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A Technical Appendix

A.1 Preliminary lemmas

Henceforth, v®) (A) represent the eigenvalues, sorted in decreasing order, for a matrix A; we occasionally

employ the notation v(™™ (A) to denote the smallest eigenvalue of A. Also, «2» denotes equality in
distribution. We also use the following matrix notation

X, = A(l)ft(l) + u,(fl)
A(l)ft(l) + A(2)ft(2) + UEQ)
AW FY £ AP 2 4 A® D 4,

As far as the notation is concerned, A is N x r1; A®) is N X ry; and, finally, A®) is N x r3.
We begin with the following lemma, which is useful to derive almost sure rates.

Lemma Al. Consider a multi-index random variable Uy, . ;,, with1 <43 < 81,1 <y < Sy, ete... Assume
that

1
E . E - p o L Al
— 5SS (1<i1<sf.1?,)1<<¢h<sh U] > € Sl""’s"> <%0 (A1)
1 h

for some € > 0 and a sequence Lg, .. s, defined as
Ls, .5, =S5 .- 8™y (S1) - ln (Sn)

where dy, da, etc. are non-negative numbers and ly (), ls (), etc. are slowly varying functions in the sense
of Karamata. Then it holds that

U
lim sup [Uss....0 =0 a.s. (A2)

(S1,...,Sp) =00 LS],-<~7S}L

Proof. The proof follows similar arguments as the proof of Lemma 2 in Trapani (2018) - see also Cai (2006).
We begin by noting that, for every h-tuple (S, ..., Sp), there is a h-tuple of integers (ki, ..., kp) such that
2k < Gy < 2kitl gk: < G, < 2keHl etc. Similarly, there is a h-tuple of real numbers defined over [0, 1),
say (p1,..., pn), such that 2k1+r1 = G, 9ka+r2 — G, etc. Consider now the short-hand notation

Li g = (29D (25 1 () -l (Sh),

max
1<i1<851,...,1<in <Sh

by (A1), we have
> = okitl . . okntl

PIEEDY 2k —1). ... (2Fn ] — 1)P’€1~~)’Ch < .

k1=0 knp=0




This, in turn, entails that

oki+1 . . gkn+l

Do D Pk D Y (2FFL 1) (2Rl — 1)P’“l """ n < 00
k1=0 kp=0

k1=0 kp=0

thus, by the Borel-Cantelli Lemma

maxi<i, <s,,...1<in <5, [Uiy,....is |
LSly--<7S;L

— 0 a.s.

Therefore we have

Usi,osul o maxici <sy,1<in<si (Ui, inl L,
Lg,,. s Ly, ke, Lg,,...sn

— 0 a.s.,

which, finally, implies (A2). O

Let now v and w® denote the p-th largest eigenvalues of AT~! ZtT:I E(AfiAf))N and T~1 23:1 E (AutAuy)
respectively. By Assumption 6, it can be easily verified using the arguments in the proof of Lemma 1 in
Trapani (2018) that ~P) = CpN for 1 <p < w® < C4; and iminf y oo w™) > 0.

We will often need the following lemma, shown in Trapani (2018) (see Lemma A1), which we report here
for convenience.

Lemma A2. Under Assumption 6, it holds that, as min (N,T) — oo

lim sup 7s,(k) = ?SUp(k) < o0,
N —oc0
lim inf 75,(k) = vy, (k) >0,

for every p and k, where Us (k) is defined in equation (18).

Proof. We begin by showing that

N
: 1 (h) —U
1 3 —_ = k A3
m o g A = W <o (43
1 ZN (k)
. . h _ =L
lim ngfoo m Z Vg = V3,p(k) > 0. (A4)

Letting

N
- _ ! R
V37P(k) - N — k + 1 — V3 ?



note that, by Weyl’s inequalities, we have (") 4+ (V) < l/?(’h) <A™ 4w, Thus

N N

1 1
Ny o =~ M <y (BY<w®yp — — (h). A5
Wt o 2" ST <oV b gy 30 (45)
h=k h=k
Assumption 6 implies that
N
1
< - ) <
O*N—k—i—l};j < Cgy1 < 00,

so that (A5) becomes
wN) <75, (k) < Co + Chy,

whence (A3) and (A4) follow for each k. Hereafter, the proof is exactly the same as that of Lemma Al in
Trapani (2018) and thus omitted. O

Lemma A3. Under Assumption 2, it holds that
T
... InlnT . rxr
hmTlgioT ;—1 fi =D as,

where D is a positive definite matriz of dimension [ro + 71 (1 — dy)ds] X [ra + 71 (1 — dy)ds).

Proof. We have

l
!
fefe

(e ==K7wo) (==K w o)
/
= 2w W) sy + SV w (1) ( fr-siw (t)) + ( fr-siiw (t)) w () X},

/
+(f=zLww) (r-zwe)
= I+IT+IIT+1V.

Let b be a nonzero vector of dimension 7 + 72, such that ||b|| < co. We will prove that

. . Inln
im, it

T
T
Zb’ft*ft*’b >0 a.s.,
t=1
for every b, thus proving the lemma. Clearly
InInT <~ , /.. 1/2 . 1/2 ' —2¢
S b (ft - EAf-*W(t)) (ft - EAf*W(t)) b< CoT~*InlnT = oq. (1),
t=1

by Assumption 2(%v). This entails that IV is dominated. Consider now I and III. By the Law of the
Iterated Logarithm (henceforth, LIL), we have that there exists a random ¢y such that, for all ¢ > ¢, there



exists a positive finite constant Cy such that |[W (£)||> < Cot/2(Inlnt)!/2. Thus, using Assumption 2 (iv)

h““TZb’ 2w ) (5 - SKEw 0)'b

lnlnT
< ZHW )|

fr=sEw )|

InlnT /2y
< Cop————1 su ‘ Y t H) W (t
g (19% = =XRw ) ?:f 10
Inln T o y
1/2—¢ 1/2 1/2 _
< Cy T2 T tE 1 /% (Inlnt)"* = 04.5. (1)
Finally it holds that
1nlnT 1/2 ral/2 1
li f VYV W W @) 245 b==('Sarb 0,
1m1n E: AW W () 255 4( af+b) >

t=1
by noting that b’ZlA/?*W(t) Z (b’ZAf*b)1/2B(t) with B (t) a scalar, standard Wiener process and by
applying equation (4.6) in Donsker and Varadhan (1977), and by the positive definitness of X s+. Since this
holds for all b, the Lemma follows. O

We will now make extensive use of the notation ft(l) =dit+ det(l)T'

o~ /
Lemma A4. Let ft(l’z) = [ft(l),ft@)'} . Under Assumptions 2 and 4-6, it holds that

1,2) #(1,2 .
e <T2 Z ( ( )/> > Tifd =1, (A6)
(1.2) s (1 2)1 Co
() <T2th > > nin T,forlerl<p<r2+max{d1,d2} (A7)
C e .
p(r2+1) <T2 Z (1 2) (1 2 ) < ?0 (lnT)3/2+‘ ifdi =dy =0, (A8)
for N, T large enough.
Proof. Let dy = [d1,0, ...,0]' be an (ry + 1)-dimensional vector. We have

T
TLZ lz)ffl’Q)'_ Zt2d1d1 t 72 Z fotdl +T2 th

In the proof, we make repeated use of the lower bound entailed by Weyl’s inequality (see Horn and Johnson,



2012, p.181)
»(P) (A+B) > »(P) (A) + p(min) (BY |

for two symmetric matrices A and B. Clearly

T T
1 1 rlrad min
y) <T2 E f}l’z)ft(m),) > vt <T2 § :t2d1d1> + v )(B)v (A9)
t=1 t=1

with
T

T T

1 ~ * 1 x, 7! 1 * o

B:ﬁdlztft’-i-ﬁz:fttdl +ﬁ2ft .
t=1 t=1 t=1

Simple algebra yields
2
1

1 T , d
) 97 = _ T
14 <T2 t:E 1t d1d1 > 73 .

Also, we have that |1/(min) (B)| = Ou.s. InInT); indeed

T T T
min min 1 * px 1 ~ * 1 w77
v(min) (B) < )<T2§:ft t/>—|—y(1) <T2d1§ tft/+ﬁg fttd1>.
t=1 t=1

t=1

By Donsker and Varadhan (1977, Example 2), it holds that

T
min 1 * ok
p(min) (TZ E fi t/> <ColnInT.
t=1

Also, the matrix
T

T

1 ~ N 1 v, 5!

By = ﬁdlztft’—i—ﬁz:fttdl,
t=1 t=1

is symmetric, and after some algebra it can be shown that

1/2
S o\ 1/

v (By) < Cy Z

=1

1 T
Tz 2 tE
t=1

Given that )

T
E < Comg S PE(f) <O,

t=1

L I
T2 th:t
t=1

by Lemma A1 it holds that v(*) (By) = O,_. (T1/2 (lnT)HE) for every € > 0. Thus, finally, by (A9) it holds



that there exists a random T} such that for T > T

(1,2) 1 2)r
<T2 th ) > CO
which proves (A6). Turning to (A7), for each p > 1
1 « 1,2) #(1,2) I or 7/ 1 o
(P (TZth e ) > o) <T22t2d1d1 +ﬁ2ft* t*/>
t=1 ¢
. T
1 y(min) (T 1+ 7 Z fitd, )
t=1
~ ~/
> »(P) (TQth ) +Vm1n <T22t2d1d1> = <T2th > s

t=1

so that the desired result follows immediately from Lemma A3. Finally, consider (A8). Let §; = [gy,0, ..., 0]’

and ft [ f (2)/} be two (rs + 1)-dimensional vectors; in this case we have

T

- 1 =

= Zf(l Q)f(l 2) =7 thgéJrﬁthft/;
t=1

thus

w\

1 T 1 T T

min 1,2 1,2 ~ ~ min)

p/(min) (1_,2th( )ft( )/> < v (1122%92) Jrl/ ( Z
t=1 t=1 t=1

Assumption 3(3) and equation (2.3) in Serfling (1970) imply that

7)er

IN
3=
M-
o

~ 2
t

E max ng SCO(lnT)2T,

1<E<T |4

which, through Lemma A1, yields the desired result. O

Lemma A5. Under Assumptions 2-/

T T
1 @, a1 D, ) 71) A (1 N
o) (Ta;“t w4 FZA( OME + Z FDAW ) [ = 0, ﬁzm .

t=1

max
1<p<N

Proof. We show the lemma for the case d;y = da = 1; when either dummy is zero, calculations become easier
and the result can be readily shown. Let

(p) (1)/ (1) 1)/ 1
0 (s S g AT 1

T

max
1<p<N

1) A(I)A > ‘ (max)’

t=1



for short. It holds that

1 [ ] 1 ,a) (1) 7 <> ()()()21/2
(max 1 1 1 1 1 1 1
g” b o< 3 ZZ 732“” ]t+T3ZA ft +TBZA Uit (A10)
i=1 j=1 t=1 t=1
NN1T<>(>21/2 NNlTTu()()zl/2
1 1 1) 7(1 1
< 22D | D i 2D g2 D A
i=1 j=1 t=1 i=1 j=1 t=1 k=1
N N[, T 2\ 1/2
1 1 1
A SXET A )
i=1j=1 t=1

where the first passage is the usual spectral norm inequality, and the last passage follows from applying
(twice) the C-inequality (Davidson, 1994, p. 140).

