1.00 0.50 1.18 0.84 0.61 0.71 0.83 0.91 0.97 1.08
100 50 1.00 0.75 1.03 0.76 0.57 0.70 0.82 0.90 0.95 1.05
100 50 1.00 0.85 1.13 0.83 0.63 0.74 0.84 0.91 0.95 1.04
100 50 1.00 0.95 1.15 0.82 0.59 0.70 0.82 0.89 0.93 1.00
100 50 1.00 1.00 1.07 0.77 0.61 0.72 0.83 0.89 0.93 0.99

Ratio between the MSE for the estimated IRFs obtained by fitting a VECM on 1/*;,5, and the MSE for the estimated and
cumulated IRFs obtained by estimating a VAR on AF; as in Forni et al. (2009). Values smaller than one indicate a
better performance of our method. T is the number of observations, n is the number of variables, and n; = [n‘s] is the
number of (1) idiosyncratic components, and n, = [n"] is the number of variables with a deterministic linear trend.
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Table F14b: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO VAR IN DIFFERENCES
All variables, All Shocks

T n é n k=0 k=1 k=4 k=38 k=12 k=16 k=20 k =100
75 75 0.50 0.50 1.00 0.69 0.50 0.53 0.54 0.54 0.54 0.55
75 75 0.75 0.50 1.01 0.76 0.61 0.63 0.65 0.68 0.69 0.71
75 75 0.75 0.75 1.06 0.81 0.60 0.66 0.71 0.73 0.75 0.77
75 75 0.85 0.50 1.13 0.81 0.59 0.63 0.68 0.72 0.75 0.80
75 75 0.85 0.75 1.08 0.77 0.61 0.66 0.72 0.76 0.77 0.81
75 75 0.85 0.85 1.06 0.73 0.59 0.68 0.76 0.80 0.81 0.84
75 75 0.95 0.50 1.07 0.80 0.60 0.70 0.81 0.87 0.90 0.97
75 75 0.95 0.75 1.19 0.84 0.63 0.71 0.79 0.84 0.87 0.91
75 75 0.95 0.85 1.14 0.75 0.60 0.74 0.85 0.91 0.94 0.98
75 75 0.95 0.95 1.02 0.73 0.60 0.75 0.85 0.89 0.90 0.92
75 75 1.00 0.50 1.11 0.81 0.63 0.75 0.86 0.93 0.97 1.04
75 75 1.00 0.75 1.30 0.89 0.66 0.78 0.89 0.95 0.98 1.02
75 75 1.00 0.85 1.07 0.77 0.63 0.76 0.87 0.93 0.96 0.99
75 75 1.00 0.95 1.03 0.72 0.59 0.75 0.86 0.90 0.92 0.94
75 75 1.00 1.00 0.92 0.71 0.57 0.69 0.77 0.80 0.81 0.83
100 75 0.50 0.50 0.95 0.60 0.36 0.38 0.39 0.40 0.41 0.41
100 75 0.75 0.50 1.01 0.65 0.43 0.49 0.54 0.57 0.60 0.63
100 75 0.75 0.75 1.03 0.69 0.44 0.49 0.54 0.57 0.59 0.62
100 75 0.85 0.50 1.05 0.67 0.44 0.53 0.61 0.67 0.70 0.78
100 75 0.85 0.75 1.02 0.67 0.46 0.54 0.61 0.65 0.68 0.73
100 75 0.85 0.85 1.04 0.68 0.45 0.55 0.63 0.69 0.72 0.76
100 75 0.95 0.50 1.03 0.72 0.51 0.61 0.71 0.78 0.83 0.93
100 75 0.95 0.75 1.64 1.06 0.64 0.69 0.76 0.82 0.86 0.93
100 75 0.95 0.85 1.05 0.72 0.52 0.64 0.76 0.83 0.88 0.97
100 75 0.95 0.95 1.04 0.68 0.49 0.63 0.74 0.81 0.85 0.92
100 75 1.00 0.50 1.09 0.74 0.53 0.64 0.75 0.83 0.88 0.99
100 75 1.00 0.75 1.10 0.76 0.57 0.65 0.75 0.82 0.87 0.98
100 75 1.00 0.85 0.98 0.69 0.52 0.65 0.76 0.84 0.89 0.98
100 75 1.00 0.95 1.10 0.72 0.52 0.66 0.77 0.84 0.88 0.94
100 75 1.00 1.00 1.03 0.70 0.52 0.67 0.79 0.87 0.91 0.97