Let now
U(zt) = A(l)gt + )\(3)Ift(3) + Ut (A11)

and note that

1 I
1),,®
732“ t Uyt

i=1 j=1 t=1
NNy : ()2 N N |, T @) 2 o2 @) 2
2 2 2 2 2)7 2)/
< S ¥ i 3 S D D AR A AR
i=1j=1 t=1 i=1 j=1 t=1 k=1
e <><><>2NN1TT2 <><><>2
2 2 2 2 2 2
LS s LS S
i=1 j=1 t=1 k=1 i=1 j=1 t=1 k=1

We have

2

hi1  h2 2 N N ) 7
s 330 L] <30 | LSt
t

hishet5 25 550 i=1 j=1 t=1

N N T
1

2 4
CoT — u ’ ‘ (2) < CoN?*T~* max E uizt)

1<i<N

i=1j=1 t=1

IN

27n—4 @ |* @|* m]* 4
CoN-*T max E|u1t| + max ||A; E|lf; ++ max ||A; E gl
1<i<N 1<i<N 1<i<N

IN

CoN?T4,



so that, by Lemma Al

2

| @)@ N?
2 2 _ 2+€ 1+€
ZZ =Y ugul)| =0 <T41n Nln T) (A12)
i=1 j=1 t=1
Also
N N |, T 7 2
ZZ 732 A52k)f(2)f(2)/A(2)
i=1 j=1 t=1 k=1
T 2
< T_6N2<m?X‘AZ(-’2,3H> th(2)ft(2), ;
t=1

on account of Assumption 2 (), it holds that

1/2 Zt 1 ()W(t)/zl/z

2
Af* T2lnlnT Af* + Oa.s. (1) = Oas (1) ;

R raarad
T2InlnT

the final result follows from Donsker and Varadhan (1977, Example 2)). Thus

N N T 2 N2
(2) £(2) £(2)7 4 (2
S A S A =on. (3 mwry) a1y
i=1 j=1 t=1 k=1
Finally, consider
_ 2
hi ho t
s 33 A <375 b S A
hihe 5= 5 131 i=1 j=1
2 N N T T
< Cy(nT) ZZE ZA(z)/ @) (2 < Cy(InT)? ZAE‘w E( (2) (2 ) £y 23)) A( )
i=1 j=1 i=1 j=1 t=1 s=1

< O (max HA§2)' < CoN2T? (InT)?,

f(z)ufg

) (InT) ii

having used Assumption 3 (%), so that

2

N
= Oa.s. <T,4 1n2+6 ]\7-11134_E T)

10



Putting all together, we have

N N T 2\ /2 N
1 (1),
;; ﬁtzlu” it =04 ?lnlnT .
Consider now
e |1 ¢ <>“()<>2
D S| EIUTIN;
5> A
22‘:13‘:1 t—1
N N 2 N N T 2
1 (1), (1) 1 M) (D, (1)
< D g Mt D0 g YoM A g (Al4)
i=1 j—=1 =1 i=1 j—=1 =1
We have
(NN Z 2
D9 9l SIEIAE
i=1 j=1 =1
N N T 2 N N T 2
1 (1), (2 5 () 1 1), (2
< D g 2 NN DY Do
i=1 =1 =1 i=1 j=1 t—1
Note that
& 1 &), (2)/2 o L), 2 (2)/2
B 303 LS AD AR <7035 | S AD A
vhet Ty 5 t=1 i=1 j=1 ©o =1
2 T T
< QTPTOYY E[S AP AP <0 T3S AN S S 1)
i=1 j=1 t= i=1 j=1 t=1 s=1

2

tf(2) < CoN?*T~' (InT)?,

IN

2 2
C,N?T~5 (max HAEU H) (max HAZ(-Q) H) (InT)*E
having used Assumption 3(%i); Lemma Al entails that
N N

Similar passages yield

2

N2
=0, ( In?*t¢ N In*e T) .

T
1 Ay ) p @)
732 tfi A T
t=1

2

L (0
AVt
< T8

t=1

N2
= Oa.s. <T‘3 1H2+6 Nln3+6 T) .

11



Thus, finally
2

N2
= O4s. (T It NIn3*€ T> .

N N

2.2

i=1 j=1

1 o= (1), (1)
1 1
ﬁzAi bug

t=1

We now consider the next term in equation (A14). We have

N N|, T (1 1)T (1 N
— A
2 RN =2

Similar passages as above yield

2 2

| Z 2 N N T
— ZA 1)Tf(2 (2)/ + ZZ ZA(I h (2
T 2 2|75 2

t=1

||Mz

2

1 2

B mas 3555 | LS AD 01
hihat'io =1 t=1
2
< CoN?17-6 (max"AEl)“) (maXHA )H) lnT 1)]Lf(2 <C’1N2T_6(lnT)2T4
having used Assumption 2(vi). Similarly
S D) 01, ) 2
E max A; b IT 2
mm§§ >
2

< CyN?T—5 (InT)* T2,

Z M

ARG B Qi ’ N 3
S5 RS al | <o (Fuivxuiv),
i=1 j=1 t=1
Using (A10) and putting all together, the desired result obtains. O

Lemma A6. Under Assumptions 2-4

T T T
1 1 1 N
(p) (2), (2) Z (1,2) ¢(1,2) (2) 2: (2) p(1,2)74 (1,2)r || _
P <T2 tzzlut uy + T2 2 A ft u;  + T2 2 Uy ft A >| = Oa.s. (\/TIN’T> R

(A15)

max
1<p<N

where uEQ) is defined in (A11).

12



Proof. Let

max
1<p<N

T
1 @), @y, 1 1,2) £(1,2) (2)/ 1
v(P) (W;ut Uy +F;A( ) f T2

for short. As before

T
u](f?)ft(l,2)/A(1,2)/> | — V(max)7

t=1

1
Lyt (A16)
1 (o] L v @, @ 1TT2+“<><>< TTWI<><><>21/2
2) (2 1,2) ((1,2 2 1,2) ;(1,2) (2
< S|t > D My ZZA Uiy
=1 j=1 t=1 t=1 k=1 t=1 k=1
NNlT(><>21/2 | 1 ()()21/2
2 2 12 1,2
< 2D | Do +ZZQZkamn
i=1 j=1 t=1 i=1 j=1 t=1 k=
| 1 ><><>21/2
12 1,2 2
+H XY m Y > AR
i=1 j=1 =1 k=1
Consider the first term; by (A12),
2\ 1/2
N N T
1 N
SN E i | =0 (F om0
=

T

1j=1 t=1

Similarly, considering the second term in (A16) we have

M Lt 12) 12) (2 L (12) (12 2)2
4
CR9S 5 35 35 Y DWW ST
LR2:E =1 j=1 t=1 k=1 i=1 j=1 t=1 k=

N N T ro+4mr 2
< GT TP N TE Y ST AR

i=1j=1 |t=1 k=1

2 N N T T
1,2) 1,2 2
< G (lnT)z(lrglﬁz Af H) ZZZZE<f( )
SisN i=1 j=1t=1 s=1

N N T 2
< Gr TS BN £ < conNPT (T,

i=1 j=1 t=1

having used equation (2.3) in Serfling (1970), Assumption 4 (%) and Assumption 3(%i). From here henceforth,
the proof is the same as for the first tem in (A16); also, the proof for the third term in (A16) is exactly the
same, and it is therefore omitted. Putting everything together, the lemma follows. O

13



A.2 Proofs of main results

Proof of Lemma 1. When dy = 0, the lemma follows immediately from B having full rank. When d; = 1,
the proof follows the arguments in Maciejowska (2010). Let

ewm () -e(4);

by Assumption 1(ii), C has full rank. It is therefore possible to re-write the expression above as

Fi=roia ).

where Dy = [1,0, ..., O]/ isrx1,and P and Ds are r X r and have full rank. Among the possible matrices that
satisfy this representation one can consider (D1|Ds) = (I.|E), where E = [E, ..., E,] is a nonzero vector.
The desired result follows immediately after computing

t+ El"/)r,t
Y1+ Eathry
P'F = Yo + Est)ry

¢7'— 1,t + ET'wT',t

Proof of Theorem 1. We start with (11)-(12). Weyl’s inequality entails that, for 0 < p < rq

T
1 1) 7(1
V§p) > (@) <T3 ZA(l)ft( )ft( )/A(l)/>
t=1

T T T
1 1 1
+V(N) <T3 Zuﬁ”uil)’ + = ZAu)ft(l)ugl)/ i = Zugl)le)/z\(l)) .
t=1 t=1

We already know that, by Lemma A5

T T T
1 1 ~ 1 N
N 2 : (1), (1) 2 : 1) 7(1) (1) 2 : (1) F@W)r A ()]
I/( ) (TS po ut ut + T3 po A( )ft ut + T3 po ut ft A( ) ) - Oa.s. <\/TZN,T) .

14



Consider now

t=1
T
> @2 (13 Zt2A<1>/A<1>>
t=1
T T
4 (2; Z tf(l TAMAMY 4 3A(1) Z ft(l)fft(l)T/Au)/)
t=1 t=1

We have

1~

1 « 1
(») E 2AMAM) ) =
t=1

in view of Assumption 4(ii). Consider now

d T 9

e 1 (Dt W 4 (Dt [EOINOAR

< tf; AMA 35 (ft )A A ),
t=1

t2> L) (A<1>/A<1>) > N,

by Donsker and Varadhan (1977, Example 2) we have

73 () -ou (23T)

Also, by Assumption 3(%ii) and equation (2.3) in Serfling (1970) we have
2

t
E max |3 i =T (nT)?,

1<t<T
j=

so that by Lemma Al we have

1
T3

th(l)T

t=1

o, (T*1/2 (InT)% 2+6) .

The same steps as in the proofs of Lemmas A5 and A6 entail

di N~ 0 L= ()2 N
N 1 1)/ 1 1|
N )<2T32tft ADAD +ﬁz<t ) X >A<>>Oa.s_<ﬁlm)~

t=1 t=1

15



Putting everything together, the desired result follows. When p > rq

T
1 -~
pr) < e (wZA(l)ft(l)le)/Au)/)
t=1
1 & 1 & 1 & ~
—H/(l) <T3 Z ugl)uil)/ + =5 Z A(l)ﬁl)ugl)/ + 5 Z u,(gl)ft(l)/A(l)’>
t=1

t=1
1 <& 1 <&
< 0 (S S AT S R,
t=1 t=1

Lemma A5 immediately yields the desired result.
The proof of (13)-(14) is very similar. Whenever 1 < p <1y + 72 + (1 — 1) d2, we have

T
1
P > MMQpE:Muvga#mm@w>

t=1
T T
4+ (1 Z 2)/ ZAu z)f (1, 2 + s u(z)f(l,z)/A(l,z)/>
T2 t t :
t=1 t=1

By Lemma A6 we have

T T T
1 1 1 N
N (2), (2) 1,2) ¢(1,2) (2)/ (2) £(1,2)74 (1,2 —
) <T2 ;ut uy o+ T2 E Al )ft u + T2 t:E 1 u; fy Al )’) = O0g4.s. <\/TZN’T) .

t=1

Also, using Theorem 7 in Merikoski and Kumar (2004) and by Assumption 4 (i)

T
1 min
»(P) <T2ZA(1,2)ft(1,2)ft(1,2)/A(1,2)/> > @) ( thu :2) (1 2) > (min) (A(1,2)/A(1,2))
t=1
N
> -
> O

where the last passage follows from equation (A7) in Lemma A4. Equation (13) now follows readily. Turning
o (14), whenever p > r1 + 79 + (1 — 1) da,

T
1
CREN <T2ZA“”")ffl’”ft(l’zyA(LQ)/)
t=1
1 & 1 <
ot (o zwf 1)’+TQZUE1)ft(1)’A(1)’>

t=1
1 o 1
t=1 t=1

16



and Lemma A6 immediately yields the desired result. O

Proof of Theorem 2. The proof is similar to that of related results in other papers - see e.g. Trapani (2018).
We begin with (22). Note that, under H(gp) (11) and Lemma A2 entail that

P{w : lim gbgp) exp{—le‘;fs} = oo} =1,

min(N,T)—

for every € > 0, and therefore we can henceforth assume that lim,in(n,7)— 00 ¢§p ) — 0 and

-1
() =0 (exp{-N""}). (A17)
Let E* and V* denote, respectively, expectation and variance conditional on P*; we have, for 1 < j < R
B (¢ () = G1(0) and V* (¢7) (w)) = G1 (0) (1 - G4 (0)).
Also
1

5 RZ (") ) - G1 ()

- X (1) £0) - G10) + i(@(u/aﬁi”))—cl(e))
- (G (wol?) 1) ).

with d,, = 1 for v > 0 and —1 otherwise. Letting m¢, denote the upper bound for the density of G, we
have

=

+

S r(o <l <t

2
Ry

R / b S (6 (u/ol?) = 61 (0) | dF: () < md, L /_ Zu2dF1 (W),

=00\ j=1 (d)gp))
which drifts to zero under (21) by (A17) and Assumption 7. Also, consider

e[ ( =S (o<le] <wel) - (6 orol) - 61 0) d“) R

Jj=1

- [ T (o< |en] < uol) ~ (on (wol?) — 6 @) ) dF ()
_ /_OO v (o< e

< /9" ) }dF (u)
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by the independence of the 53’ ]) . Elementary arguments yield

vir(osen <o)y = |6 (wel”) - o) (1= |6 (we”) - )

61 (w/6?) — €1 ()] < mo, 12

IN

so that

/jo VI (O < ’épl) < u/¢§p))}dF1 (w) 0,

as (b(lp ) & 0. Thus, by Markov inequality, under (21)

2

o (S (6w - G )
@g>:/ (le —G 0))) )

(
* (2 (167 <0) -6 0) o
-/ ( VG (0 1—G1( ) ) At on (U7,
with the last passage following from the CLT for Bernoulli random variables and continuity. This proves
22).
( )We now turn to (23). By (12) and Lemma A2, we have that, under H(p)

Plw: 1 P _1i—1
{W min(]\},r’jlg)%oo(bl ’

and therefore we can henceforth assume that

— 00

lim P =1. (A18)

min(N,T)— o0

We can write
¢ (w) = Gr (0) = ¢7) (w) = G (0) £ Gy (w/o),
so that

2
ZCU Gy )) dFy (u)

= FE* /C: (\/%id? (u) — Gy (U/ngp))) dFy (u) + Rq /Z (G1 (U/ngp)) -Gy (0))2dF1 (u)
(G1 (u/¢§f’>) el (0))2 dF, (u),

I
—
8
3
/N
i
=
N
QU
B
S
_|_
=
\8

18



having used again the independence of the Cff’} (u). Clearly, V* (C{f’j) (u)) < 005 also, as min (N, T) — oo,
(A18) yields

| (@ (we) -0) anw = [ (©w -6 07w,
so that, finally
oo Rl (P) u) — Gy 2 %) w) — 2 u
L@gp) :L/ ijl( 1 () (0)) 4F; (u) = [7° (G (w) — G (0))* dFy (u) o)
Ry Ry J_ oo \ VRI\/G1(0) (1 — G, (0)) G1(0) (1 —G1(0))

O

Proof of Lemma 2. Let Z be a N (0,1) random variable. By (22), using Bernstein concentration inequality
we have that

1
P (@ﬁp) > ca71> =P*(Z° > ca,1) +op+ (1) < 2exp (—2ca71> +op+ (1), (A19)

which implies that P* (@gp ) > ca,l) drifts to zero as long as c,,1 — o0o. Therefore, under Héll) , there is zero

probability of a Type I error. Under ngl,)l, by (23) we have

P* (@ﬁp) < Ca,l) = P {(Z—i- C'o\/]'Tl>2 < caﬁ +op+ (1)

< P (120 < Jean]* = Cov/R1 ) + op- (1)
— P*(|Z] £ —o0) =0,

since ¢q,1 = 0(R1). Thus, under the alternative there is zero probability of a Type II error. This proves the

desired result. O
Proof of Theorem 3. The proof is exactly the same as the proof of Theorem 2. O
Proof of Lemma 8. The proof is exactly the same as the proof of Theorem 3 in Trapani (2018). O
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A.3 Discussion of the main assumptions

In this section, we shed further light on Assumptions 2 and 3. We begin by spelling out some easier-
to-verify sufficient conditions for the assumptions to hold (Section A.3.1). We then verify such sufficient
conditions under various dependence assumptions which are typically employed in the literature (Section
A.3.2). Finally, we present several examples of DGPs for which the assumptions are satisfied (Section A.3.3).

Recall that the vector of zero-mean, I (1) common factors f;* has dimension rs 4 da; henceforth, we use
the short-hand notation d = r9 + ds.

A.3.1 Sufficient conditions

We present a set of sufficient conditions which imply Assumption 3 and are easier to verify. In all our
subsequent arguments, we will check under which assumptions our sufficient conditions hold, and prove the
validity of Assumption 3 by showing them.

Let

Yies = E (Ui 1t 5) 5
1w =B (1),

1w = E(g,9,),

and let |Z|, denote the Ly-norm of an n-dimensional vector Z, viz. [Z], = (E ||Z||p)1/p, where we recall

that ||-|| denotes the Euclidean norm. Consider the following relations
T T
max, ; Z:l its| < 0T (A20)
T T
SN WP < et (A21)
t=1 s=1
T T
SN2 < et (A22)
t=1 s=1
£715 < cot; (A23)
fi13 < cot?, (A24)

where the last two equations hold for all 1 <¢ < T.
Lemma AT7. It holds that

(i) under (A20) and (A23), Assumption 3(ii)(a) holds, viz.

T
Z ft*ui,t
t=1

2
< coT? (A25)

max
1<i<N

2
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(i) under (A21) and (A23), Assumption 3(ii)(b) holds, viz.

E

2

T

* 3)7
S
t=1

< coT?;

(#ii) under (A22) and (A23), Assumption 3(ii)(c) holds, viz.

E

2

T
> frg
t=1

(iv) under (A23), Assumption 3(iii) holds, viz.

T 2

Sotfr

t=1

2

< coT?

< cT?

(A26)

(A27)

(A28)

(v) under (A20), (A21), (A22) Assumptions 3(iv)(a)-(b)-(c) hold respectively, viz.

T

1r§n%>§VE ;tum

T 2

S Otfr| <ol
t=1 2

T 2

Ztgt < T
t=1 2

(vi) under (A24), Assumption 3(v) holds, viz.

E

2

T
!/
St
t=1

2
< coT

S CoT4.

Note that (A24) also immediately implies Assumption 2 (v).

A.3.2 Various dependence assumptions

We now prove the validity of Assumptions 2(iv) and 3 under several dependence

often employed in the literature. Recall that

t
fE=>e
i=1
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(A30)

(A31)

(A32)

assumptions which are



The i.i2.d. case We begin by discussing the 4.i.d. case as a benchmark, for the sake of completeness. It
holds that

Corollary 1. We assume that {e;}, {ui+}, {g:} and {ft(d)} are i.i.d. for all 1 <1i < N, with |eg|, < oo,
féS)L < o0. Then, (A20)-(A22); (A23)-(A24); and Assumption

maxj<i<ny Eu?,o < 00, |goly < o0 and
2(iv) hold.

Linear processes Assume that, foralll <:< N

er = Z ciet—j, (A33)
=0
Wir =Y i g, (A34)
=0
3 3) (3
@S0 0.0 (A35)
=0
9= el (A36)
=0

(3)

Corollary 2. We assume that the innovations ¢, vi ¢, €, and €] are i.i.d. with mean zero with \€0|4JrE < 00

or some € > 0, |v; 0|, < 00, e < 0o and |9, < 00, with
012 0 0l2
2

Zj [lc5]| < o0 (A37)
j=0
> dlet;] < oo, (A38)
=0

and similarly Y27 j "C§3)" <ooand Y 77, j Hc?” < oo. Also, ¢ (1) = 372 ¢§ has full rank with [|c® (1)]| <
00, and E (ge;) = Xe such that | Xe|| < oo is a positive definite matriz. Then, (A20)-(A22); (A23)-(A24);
and Assumption 2(iv) hold.

A general result for mixingales Henceforth, for a generic process z;, we let FL4™ = 0 (Zigm, oy T—m);
further, we write Fy t—m = 0 (T4—m, Tt—m—1, ..., Tt—oo) for short.
We consider the following assumptions

Assumption 1. The innovations e; are Lai.-bounded (for some € > 0); u;¢ (for 1 < i < N), ft(g) and
g+ are all Ly-bounded; all sequences are zero mean, weak stationary, strong mixing with miring numbers
am =0 (p™), where 0 < p < 1.
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Assumption 2. The innovations e, u;; (for1 <i < N), ft(g) and g are all Ly-bounded, zero mean, weak
stationary, uniformly mizing, with mizing numbers ¢, = O (M~%¢) with @, > — (% + 6) for some e > 0.

Assumption 3. It holds that Var (Z;:1 ei,j) >r; (t), for 1 <i<d, wherer; (t) = 00 ast — co.

Remarks

We note that the exponential rates of strong mixing in Assumption 1 could be replaced, as typical in
this literature (see the book by Davidson, 1994), with higher order moment conditions. Assumption 3 is the
same as in Corollary 2.2 in Corradi (1999), and it requires that the variance of the partial sums of the e; ;s
diverge, even at a very slow rate.

Corollary 3. We assume that e, u;y (for1 <i < N), ft(3) and gy satisfy either Assumption 1 or Assump-
tion 2, and that Assumption 8 holds. Then, (A20)-(A22); (A23)-(A24); and Assumption 2(iv) hold.

Results under Near Epoch Dependence Consider the following - possibly vector valued - se-
quences: {vfhe . {vi}e  (with 1 <4 < N), {of},2 . {Uf}zioo, which form four mutually inde-

pendent groups. We assume that the DGP of e;, u; 4, ft(g) and ¢; are given by

e = ge (U(‘;, ey UG ...,ve_oo) , (A39)
Uit = Gu, (vgg;, U, ...,vﬁioo) , (A40)
gt =gy (vgo, ey 03, ...,vgm) , (A41)
,5(3) =g (v3, . vf, v ), (A42)

for all 1 <14 < N, where the functions g; () are measurable for all j € {e, u1,...,un, g,3}.

. oo
Assumption 4. We assume that {Ug} , forj e {e u1,...;un,g,3}, are Lyyc-bounded (for some e > 0),
t=—00

zero mean, stationary, strong mizing of mixing size — (4 + €) for some € > 0.

e el
Assumption 5. We assume that {vi} , forj e{e,uy,....,un,qg,3}, are Lyjc-bounded (for somee > 0),
t=—o0

zero mean, stationary, uniformly mizing of mixing size — (% + e) for some € > 0.