Ratio between the MSE for the estimated IRFs obtained by fitting a VECM on 1/*;,5, and the MSE for the estimated and
cumulated IRFs obtained by estimating a VAR on AF; as in Forni et al. (2009). Values smaller than one indicate a
better performance of our method. T is the number of observations, n is the number of variables, and n; = [n‘s] is the
number of (1) idiosyncratic components, and n, = [n"] is the number of variables with a deterministic linear trend.
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Table Fl4c: MONTECARLO SIMULATIONS - IMPULSE RESPONSES
MEAN SQUARED ERRORS RELATIVE TO VAR IN DIFFERENCES
All variables, All Shocks

T n 0 n k=20 k=1 k=4 k=38 k=12 k=16 k=20 k =100
100 100 0.50 0.50 0.99 0.62 0.36 0.37 0.38 0.38 0.38 0.39
100 100 0.75 0.50 1.02 0.63 0.39 0.45 0.50 0.53 0.54 0.57
100 100 0.75 0.75 0.96 0.61 0.40 0.45 0.49 0.52 0.54 0.56
100 100 0.85 0.50 1.13 0.74 0.50 0.56 0.63 0.68 0.72 0.79
100 100 0.85 0.75 1.00 0.66 0.45 0.53 0.60 0.65 0.68 0.74
100 100 0.85 0.85 1.01 0.66 0.45 0.54 0.61 0.66 0.69 0.75
100 100 0.95 0.50 1.02 0.66 0.45 0.57 0.68 0.76 0.82 0.93
100 100 0.95 0.75 1.01 0.65 0.45 0.57 0.68 0.76 0.80 0.90
100 100 0.95 0.85 1.04 0.69 0.48 0.59 0.71 0.78 0.83 0.91
100 100 0.95 0.95 1.02 0.66 0.45 0.58 0.70 0.77 0.81 0.87
100 100 1.00 0.50 1.01 0.67 0.47 0.61 0.72 0.80 0.85 0.95
100 100 1.00 0.75 1.04 0.66 0.47 0.61 0.74 0.83 0.89 1.00
100 100 1.00 0.85 0.99 0.65 0.46 0.60 0.72 0.80 0.85 0.95
100 100 1.00 0.95 0.99 0.65 0.48 0.64 0.78 0.85 0.89 0.95
100 100 1.00 1.00 1.02 0.68 0.47 0.61 0.72 0.78 0.82 0.86
200 200 0.50 0.50 0.94 0.43 0.19 0.19 0.20 0.20 0.20 0.20
200 200 0.75 0.50 0.94 0.43 0.19 0.22 0.25 0.27 0.29 0.34
200 200 0.75 0.75 0.94 0.45 0.20 0.22 0.24 0.26 0.28 0.32
200 200 0.85 0.50 0.94 0.45 0.22 0.26 0.31 0.35 0.39 0.52
200 200 0.85 0.75 0.95 0.44 0.22 0.26 0.31 0.36 0.39 0.52
200 200 0.85 0.85 0.95 0.45 0.21 0.25 0.30 0.35 0.39 0.51
200 200 0.95 0.50 0.95 0.49 0.25 0.30 0.37 0.44 0.50 0.77
200 200 0.95 0.75 0.96 0.49 0.24 0.30 0.38 0.46 0.52 0.79
200 200 0.95 0.85 0.96 0.49 0.25 0.31 0.40 0.48 0.55 0.81
200 200 0.95 0.95 0.95 0.48 0.24 0.31 0.40 0.48 0.54 0.78
200 200 1.00 0.50 0.96 0.51 0.26 0.32 0.40 0.48 0.55 0.87
200 200 1.00 0.75 0.95 0.50 0.26 0.32 0.40 0.48 0.56 0.86
200 200 1.00 0.85 0.96 0.52 0.27 0.34 0.44 0.53 0.61 0.92
200 200 1.00 0.95 0.95 0.50 0.27 0.35 0.44 0.53 0.61 0.88
200 200 1.00 1.00 0.95 0.48 0.26 0.34 0.44 0.52 0.59 0.84
300 300 0.50 0.50 0.90 0.32 0.12 0.12 0.13 0.13 0.13 0.13
300 300 0.75 0.50 0.91 0.33 0.13 0.14 0.16 0.17 0.18 0.23
300 300 0.75 0.75 0.91 0.33 0.13 0.14 0.15 0.17 0.18 0.23
300 300 0.85 0.50 0.92 0.36 0.15 0.17 0.20 0.23 0.26 0.43
300 300 0.85 0.75 0.91 0.36 0.15 0.17 0.20 0.23 0.26 0.41
300 300 0.85 0.85 0.91 0.36 0.15 0.17 0.20 0.23 0.25 0.40
300 300 0.95 0.50 0.93 0.41 0.18 0.20 0.25 0.30 0.36 0.74
300 300 0.95 0.75 0.93 0.40 0.17 0.20 0.25 0.30 0.36 0.71
300 300 0.95 0.85 0.92 0.40 0.17 0.20 0.26 0.32 0.37 0.73
300 300 0.95 0.95 0.91 0.39 0.18 0.21 0.27 0.33 0.39 0.73
300 300 1.00 0.50 0.92 0.42 0.19 0.22 0.27 0.33 0.39 0.83
300 300 1.00 0.75 0.93 0.43 0.19 0.22 0.27 0.33 0.38 0.79
300 300 1.00 0.85 0.92 0.42 0.19 0.22 0.28 0.34 0.40 0.80
300 300 1.00 0.95 0.92 0.41 0.19 0.22 0.29 0.36 0.43 0.84
300 300 1.00 1.00 0.92 0.40 0.18 0.22 0.28 0.35 0.41 0.79