Assumption 6. We assume that, for p =4

’et —F (et|}"t+m )|p < Ce vy

ve,t—m p,m?
t+m U;
’Ui,t - F (ui7t|.7:vui7t_m) ’p < Cu; tUp'm s

t+m g
’gt —-E (gt|‘Fvg,t—7rL) |p < Cg7tvp,m7

1O - (1O, (p < C3, 03 s
forall1 <i< N, withv) =o (mfl) for for j € {e,u1,...,un,qg,3}.

Assumption 6 entails that all the sequences are L,-NED of size —1 on the relevant mixing basis on which
they are defined.
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Corollary 4. We assume that (A39)-(A42) hold and that Assumptions 3 and 4-6 are satisfied. Then,
(A20)-(A22); (A23)-(A24); and Assumption 2(iv) hold.

Results for causal processes We consider the following DGPs

et = fe (gtagtfla-“gfoo)a (A43)
Uit = fui ('Ui,tvvi,tfla ~~Ui,7oo) » (A44)
g = fg (Ef,stgﬂ, ...Eg,oo) , (A45)
O = fs (3,63, .62 ), (A46)

where the shocks {e;}, {vi,¢} (for 1 <i < N), {ef}, {¢}} are mutually independent groups of i.i.d. variables
and the functions f; (-) are all measurable.
We define the functional measures of dependence (Wu, 2005) as

Ofp = |fe (6ty €05 E—00) = fe (€t s €05 E—00)l,

5?}] = ’ful (U’i,t7 ...,Ui,o, ---Ui,—oo) — flM (U'i,ty "'71]1/',0’ ---Ui,—oo)|

9

p

where ¢, is a copy of ¢ such that & 2 g0 and e is independent of {¢;}, and v] ; is defined similarly. We
also define 67, and 62, in the same way.

Assumption 7. We assume that |u; 0|, < 00, |go|, < 00 and ‘fé3)‘ < 0o, with
2

M=
NE

5jf2 < T (A47T)
m=1j=m
holds for 1 <i < N. Similarly
T e’}
>3 69, < e, (A48)
m=1j=m
T o'}
D> 6, < el (A49)

1

3
Il
i
3

Assumption 8. We assume that |eg|, < oo and Zj’;m 65, =0(m™"), for p < 4 and for some n > 0.

Remarks
We refer to Section A.3.3 for several examples of DGPs that satisfy these assumptions.

Corollary 5. We assume that (A43)-(A46) hold and that Assumptions 7-8 are satisfied. Then, (A20)-
(A22); (A23)-(A24); and Assumption 2(iv) hold.
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A.3.3 Results for various DGPs

In this section, we build on the results in Section A.3.2 to study various DGPs for which Corollary 5 can be
applied.

Transformations of linear processes The set-up in Section A.3.2 lends itself (similarly to the NED
set-up, see Chapter 17 in Davidson, 1994) to studying nonlinear tranformations of causal processes. Consider
in particular

6: = he (et) s
Uiy = hyi(Wit),
9; =hg (9t),

3)* 3
t( ) = h3( t( )),
where e, u; ¢, g¢ and ft(?’) are the linear processes defined in (A33)-(A36)
[he () = he (2)]| < collz =yl (A50)

and the same for hy; (-), hy (-) and hg (-).

Corollary 6. We assume that e;, uj,, g; and ft(?’)* satisfy the assumptions of Corollary 2. Then, (A20)-
(A22); (A23)-(A24); and Assumption 2(iv) hold.

Nonlinear autoregression models Consider the nonlinear autoregressions

er = f(er—1) + €,

wig = [ (Uie—1) + Vi,
with the DGPs for ft(S) and g; defined similarly. The functions f¢ () and f“i (-) are assumed to be contracting
maps, i.e. ||f* (x) — f* (y)|| < ¢ollx —y|l with 0 < ¢y < 1. Note that a possible example could be the
Threshold AutoRegression model, defined as
wir = prmax {u; 1,0} + pomin {u; 1,0} + v;4,
where max {|p1],|p2|} < 1.

Corollary 7. We assume that €, vi4, €§3) and €] satisfy the assumptions of Corollary 2. Then, (A20)-
(A22); (A23)-(A24); and Assumption 2(iv) hold.

Random coefficient autoregressive models We consider

er = (Pe +07) €11 + €4, (A51)
Uit = (¢ui + b;ft) Ui t—1 + Vit (A52)

with the DGPs for ft(?’) and g; defined similarly.
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Corollary 8. We assume that e;, and u;, are generated as in (A51)-(A52), and similarly ft(g) and g;. We
assume that b§ and ¢ are two independent groups, each of which is is i.i.d. with |eg|, < 0o and |by|, < oo
and 0 < E||®, + b§||” < 1 for all2 < p < 4. We assume also that bi'y and v; 1 are two independent groups,
each of which is is i.i.d. with |v;ol, < co and |bo|, < co and ¢2 + E(b;fo)2 < 1. Then, (A20)-(A22);
(A23)-(A24); and Assumption 2(iv) hold.

GARCH-type models These models lend themselves to being defined as causal processes similar to
the ones discussed in Section A.3.2. Recall that a d-dimensional causal process is defined as

X =g (et,r€0,6-1, ) 5

. . . . . ’ . . .
where ¢; is a d’-dimensional i.i.d. sequance and g : R* *>® — R? is a measurable function; consider the
construction
! /
X{=9g(ety ey €0y E—1,ee) s

where ¢ is an independent copy of 9. Recalling the functional dependence measure for X, viz. 5t)fp =
| X — X p» the typical result when GARCH-type DGPs are considered is that 552, declines ezponentially
with ¢, similarly to the RCA case considered in Section A.3.3, viz. 6;%, = O (p") for some 0 < p < 1. Upon
inspecting the proof of Corollary 5, this automatically yields all the results required for Lemma A7.

We report some examples of GARCH-type models which could be considered for the innovations ey, u; +,
t(?’) and g;. The key difference is between univariate and multivariate GARCH-type models, since in the
latter case there are fewer specifications usually considered in the literature.

We begin by considering a large family of univariate GARCH models for w; ¢

Uit = hisvi g, (A53)
A (hit) =c ('Ui7t—1) A (hg,t—l) +d ('Ui,t—l) R (A54)
for all 1 < ¢ < N, where v;; is an 4.i.d. sequence, h;; is a nonnegative random variable and the functions

A(+), ¢(+) and d(-) are all real valued. Model (A53)-(A54) is known as the augmented GARCH model (see
Duan, 1997). We assume that A=! (-) and A’ () exist (with A’ (x) > 0 for all z), and

Eln|c(vip)| < oo, (Ab55)
Eln"|c(vig)| < oo, (A56)
Eln" |d (vip)| < oo, (A57)
N (hiy) > w; > 0 for all z, (A58)
A (z) >0 for all z, (A59)
’M‘ < Cz” for all z > w;. (A60)
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Corollary 9. Assume that (A53)-(A54), (A55)-(A60) and |v; |, < oo hold, with

Elc(vip)| < o0, (A61)
E |d(11i70)‘ < 00. (A62)

Then (A20) holds.

Remarks

The DGP (A53)-(A54), and the conditions (A55)-(A62), encompass many GARCH-type specifications.
Aue, Berkes, Horvdth, et al. (2006) provide a wide variety of examples, which can be grouped in two
categories:

1. polynomial GARCH models, where A (z) = 2P, for some p > 0. These include the standard
GARCH(1,1) model, and its variants such as the GJR model (where p = 1), and the Power-ARCH
model of Carrasco and Chen (2002);

2. exponential GARCH models, where A () = Inz, which includes the EGARCH as a leading example.

We now provide examples of multivariate GARCH models which have an exponential rate of decay for

the functional dependence measure coefficients. While we refer only to e; in the following, the same results

would apply to g; and ft(g).

We consider the following specifications (see also Aue, Hormann, Horvath, and Reimherr (2009)), where
® denotes the Hadamard product

1. the CCC-GARCH (Bollerslev, 1990)

e = ht © &g, (A63)

p q
hiOhi=w+Y O 1 Ohy+) BiOe1©ey, (AG4)
=1 =1

where the vectors w is coordinate-wise strictly positive and the vectors {a;})_, and {B;}]_, are
coordinate-wise nonnegative;

2. the CCC-GARCH variant of Jeantheau (1998)

€t = ht ® Et, (A65)

P q
ht © hy = w+ Z A (hemi © hyy) + Z By (et—1 ©®ep—y), (AG6)
=1 =1

where {4;}]_, and {B;}]_, are nonnegative definite matrices;

3. the multivariate exponential GARCH of Kawakatsu (2006)

€t = Ht1/2€t, <A67)
vech(InHy — C) = Avech(InHy—1 — C) + F (g4—1, .., €t—q) , (A68)
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d(d+1) . . . . . .
where F'(-) : R — R~ 2 is a measurable function and C is a symmetric d x d matrix; we require

that

Eln|F(e_1,....,e_4)] < 00, (A69)
E (texp (F (et-1,...s6t—q))) < 00, (A70)

for some t > v/8q.

Corollary 10. We assume that, in (A63), (A65) and (A67), € is i.i.d. with mean zero and |eo|, < oco.

Further, we assume that
max{p,q}

2
Yo = max, Y g+ Bigiol, <1,
== S
in (A63);
max{p,q}

YJj = Z |Al +B1E0|2 <1,
=1

in (A65), where Ey is a diagonal matriz whose main diagonal is given by 9 ® eo; and, in (A67), that
(A69)-(A70) hold, with |A|| < 1. In all the preceding displays, extra coefficients are set to zero. Then,
(A23)-(A24) and Assumption 2(iv) hold for models (A63)-(A64), (A65)-(A66) and (A67)-(A68).