Ratio between the MSE for the estimated IRFs obtained by fitting a VECM on f‘t, and the MSE for the estimated and
cumulated IRFs obtained by estimating a VAR on AF; as in Forni et al. (2009). Values smaller than one indicate a
better performance of our method. T is the number of observations, n is the number of variables, and n; = [né] is the
number of I(1) idiosyncratic components, and n, = [n"] is the number of variables with a deterministic linear trend.
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Table F15: MONTECARLO SIMULATIONS - NUMBER OF COMMON TRENDS AND SHOCKS
PERCENTAGE OF CORRECT ANSWER

T n ) n T=1 g=q T n ) n T=1 g=q
75 50 0.50 0.50 91.5 49.7 100 75 0.50 0.50 89.1 86.5
75 50 0.75 0.50 96.2 49.9 100 75 0.75 0.50 97.3 87.8
75 50 0.75 0.75 97.3 52.7 100 75 0.75 0.75 98.2 87.3
75 50 0.85 0.50 98.1 54.7 100 75 0.85 0.50 99.1 86.4
75 50 0.85 0.75 97.3 53.5 100 75 0.85 0.75 99.4 86.8
75 50 0.85 0.85 97.8 55.1 100 75 0.85 0.85 99.3 86.7
75 50 0.95 0.50 95.8 66.7 100 75 0.95 0.50 99.3 91.3
75 50 0.95 0.75 96.0 64.6 100 75 0.95 0.75 99.1 90.8
75 50 0.95 0.85 96.2 65.1 100 75 0.95 0.85 99.0 91.9
75 50 0.95 0.95 96.4 64.7 100 75 0.95 0.95 99.0 924
75 50 1.00 0.50 95.5 73.6 100 75 1.00 0.50 98.5 95.9
75 50 1.00 0.75 95.2 73.3 100 75 1.00 0.75 99.1 95.3
75 50 1.00 0.85 94.2 72.9 100 75 1.00 0.85 98.4 95.7
75 50 1.00 0.95 94.6 72.5 100 75 1.00 0.95 98.3 96.4
75 50 1.00 1.00 95.3 74.1 100 75 1.00 1.00 98.2 95.8
100 50 0.50 0.50 93.3 60.6 100 100 0.50 0.50 82.2 96.4
100 50 0.75 0.50 97.7 59.7 100 100 0.75 0.50 96.5 95.9
100 50 0.75 0.75 98.4 61.0 100 100 0.75 0.75 96.6 95.9
100 50 0.85 0.50 98.3 63.5 100 100 0.85 0.50 99.2 97.2
100 50 0.85 0.75 98.1 64.3 100 100 0.85 0.75 99.3 96.6
100 50 0.85 0.85 98.1 64.2 100 100 0.85 0.85 99.3 95.9
100 50 0.95 0.50 97.7 72.5 100 100 0.95 0.50 99.6 98.3
100 50 0.95 0.75 97.1 74.5 100 100 0.95 0.75 99.6 97.9
100 50 0.95 0.85 97.8 74.3 100 100 0.95 0.85 99.3 97.5
100 50 0.95 0.95 97.0 71.1 100 100 0.95 0.95 99.5 98.0
100 50 1.00 0.50 95.9 82.4 100 100 1.00 0.50 99.2 99.3
100 50 1.00 0.75 96.6 82.5 100 100 1.00 0.75 99.3 99.4
100 50 1.00 0.85 95.5 83.8 100 100 1.00 0.85 99.5 99.2
100 50 1.00 0.95 96.1 82.9 100 100 1.00 0.95 99.2 99.1
100 50 1.00 1.00 96.3 84.4 100 100 1.00 1.00 99.0 99.3
75 75 0.50 0.50 84.9 80.0 200 200 0.50 0.50 70.5 100.0
75 75 0.75 0.50 96.6 79.1 200 200 0.75 0.50 94.1 100.0
75 75 0.75 0.75 97.1 78.8 200 200 0.75 0.75 93.0 100.0
75 75 0.85 0.50 98.8 81.1 200 200 0.85 0.50 98.7 100.0
75 75 0.85 0.75 97.9 79.9 200 200 0.85 0.75 99.0 100.0
75 75 0.85 0.85 98.9 79.7 200 200 0.85 0.85 98.5 100.0
75 75 0.95 0.50 98.0 85.1 200 200 0.95 0.50 100.0 100.0
75 75 0.95 0.75 98.6 84.3 200 200 0.95 0.75 100.0 100.0
75 75 0.95 0.85 98.1 84.0 200 200 0.95 0.85 99.9 100.0
75 75 0.95 0.95 98.4 85.3 200 200 0.95 0.95 99.9 100.0
75 75 1.00 0.50 97.6 90.5 200 200 1.00 0.50 100.0 100.0
75 75 1.00 0.75 98.0 91.7 200 200 1.00 0.75 100.0 100.0
75 75 1.00 0.85 98.0 91.0 200 200 1.00 0.85 100.0 100.0
75 75 1.00 0.95 97.7 91.7 200 200 1.00 0.95 100.0 100.0
75 75 1.00 1.00 97.3 91.3 200 200 1.00 1.00 100.0 100.0

Percentage of cases in which we estimate the correct number of all common shocks (¢ = ¢) and of common permanent
shocks (7 = 7). T is the number of observations, n is the number of variables, and n; = [n®] is the number of I(1)
idiosyncratic components, and n, = [n"] is the number of variables with a deterministic linear trend.
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