A.3.4 Proofs

Proof of Lemma A7. Consider (A25), and note that, for 1 <i < N

T 2 T T T T
E\Y flue| =EY Y f fruiguis =Y > E(F D) B (wipuis)
t=1 t=1 s=1 t=1 s=1
T T T T
SIS IEU O sl <D0 1 o 1£51 sl
=1 s—1 t=1 s=1
T T
< ¢ Z Zt1/281/2 [7its] < ClTZ Z |75, ¢
t=1 s=1 t=1 s=1
S COT27
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having used the Cauchy-Schwartz inequality in the fourth passage, (A23) in the fifth passage, and (A20) in
the last one. Consider (A27), and note that

) T T T
— Etr <Z FFOTS 2") B (ZZ £ 1O () f;")
- thl t=1 . Tt:1 =1
EZ tr (ft ft S)If(s */> E Z Z ft(3)’f(3)f*/

t=1 s=1 t=1 s=1
T

T 2

B\ 51

t=1

Il
M’ﬂ

S B E ()

henceforth, the proof is the same as for (A25), and it is therefore omitted. Similarly, the proof of (A26)
follows exactly the same passages and is therefore omitted. Turning to (A28), we have

o~
Il

1

®
—

T 2 T /T T
dotfr| = (Z tf:) (Z tff) =EY Y tsffs
t=1 2 t=1 t=1 t=1 s=1
T T T T
ZZtsE S)gzz ts|E(f 5
t;l 9;1 =1 s=1 o
Szzt ‘ft*|2|f:|2§COT ZZ|ft*|2|f:|2
t=1 s=1 i , =T s=1 ,
=coT? (Z |f:|2> <y T? <Z tl/g) < TP,
t=1 t=1

having used the Cauchy-Schwartz inequality in the fifth passage and (A23) in the seventh passage. We now
consider (A29)-(A31), and provide a full proof only for the first result (the other two follow from the same
passages); note that, for all 1 <i < N
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We finally consider (A32)

2

T T
=EY Y tr(fF 1)

t=1 s=1

T
E th* t*/
t=1

Etr (

Y

T
f* t*/> <Z ft* t*l

T T
< EY N UL

i

t=1 s:l t=1 s=1
T T T 2 T 2
SZZUt |4|f |4— <th |421> < co (Zt>
t=1 s=1 t=1 t=1
<aT?,

having used the Cauchy-Schwartz inequality in the fifth and sixth passages, and (A24) in the eight passage.
O

Proof of Corollary 1. Tt is immediate, by direct calculation, to verify (A20)-(A22). Similarly, (A23) also
follows by direct calculation. Finally, note that

from the Burkholder inequality. Using Holder’s inequality
2
t t
Ze? < cotZEe? < cltz,
j=1 j=1

recalling that e; is i.i.d. with finite fourth moment. Thus, Lemma A7 follows and therefore Assumption
3 is proven. As far as Assumption 2(%v) is concerned, it follows from Theorem 1 in Berkes and Philipp
(1979). O

Proof of Corollary 2. We begin by showing that (A20) holds; as before, the proofs of (A21) and (A22) follow
from the same arguments and we therefore omit them to save space. Let ¢ (L) = Y 7o j—o Ci.;L7; using the
Beveridge-Nelson decomposition, we can write

¢ (L) =¢' (1) = (1= L)cf (L),

where

7=0

00
@)=y a,L,

7=0



with ¢f'; = 320251 ¢i'y. Note that

T T T-1
Z Z Yises| = TEu? o + Z (T = 1) |vi,onl -
t=1 s=1 h=1

Also, noting that (A38) entails that 77 (c:{j)2 < 00, it follows that Eu?y = E (v75) 3272 (c;fj)2 < 00.
Equation (28) in Phillips and Solo (1992) yields vi,0n = ;= ¢ ;¢4 o E (v7). Hence we can write

T T T—1]| oo %) %)

u u u u
E E Vi e8] < CoT+CoTZ Zci,jci,j-&-h SClTZ Zci,jcz‘,ﬁh :
t=1 s=1 h=1 |5=0 h=0 |j5=0

We now show that Zf;o ’Z;io cﬁjcﬁj_m’ < 00. Indeed, using the same logic in the proof of Lemma 3.6 in
Phillips and Solo (1992)

o0 o0
Z Z ,J m-&-h < ZZ|C7J 17]+h|
h=0 |j=0 h=0 j=0
oo h
u U
i.j m‘+h\+z Z 3G
h=0 j=1 h=0j=h+1
=1+ II+1I1I.
Hence
1/2 1/2
0o h / h /
2
— u
I= ZZM] Crnl <D D (e > (ctjen)
h=0 j=1 h=0 \j=1 j=1
[e's) h (%S)
u
<> (D el Z‘Cu+h| <CoZZ\cJ+hI
h=0 \j=1 h=0 j=1

oo
<co Zj et ] < co Z (G +h) e jen] < o0,
=1 =1
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having used (A38) repeatedly, and the fact that it implies Z?:l ‘cfj| < oo for all h. Similarly

1/2 1/2
1< Z Z (Cﬁj) Z (C?wh)
h=0 \j=h+1 j=ht1

o0 o0 o0 o0 o0

<coy | Do el Doodetienl | <c0d ] D letiaal
h=0 \ j=h+1 j=h+1 h=0j=h+1
oo o0

<o dleienl < cod (G0 el < oo
=1 j=1

again by (A38). Finally, it is easy to see that I11 < ’c%! >rto
result follows. The proof of (A22) and (A21) follows from the same logic.

We now estimate | f;]5. Let ¢ (1) = 7%, ¢§, and note

czh‘ < o0. Putting all together, the desired

t
fi=c M) e+ —&,
j=1

where & = 3777 (¢S L7e;j, with & = 372 ;. &. We have

2
115 <co | e (1)D &) +215l |- (AT1)
j=1 9
Also
2 /
t t t
MY gl =E D g | () (¢ (1) (Ze]
=1 | j=1 Jj=1

32



using the fact that

d d

Do (e (1) e (1) i (Be) < b (e (1) e (1) Se) <3 A (e (1) ¢ (1) hi (8o,

i=1 i=1

where \; (A) denotes the i-th smallest eigenvalue of a matrix A (see Bushell and Trustrum, 1990), and
recalling that (c®(1))" (¢® (1)) and ¥. are both positive definite. Further, by the proof of Theorem 3.2 in
Phillips and Solo (1992), it follows that, under our assumptions, |€p], < oo, whence (A24) follows from
(AT1). Similarly, note that

4
t
G <eo | | e +2l; | (A72)
=1 |,
and
4 4
t t t
W) e < NI e <eotd lejly = coleols 2,
=1 |, =1 | j=1

which yields the desired result.

Finally, we prove that Assumption 2(iv) holds. Note that (A37) entails that 3772 HciH =0 (m™1);
thus, equation (3.20) in Liu and Lin (2009) holds with e.g. p = 3. This entails that we can use Corollary
3.7 in Liu and Lin (2009), whence it follows that, on a richer probability space, there exists a standard,
real-valued, d-dimensional Brownian motion W (¢) such that

sup ‘ - ElA/;*W (t)H = 0q.s. (T1/3 Inln T) , (AT73)
1<t<T
which ensures that Assumption 2(iv) holds. O

Proof of Corollary 3. We show (A20); (A21) and (A22) follow from exactly the same logic. Recall first that
u; ¢ is weakly stationary and Ls-bounded. Then it holds that (see Davidson, 1994, p. 212)

|E (1,0, tim)| < coom,? |uioly [wimly

|E (w0, ti,m)| < cod* |wioly /s timly

under Assumptions 1 and 2 respectively. This entails that the |E (u;,0, %im)| are summable across m under
both Assumptions 1 and 2. Since

T T
DD B (wiy i)l S TVE (ufo)| +T ) |E (w0, wim)|

t=1 s=1 m=1

(A20) follows immediately. We now turn to showing (A23)-(A24). Note that Assumptions 1 and 2 entail
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(see Davidson, 1994, p. 248) that, for 2 < p <4, |E (e Fe—m)l, < i&p , with sup, ¢, < 00

& m = gV, (A74)
€8 = dn M4, (AT5)

according as Assumption 1 or 2 holds. Recall that e; is (weakly) stationary; also

t t
E Z ej|]:e,0 <cp Z |E (€j|]:e’0)|p .
j=1

)
p J

Thus, using (A74) and (A75), it is easy to see that

o) J
Zj_?’/Q Zﬁ;k < 0.
j=1 k=1

Thus, by Theorem 1 in Peligrad, Utev, and Wu (2007), we have

p P .
t k o0 J
2 -—3/2 2
§ e; SElrEI?i(t E ej| < cot? \61IZ+§ i E & | < at??,
=1 |, ===t = =1

P

which yields (A23) and (A24) for p = 2 and p = 4 respectively.
We now verify that Assumption 2 (%) holds. Write f{* = Z;n:tfl 41 €t Equations (A74) and (A75) entail
that the &5 ,,s are summable across m; hence, by the definition of mixingale

m—+t t

|E (ftm|]:e,m)‘2 < Z |E(et|fe,m)‘2 < Sltlpct Zgg,j < ¢p,

j=m+1 j=1

for all m and ¢. Thus, equation (1.3) in Eberlein (1986) is satisfied; this, and Assumption 3 (see Corollary
2.2 in Corradi (1999)) entail that all the assumptions in Theorem 2 in Eberlein (1986) are satisfied, which
in turn entails that there exists a x > 0 such that, on a richer probability space, there exists a standard,
real-valued, d-dimensional Brownian motion W (¢) such that

sup [\ = SXEW (1) = Ou. (T7277).
1<t<T
which ensures that Assumption 2(iv) holds. O

Proof of Corollary 4. We start by showing (A20) (note that the proofs of (A21) and (A22) are, as usual,
the same). Since u;; is an Ls-NED sequence of size —1, Theorem 17.7 in Davidson (1994) stipulates that
mezl |E (uw;,0uim)| < oo, which immediately yields (A20). We now turn to showing that (A23)-(A24)
and Assumption 2(iv) hold. By Theorem 17.5 in Davidson (1994), our assumptions imply that e; is an
L4-mixingale of size —1. In turn, this immediately entails that (A23)-(A24) hold by Corollary 3. Further,
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from Corollary 3, it also holds that |E (f{"|Fem)|, < co for all m and t. Also, by the measurability of g (-),
et is a stationary sequence; thus, Corollary 2.2 in Corradi (1999) entails that all the assumptions in Theorem
2 in Eberlein (1986) hold, which yields Assumption 2 (4v). O

Proof of Corollary 5. We start with (A20). Note that, by the measurability of f,,, it follows that u;, is a
stationary sequence. Thus

~

T
SN B (wigui )| =TE (ufo) +2 Y (T —m) |E (i 0uim)] -

t=1 s=1 m=1

Note now that
|E (wi0tim)| = ‘E (ui,m (Uz’,o -FK <u¢,0|]:3i1t7_wm]) +E (Ui,0|f3i,t,_LamJ)>)

where 0 < a < 1. Thus

)

|E (ui,0ti,m)|

< )E (ui,m (Ui,o -E (ui:0|‘7:3i,t»—LamJ)>>’
+ ‘E (Ui,mE (uz',o|f7?i,t,ftamj))‘

=I+1I

Also
I< ‘ui,m|2

U0 — F U,’o|]:0v _ <coluio—FE u1'0|]:0- — :
, s v ¢,—am] 9 s y v;,¢,— Lam]| 9

Now, define the projection Q;Xo = E (X0|.7:9(’7j) for a generic sequence X;; clearly, Xo = lim;_, @;Xo.
Define also @jXO = Qon — Qj—lXO- With this notation,

uio — E (ui,0|73i,t,4amj) = Y Quio

j=lam]

Wu (2005) shows that ’@jui’o

< (5}‘; for p > 1. Hence
v ,

o0

Ui,0 — E (uif0|f3i,t,*[amJ) ‘2 < Z ‘é]”u,i’o 9 < Z (5;12 (A76)

i=lam| j=lam]
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Similarly

1 (s (150172, -t ) )|

= ‘E (E (uz-7m|.7-"tamJ ) E (Ui,O

Vi, —Lam]

0
Pl omtom))|
< | (00l o ) |, [ (il 227 )|
= ‘E (’LL ’0|]:v7;’t,7LamJ 9 E Ui, |]:'ui,t,7|_amj 5
< uioly ‘E (Uzm|‘7'—$:1:nj_oo> ‘2

<ol (rmiimL )

Vi, ¢,— 00

Consider now the projection PpX; = F (Xj|f9(,—oo) —-F (Xj|f)_(}_m>. It holds that

m—|am]—1

oo oo
Lam | § : E : § :
E (uivm|‘Fl)jyt,—OO = Pm—lui,m - Pm—lui,m = Pm—lui,ma
=0 =0

l=m—|am]
so that o I~
‘E (Uzm‘ftl;a:nioo) ’2 < Y Pntimly = Y [Pouily,

l=m—|am] l=m—|am]

by stationarity. As shown in Wu (2005), |Pou; |, < 5%5, so that ultimately

‘E(“i””'fvtzrioo)‘gg i 8- (AT7)

j=m—|am]

Putting together (A76) and (A77), and recalling (A47), (A20) follows. The same applies to (A21) and (A22).
We now turn to showing (A23) and (A24). Assumption 8 entails that, by Lemma A.2 in Liu and Lin (2009),

¢ p
Z&‘j < Cofp/Q,
j=1

P

for all p < 4, thus providing the desired result. Note that the result only requires Z;io 4%, < co. Finally,
consider Assumption 2(4v). All the assumptions of Theorem 2.2 in Liu and Lin (2009) are satisfied, and
therefore it follows that, on a richer probability space, there exists a standard, real-valued, d-dimensional
Brownian motion W (¢) such that

sup ’ ft* - ElA/fQ*W(t)H = Oq.s. (T_ﬁ—i%) y
1<t<T
for any € > 0, which ensures that Assumption 2(iv) holds. O

Proof of Corollary 6. The proof hinges on the fact that ey, u;,, g; and ft(g)* can be represented as causal
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processes, i.e.

e; = fr(ety €05 E—c0)
u;t = fqii (Um, ey V.04 ...711147_00) ,

gi = fg* (6?,...,58,...5’100),
3)* * 3 3 3
1 = 5 (e, e, 0L

where the 4.7.d. innovations are defined in (A33)-(A36). We have

Oy = |fu7i (Vi -0y Vi,05 o5 Vi —00) = S (Uz,m ey Vg s eens 1117_00) |2

< o lefy (vio = vio)], < erfei],
where v} ; is an independent copy of v; o. Assumption (A38) therefore entails that 22:1 Yoo Oph < 005
thus, using the same passages as in the proof of Corollary 5, the desired result obtains. We now turn to
(A23)-(A24). Tt holds that

Oty = 1fS (b5 s €05 E—c0) — fo (e, ey €0y ...5,00)|p

< coleg (g0 —€o)l, < el

and by (A37) we have ) ,° d¢% < oo for all p < 4; hence, Lemma A.2 in Liu and Lin (2009) yields (A23)-

(A24). Finally, we show the validity of Assumption 2(iv). Note that |e|, < ¢q|ei|, < oo. Further, (A37)

entails that Y, 67 = O (m™!), so that equation (3.20) in Liu and Lin (2009) holds with e.g. p = 3. This
yields (A73). O

Proof of Corollary 7. Note that, under the assumptions on f€(-), it is possible to write all sequences as
causal processes, viz.

€t = Je (Etagtfla ) 5
for a measurable function g (-) such that, for all p < 4, 67 , = O (p?), with 0 < p < 1, and the same holds

for all the other sequences considered. The proof then follows the same arguments as the proof of Corollary
5. O

Proof of Corollary 8. We begin with (A20), noting that, as usual, (A21) and (A22) follow exactly the same
logic. Under the assumptions of the corollary, it is well known (see e.g. Aue, Horvath, and Steinebach, 2006)
that (A52) converges exponentially fast, for all initial values u; o, to a unique stationary solution defined as

t t
Uiy = Z Vi, s H (qu,: + bﬁz) . (AT8)
s=—00 z=s+1
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We estimate

E (uipuis) = E (Wi + (wip —Tit)) (Uiys + (Uss — Uis))
= E (Ui 1Tis) + E (Wi (wi,s — Uis))
+ B (Wi,s (wie —Uin)) + E ((wis — Wis) (Wi — Uig))
=1+II+1I14+1V.

Note that

II é ‘ﬂi,t|2 |ui,s - Ei,s 29

and that [@; |, = |u;,0|, < 00 because
uz ,0 — EUZ ,0 Z H E ¢u, + bgz) =p (EU7.2,O) Zp;s’
s=—00 z=s+1 s=0
where p,, = ¢ + E (b;‘o)2 < 1, whence Eulo < oo follows immediately. Also, using equation (A10)
in Horvéth and Trapam (2019), |uL75 —Tjs|ly = O(exp(—c1s)) for ¢; > 0. Thus, II = O (exp (—c15));
similarly, III = O (exp(—cat)), and using the Cauchy-Schwartz inequality it also follows that IV =
O (exp (—c18 — cot)). Finally, standard algebra yields

E (U;,0%;,m) < copl,-
Thus, putting everything together
T T
ZZ|E U, tUj,s | < CO+CIT+TZ E uzouzm) < coT.
t=1 s=1 m=1

We now turn to (A23)-(A24) and Assumption 2 (iv). Solving (A51) recursively, we have

et—et—&-z H (P + 05 ;) | €0k (A79)
k=1 \j=0

defining now e} as in (A79), but with gy replaced by an independent copy &, it follows that, for all p < 4

e, = les — H (@ +b5_,) (20 — eb)
P

H (Pe + b5 leo — €0,

< @ [LE@. +t,) = s
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where p = E||(®. + b§)||” < 1 by assumption. Henceforth, the proof follows exactly the same arguments as
in the proof of Corollary 7. O

Proof of Corollary 9. Under (A53)-(A54), if (A55)-(A60) hold and |v; o], < oo, Theorem 2.3 in Aue et al.
(2006) states that there exists a unique stationary solution to (A54). In turn, this entails that there exists
a measurable function g,, (-) : R* — R such that u;; = gu, (vit, .-, vi0,...). Given the coupling u;, =
Gu; (vi,t, 5V 0 ), Liu and Lin (2009) prove (see the proof of their Corollary 3.3) there exists a 0 < p < 1
such that &;'% = |u;; — u;,t|2 = O (p"). Using Corollary 5, (A20) obtains immediately. O

Proof of Corollary 10. For all three models, it is possible (see e.g. Aue et al., 2009) to write y; = g (e¢, €t—1, ---);
thus, we show that the functional dependence measure d; 4 = |y¢ — y;|, - where, as usual, y; = g (g4, ..., €, -..)
with &) an independent copy of &g - is such that &; 4 = O (p) for some 0 < p < 1. Hence, Corollary 5 affords
the desired result. We begin by noting that our assumptions entail that, for all the three models (A63)-
(A67), |es], < oo (see Aue et al., 2009 where this result is shown). We begin with (A63); the use of the
Hadamard product entails that the functional dependence measure can be computed coordinate-wise, i.e.
for each 1 < j < d. Standard arguments (see also Aue et al., 2006) yield the unique stationary solution

m

Wy=witw Y > 11 (%u + Bj;ligitf(ll+...+li)) ; (A80)

m=11<lq,..., I <max{p,q} =1
for each 1 < j < d. Write now t = max{p,q} n + s, where n > 0 and 0 < s < max{p,q} are two integer
2
2 , it follows that

numbers. Using the fact that ’ej,t - egvt“l < ‘(eﬁ)z - (@;‘,t)
o\ 1/4
=4l = (2 - 607 )
2
< (E‘ejt (n2, - (h;’t)Q)‘ >

— e h2 h 2|1/2
= lejoly |75 — (W) )

1/4

o\ 1/4
oo m
1/2 2
< Cow; lejoly | £ E : E : H(O‘j,li +Bj:li€j,t7(ll+m+li))
m=n1<ly,..., Iy <max{p,q} =1
1/2

oo

m
1/2 2
< cow; ejoly | D > 11 ‘Oéj,li + Bili€ b (1t 41)

m=n1<ly,...,Im <max{p,q} i=1

2

my 1/2
0 max{p,q}

= COwgl'/Q lej.0ly Z Z ‘O‘jxl + BJ’J&?,U’z

m=n =1

o 1/2
1/2 2
< cow;” |ejol, (Z W?) < eyl
m=n
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having repeatedly used Minkowski’s inequality. Recalling the definition of n, this ultimately entails that
8:4 = O (p*) for some 0 < p < 1, which proves the desired result.

The arguments for (A65) are very similar, except the model needs to be studied as a whole as opposed
to component-wise. Indeed, we have the stationary solution

oo m

hiOh=w+ [ Y > I (AL + BLE—4.41)) | @

m=11<ly,...,l,, <max{p,q} i=1

Letting as before t = max {p,q}n + s

t m

hi © hy — hy © hy = Z Z H (Ai; + BLE (1. 41,)) -

m=n+11<ly,...,l,, <max{p,q} =1

We now have 1/2
ler — €4y < leoly [he — hyl, < Vdleoly |he ® he — By @ By,

having used equation (B.7) in Aue et al. (2009). Also

e @ he = by O hily, < collw] D > I114: + Bi.Eol,
m=n 1<lq,..., lm <max{p,q}i=1
oo max{p,q} m
= co ] Z Z |A1+ BiEoly, | < av).
m=n =1

Since v < 1, putting all together, we obtain that |e; — e}|, = O (p*) for some 0 < p < 1.
Finally, we consider (A67)-(A68); by Theorem 4.6 in Aue et al. (2009), (A69) and ||A|| < 1 entail that
the unique, nonanticipative, stationary and ergodic solution of (A68) is

vech (ln Ht - C) = Z AkF (Stf(k+1)7 "'7Et7(k+q)) .
k=0

Thus, defining the coupling H} in the usual way with e, we have

q
vech (In H; — C) — vech (In H, — C) = ZAt*jF (Ej—1,-rEj—q) -

j=1
Letting math (-) be the inverse of vech (-), we can write

H; = exp (Sy),
H{ = exp (S}),
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where

S; = C + math (Z AFF (5t—(k+1)7 '~',5t—(k+q))> R

k=0

Sg = C' + math (Z AkFP (gt,(kJrl), "~7gt(k+q))> R

k=0

where &; = g; whenever i # 0 and &; = ¢} for i = 0. Thus, for a, 8 > 1 such that a=! + 87! = 1, adapting

equation (B.9) in Aue et al. (2009)we have
1 1
exo (5 10)| [exe (515 - st1)

We know by assumption that |gg|, < co. Lemma B.2 in Aue et al. (2009), Minkowski’s inequality and (A70)
entail

lee — exly < leoly [I1Se — S“Hsﬁ

4o 88

115t = Silllss

< 212 |vech (S; — SDlss

q
<223 AN F (o1,

Jj=1 88

q
<223 T JAIT IF (61, 8i-a)lss
j=1

<collA]".

Also, by the same arguments as in the proof of Theorem 4.7 in Aue et al. (2009), it holds that ’exp (3 11S:1) |4a <
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oo. Finally

1
exp (5150 - 511
88

< ’exp (2*1/2 |lvech (Sy — S{)H) ISB

IN

1/83
: 88\ 4yt
BT eww (1 141 1F (oot )

8qﬁ . 1/8q8
(30 141 IF (&5 ni-) ) )

)1/8#3

IA
—=
N S

s3]

@D

”

ie)

q
<TL(1+ oAl BIF (oroney)]

q
<exp | oY AT E|F(e-1,.e9)] | < o0
j=1

having used: Lemma B.2 in Aue et al. (2009), Holder’s inequality and Lemma B.4 in Aue et al. (2009).
Note that these calculations assume ¢ “large enough”; otherwise we can set H; = 0. Putting all together,
we obtain

lee — etly < co |l AII",

which entails that the functional dependence measure d; 4 is, even in this case, O (p'), 0 < p < 1. O

A.4 Testing for trend stationarity versus unit root

When r; is found to be equal to 1, the question arises as to whether the corresponding factor is a trend-
stationary series, or an I (1) process with drift. Indeed, our methodology can only determine whether ry = 0
or 1, but it does not provide an answer to this question: the sum of the squares of the common factor, in
both cases, diverge at a rate which is exactly O (T3).

If the common factor were observable, this issue could be tackled via a battery of “classical” tests (see
e.g. Bierens, 1997). In our context, however, we can only estimate the space spanned by the common factors.
This entails that the first common factor would be a weighted average of all the latent ones, thus containing
by construction an I (1) component even though the unobservable first common factor is a genuinely trend
stationary series.

In order to propose a solution to this issue, suppose that we have found that one factor has a trend (i.e.

/
r1 = 1), and define the vector f; = (ft(l), ft(Q)/, t(?’)/) , where ft(l)7 ft(z) and ft(g) are defined in Lemma 1 in

the main paper. By construction, f; is of dimension k = 1 + 79 4 r3, where recall that ro is the number of
I (1) common factors with zero mean, and r3 is the number of I (0) common factors. We can write

ft = pt + ¢y,
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rJt 2 Jt

- /
where the vector p is nonzero in its first element and zero elsewhere, and ¢, = ( t(l)T 2 (3)') . By

construction, ¢; has rs I (0) components. There are now two alternatives
1. ¢; has only r3 I (0) components: this means that the first component of f; is trend stationary;

2. ¢ has r3 +1 I (0) components: this means that the first component of f; is random walk with drift.

In order to find out which of the two alternatives we are in, if f; is observable we could determine the
rank of the cointegrated system f; (say R) from the hypothesis testing problem

Ho:R:Tg
Hy:R=r3+1"°

which is customarily carried out using the Likelihood Ratio tests developed in Johansen (1991). In our case,
ft is not observable; however, a possible approach would be to apply Johansen’s procedure to f;.

Another possible approach which is more in line with this paper (and could be viewed as related to
variance ratio tests, see e.g. Cai and Shintani, 2006) is based on the following arguments. Note first that a
rotation of p can be estimated using

T —2 7 R
o= (Zﬁ) > tfe.
t=1 t=1

Lemma A8. We assume that Assumptions 2 and 4 hold, and that Assumptions A-D in Maciejowska (2010)
are satisfied. Then it holds that
E|fi—H'pl|* <o,

for a nonsingular matriz H.

Let now
Ay = Afr — p,
and assume that A¢,; admits an M A (co) representation, viz.

Ady = C (L) us, (A81)

where C'(L) = Y >°_  C,, L™ with Y °_ m||Cp|| < oo, and w is i.i.d., with finite fourth moments and
covariance matrix >,,.

By definition, the long-run variance matrix ¥ = C (1) £,C (1)’, has reduced rank. We can propose the
following estimator for a rotation of X

B
- 2
S—5 1——" )G, +7 A82
70+;< B+1>(%+%)7 (A82)
where

T
’Ysz E TtLy_ ks
t=k+1
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having defined z; = Aﬁ — . The following result is very similar to Theorem 1 in Ipatova and Trapani
(2013), and states the consistency of X.

Lemma A9. Under the assumptions of this paper and of Maciejowska (2010), it holds that

- 1 B B
E — HIEH = O (B) + Oq.s. (W (ln N)1+6> + Ogq.s. <T,1/2 (ln T)1+6) )

for all e > 0.

We are now ready to discuss a methodology to test for

HO:R:T?,
Hy:R=r3+1

Let Ary+1 (H'XH) denote the (r3 + 1)-th largest eigenvalue of 3. On account of H being full rank, we have

Argt1 (H'SH) > 0 under Hy,
Aryi1 (H'SH) = 0 under Hy.

Upon choosing B = min {T/4, N¥/4} it holds that

~ (ln (max {Tl/‘l,]\fl/‘l}))l+€
!
Argt1 (E) = Agt1 (H'EZH) + 0q.5. ( in{ i 1/4} , (A83)

for all € > 0. Hence, it is possible to define

exr = (min {7 M) T 0 (5).

where 0 < 6 < 1 is user defined. Equation (A83) entails that

P {w : lim CN,T = oo} = 1 under Hy,

min(N,T)— o0

min(N,T)— o0

P {w : lim CNT = O} = 1 under Hy4.

Henceforth, it is possible to construct a randomised test based on cy,r, along exactly the same lines as in
the main paper.
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A.4.1 Proofs
Proof of Lemma A8. It holds that

T 27
(Z t2> St(H g+ fo- 1)

t=1 t=1

Hy+ (gt2>_2H’§:t¢t + <§Tjt2>_22t (ﬁ —H’ft).

=)
I

t=1 t=1 t=1

2
Assumption 4(iii) entails that F HZthl tqth < ¢oT®. Also
2

XT:t (ﬁ —H/ft)

t=1

E

T T
N 2

< <Zt2> EY Hft — H’ftH < T min {771, N7}

t=1 t=1
where the last line follows from Proposition 3 in Maciejowska (2010). Putting all together, the desired
obtains.
Proof of Lemma A9. We start by showing that

E |y — HyH| < co,

for all 0 < k < B. It holds that

T
Ve = T E Tty
t=k+1

T T )
= % > H’AaﬁtAchkHJr% Y HAG, ((Aft,k - H’Aft,k) (- H’u))

t=k+1 t=k+1
T
113 ((aF - HAR) - ') A6l
t=k+1
d li
i 3 ((8F-#8R) ~ - H) (Afk— HAL ) ~ (A~ H'w)
t=k+1

T
= % > H'AQAY, H+T+11+111.

t=k+1
Now
Bl < E||= ET: H'AYy (Afos - H/Aft,k)' +B|L ET: H' A, (i — H' ), ‘ = I, + I
a T t=k+1 T t=k+1
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We have

T
o< 2B Y HAw (Aﬁ_kH’Aft_k)'H
t=k+1
L 1/2 LT ~ ) 1/2
< E(T > ||H/A¢t||2> (T > HAftk_HlAfékH>
t=k+1 t=k+1

1 X 1/2 LT ~ ) 1/2
< (T > E||H/A¢t||2) (T > EHAft—k_H/A.ft/—kH )

t=k+1 t=k+1

IN

co min {Tﬁl/Q, N71/2} ,
having used Proposition 3 in Maciejowska (2010). Also

T 1/2
1 ~ 1/2 -
I < (T > E||H’Awt||2> (Bl —H'w?) " =0, (17,

t=k+1

after Lemma AS8. Hence, E ||I|| < ¢ min {T‘l/Q‘, N_l/z}. The same result holds for E ||I7]|. Finally

T T
0E = 3 (AR~ HAR) (Afs~ HAL ) + 0 Y (i Hw) G- H'p)
t=k+1 t=k-+1
1 & . , 1 & - /
T S (AR - HAR) G- 2 Y - H) (A~ HAfi)
t=k+1 t=k+1

— [Il, + I, + II1. + I11,.
We have
T N T N
1 ~ 1 -~ . —1 ar—1
E||IIL] < (Tt_zk;rlEHAft—H’AftH ) (Tt_zk;rlEHAftk—H’AftkH ) < comin {71, N1}

Lemma A8 immediately entails that and, by construction E |11, < coT~!. Similarly

T
E|IIL| = (; > E|afi-maf,

t=k+1

1/2
2 1/2
) (E ”ﬁ - H//U’”2) < COTHI/2 min {T71/27 N71/2} )

and the same holds for F ||I114]|. Finally, it is easy to see that

1 T
H' (T > Athwt_k—w> H

t=k+1

E < C()Til/Q.
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Putting all together, it follows that
Bk — HyH| < coT ™2 min {T71/2, N-1/2}.
Now the final result obtains from the proof of Theorem 1 in Ipatova and Trapani (2013). O

A.5 Weak factors: discussion

By Assumption 4, all the common factors are assumed to be strongly pervasive. This is a direct consequence
of having ||A||* = O (N). It is however possible to imagine a situation in which some of the common factors
are “weak”, or “less pervasive”: this can arise from e.g. having genuinely weak factors, or from having strong
factors which impact only on a small number of units - see, for example, Onatski (2012) and the references
therein.

In this section, we report some heuristic arguments (similar to Trapani, 2018), on the ability of our
procedure to determine weak factors. For the sake of a concise discussion, but with no loss of generality, we
consider the case where all r factors are zero-mean I(1), and A’A is diagonal, with diagonal elements ¢, (N)
given by

N for1<p<yp
CP(N) - { lemp for p/ <p <r

Allowing for ), € (0,1) corresponds to the case of having weak factors, and the larger k, the weaker the

corresponding factor. Suppose that the researcher is using > and its eigenvalues u2(p ) in order to determine

r. Repeating exactly the same arguments in the proof of Theorem 1, it can be shown that

cp(N
20

Equation (A85) entails that, whenever p’ < p <r,

Nl—fﬁp
InlnT"

Vép) Z CO (A86)

Recall that, our procedure, essentially, is based on testing whether, as min (N,T) — oo
Hé’z) : (lnlnT)N"Sz/ép) — 00
HY) : (InlnT)N v — 0
with ¢ selected as per (35). Thus, based on (A86), weak factors can be determined if

lim N0 o,
min(N,T)— o0

which requires
Kkp <1—14. (A87)

On the grounds of (35), the constraint in (A87) explains up to which extent weak factors can be detected.

When 38 < %, that is \J/VT = O(1), then ¢ = 0, and we need k, < 1. This entails that, when N is much
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smaller than T, our procedure is able to detect even very weak factors. Conversely, when 5 > %, that is

% = o(1), it is required that xk, < 1 — %: as [ increases, i.e. N increases, the test is less and less able

to detect weak factors. Note that when NV and T have the same order of magnitude, and thus 8 = 1, weak

factors can be detected as long as k), < L _ that is, when the eigenvalues associated with that factor diverge

2
to infinity a bit faster than v/N.
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B Additional numerical results

We report further Monte Carlo evidence under different specifications of the tests. In all cases, when
estimating ro, we use r1; results using 71 are are similar and available upon request.

B.1 Bai Information Criterion for estimating r, when r; is known

As a complement to Tables 2 and 4 in the main paper, we report there the result obtained with the
Information Criteria by Bai (2004), denoted as IC - this corresponds to IC3 in the original paper; we note
that the other criteria, known as IC; and ICy, deliver a similar (or worse) performance and are therefore
not reported.

Table B1: Estimated number of zero-mean I(1) factors, 73, when r; =0

N =50, T =100 N =100, T'= 100
ro r3 | average std. dev. % correct | average std. dev. % correct
0 0 1.00 0.00 0.00 1.00 0.00 0.00
0 1 1.00 0.00 0.00 1.00 0.00 0.00
0 2 1.00 0.00 0.00 1.00 0.00 0.00
1 0 1.00 0.00 1.00 1.00 0.00 1.00
1 1 1.00 0.00 1.00 1.00 0.00 1.00
1 2 1.00 0.00 1.00 1.00 0.00 1.00
2 0 2.00 0.00 1.00 2.00 0.00 1.00
2 1 2.00 0.00 1.00 2.00 0.06 1.00
2 2 2.00 0.00 1.00 2.00 0.00 1.00

N =200, T = 100 N =100, T"= 200
ro 13 | average std. dev. % correct | average std. dev. % correct
0 0 1.00 0.00 0.00 1.00 0.00 0.00
0 1 1.00 0.00 0.00 1.00 0.00 0.00
0 2 1.00 0.00 0.00 1.00 0.00 0.00
1 0 1.00 0.00 1.00 1.00 0.00 1.00
1 1 1.00 0.00 1.00 1.00 0.00 1.00
1 2 1.00 0.00 1.00 1.00 0.00 1.00
2 0 2.00 0.00 1.00 2.00 0.00 1.00
2 1 2.00 0.00 1.00 2.00 0.04 1.00
2 2 2.00 0.00 1.00 2.00 0.00 1.00

N =200, T = 200 N =200, T = 500
ro r3 | average std. dev. % correct | average std. dev. % correct
0 0 1.00 0.00 0.00 1.00 0.00 0.00
0 1 1.00 0.00 0.00 1.00 0.00 0.00
0 2 1.00 0.00 0.00 1.00 0.00 0.00
1 0 1.00 0.00 1.00 1.00 0.00 1.00
1 1 1.00 0.00 1.00 1.00 0.00 1.00
1 2 1.00 0.00 1.00 1.00 0.00 1.00
2 0 2.00 0.00 1.00 2.00 0.00 1.00
2 1 2.00 0.00 1.00 2.00 0.00 1.00
2 2 2.00 0.00 1.00 2.00 0.00 1.00

In each cell we report the average and standard deviation of 72 over
all Monte Carlo replications, as well as the fraction of times in which
72 = r2. Same configuration as tables in main text.
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Table B2: Estimated number of zero-mean I(1) factors, 72, when 1 = 1

N =50, T = 100 N =100, T"= 100
ro 13 | average std. dev. % correct | average std. dev. % correct
0 0 0.00 0.00 1.00 0.00 0.00 1.00
0 1 0.00 0.00 1.00 0.00 0.00 1.00
0 2 0.00 0.00 1.00 0.00 0.00 1.00
1 0 1.00 0.00 1.00 1.00 0.00 1.00
1 1 1.00 0.00 1.00 1.00 0.00 1.00
1 2 1.00 0.00 1.00 1.00 0.00 1.00
2 0 1.97 0.16 0.97 1.99 0.11 0.99
2 1 1.85 0.35 0.85 1.94 0.24 0.94
2 2 1.81 0.39 0.81 1.89 0.32 0.89

N =200, T =100 N =100, T = 200
ro r3 | average std. dev. % correct | average std. dev. % correct
0 0 0.00 0.00 1.00 0.00 0.00 1.00
0 1 0.00 0.00 1.00 0.00 0.00 1.00
0 2 0.00 0.00 1.00 0.00 0.00 1.00
1 0 1.00 0.00 1.00 1.00 0.00 1.00
1 1 1.00 0.00 1.00 1.00 0.00 1.00
1 2 1.00 0.00 1.00 1.00 0.00 1.00
2 0 1.99 0.09 0.99 2.00 0.06 1.00
2 1 1.95 0.21 0.95 1.98 0.14 0.98
2 2 1.95 0.23 0.95 1.96 0.21 0.96

N =200, T"= 200 N =200, T'= 500
ro r3 | average std. dev. % correct | average std. dev. % correct
0 0 0.00 0.00 1.00 0.00 0.00 1.00
0 1 0.00 0.00 1.00 0.00 0.00 1.00
0 2 0.00 0.00 1.00 0.00 0.00 1.00
1 0 1.00 0.00 1.00 1.00 0.00 1.00
1 1 1.00 0.00 1.00 1.00 0.00 1.00
1 2 1.00 0.00 1.00 1.00 0.00 1.00
2 0 2.00 0.00 1.00 2.00 0.00 1.00
2 1 1.99 0.08 0.99 2.00 0.04 1.00
2 2 2.00 0.06 1.00 2.00 0.04 1.00

In each cell we report the average and standard deviation of 72 over
all Monte Carlo replications, as well as the fraction of times in which
79 = r9. Same DGP as for the tables in the main text.

52



B.2 Cases p=0and p=0.8

We report results obtained when, in (32), p; ~ U[p,0.8], with p = 0 and p = 0.8. As an overall
comment on the impact of p, results are in general unaffected but for two cases. The first case is
when r; = 0 and ro = 1 and we compute 77; in this case, we find that lower values of p improve
the results. Conversely, higher values of p make the innovations of the zero-mean I(1) factors more
persistent, thus making the associated eigenvalues larger: in this case, we are therefore more likely
to falsely detect trends. The second case arises when r9 = 2, and we compute 75. In this case, we
find the exact opposite. This can be explained upon noting that, for lower values of p, the two I(1)
factors become closer to two pure random walks which are highly collinear, thus making the second
eigenvalue V§2) much smaller than the first one 1/51): thus, in this case, we are less likely to detect
the second factor. For the same reason, higher values of p make the two factors less collinear, so
that then the second factor is detected more easily.
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B.2.1 Casep=0

Table B3: Estimated number of factors with linear trend, 77.

N =50, T =100 N =100, T' = 100
average std. dev. % correct average std. dev. % correct

rn re | BT'T BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BTl BT2
0 0 0.00 0.00 0.00 0.00 100 1.00 | 0.000 0.00 0.00 0.00 1.00 1.00
0 1 0.10 0.09 030 029 090 091 | 003 0.04 0.18 0.19 097 0.96
0 2 0.01 0.00 0.08 0.04 099 1.00 | 0.000 000 0.04 0.04 1.00 1.00
1 0 1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1 1 1.00 1.00 0.00 0.00 100 1.00 | 1.00 1.00 0.00 0.04 1.00 1.00
1 2 1.00 1.00 0.00 0.00 1.00 1.00 | 1.00 1.00 0.06 0.00 1.00 1.00
N =200, T =100 N =100, T"= 200
average std. dev. % correct average std. dev. % correct

BT1 BT2 BT1 BT2 BTl BT2 | BTl BT2 BT1 BT2 BT1 BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.01 019 009 039 099 0.1 0.01 001 010 0.12 099 0.99
0.00 0.01 0.00 0.09 1.00 099 | 0.00 0.00 0.00 0.04 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00

)—‘H)—‘OOO:
I\DHOI\’)»—‘OG

N =200, T'= 200 N =200, T'= 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BT1 BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.09 0.04 0.29 1.00 091 0.00 0.05 0.00 0.21 1.00 0.95
0.00 0.00 0.00 0.06 1.00 1.00 | 0.00 0.00 0.00 0.04 1.00 1.00
1.00 1.00 0.06 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00  0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00

== -0 0 O3
i
N = O N O3
N

In each cell we report the average and standard deviation of 71 over all Monte Carlo replications,

as well as the fraction of times in which 71 = 1.
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Table B4: Estimated number of zero-mean I(1) factors, r2, when r = 0.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 099 0.06 0.09 1.00 0.99
1.98 197 016 0.16 098 097 | 1.94 1.94 025 023 094 094
1.89 1.87 032 034 089 0.88 1.74 1.73 044 044 074 0.73
1.91 191 031 030 0.91 0.91 1.72 1.74 046 044 073 0.74

MMMHHHDODS
MHO[\))—‘D[\DP—‘D;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.06 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.99 1.00 0.11 0.04 0.99 1.00 1.00 1.00 0.04 0.00 1.00 1.00
197 198 0.18 0.13 097 0.98 197 197 0.18 0.16 097 0.97
1.81 1.94 041 025 082 094 1.92 1.93 027 026 093 0.93
1.76 1.89 043 031 0.76 0.89 1.94 1.93 024 026 094 0.93

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.99 2,00 0.08 0.06 0.99 1.00 | 2.00 2.00 0.04 0.00 1.00 1.00
1.95 1.99 021 0.09 095 0.99 1.98 199 014 0.09 098 0.99
1.94 1.98 024 0.15 094 0.98 1.99 200 0.09 0.04 0.99 1.00

www»—-»—u—nooos

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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Table B5: Estimated number of zero-mean I(1) factors, r2, when r = 1.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 008 012 099 099 | 0.02 0.03 017 017 098 097
0.02 002 014 013 098 098 | 0.04 0.05 0.22 022 096 0.95
0.01 0.01 0.08 010 099 099 | 0.03 004 0.18 020 097 0.96
1.00 098 0.10 0.14 099 0.99 1.00 1.01  0.15 0.14 098 0.98
098 098 014 022 098 0.96 1.03 1.01 0.22 022 095 0.96
0.99 1.00 0.15 0.17 098 0.97 1.00 1.02 024 019 095 0.96
1.67 165 050 0.52 068 0.65 1.79 1.79 044 047 077 0.76
1.48 146 057 058 049 048 1.60 1.59 0.55 059 060 0.58
1.43 1.42 059 0.57 046 0.45 1.60 1.57 056 0.56 0.59 0.56

MMMHHHDODS
MHOMHDMHD;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.04 1.00 1.00 | 0.02 0.01 0.17 0.11 098 0.9
0.00 0.07 0.06 0.25 1.00 093 | 0.04 003 021 0.18 096 0.97
0.00 0.00 0.00 0.04 1.00 1.00 | 0.02 0.04 0.16 021 097 0.96
1.00 1.00 0.08 0.04 0.99 1.00 1.04 1.03 021 020 095 0.96
1.00 1.02 0.08 0.15 099 0.98 1.03 1.03 019 0.19 097 097
0.99 1.00 0.12 0.09 0.99 1.00 1.02 1.03 019 0.16 097 097
197 199 0.18 0.11 097 0.99 1.93 1.93 031 033 090 0.90
1.83 1.93 040 029 081 0.91 1.86 1.86 0.44 041 080 0.81
177 189 044 032 0.78 0.89 1.84 1.82 041 049 082 0.76

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
0.01 0.06 008 024 099 094 | 0.00 0.02 0.06 0.15 1.00 0.98
0.00 0.01 0.06 0.10 1.00 0.99 | 0.00 0.00 0.04 0.00 1.00 1.00
1.00 1.00 0.10 0.09 1.00 1.00 1.00 1.00 0.00 0.06 1.00 1.00
1.01 1.02 013 0.13 099 0.98 1.00 1.01  0.00 0.08 1.00  0.99
1.00 1.00 0.09 0.00 1.00 1.00 1.00 1.00 0.00 0.06 1.00 1.00
2.00 200 0.06 0.08 1.00 0.99 | 2.00 2.00 0.09 0.06 1.00 1.00
197 201 022 018 095 097 | 1.99 200 009 0.08 099 0.99
1.96 1.98 021 0.14 096 0.98 1.99 1.99 0.15 0.14 0.99 1.00

MM[\D»—I»—A»—IOOOS
MHD[\)»—‘DMHOS

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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B.2.2 Case p=0.8

Table B6: Estimated number of factors with linear trend, 77.

N =50, T =100 N =100, T' = 100
average std. dev. % correct average std. dev. % correct

rn re | BT'T BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BTl BT2
0 0 0.00 0.00 0.00 0.00 100 1.00 | 0.000 0.00 0.00 0.00 1.00 1.00
0 1 0.44 041 050 049 056 059 | 030 030 046 046 0.70 0.70
0 2 0.26 025 044 043 074 075 | 0.13 0.13 034 033 087 0.87
1 0 1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1 1 1.00 1.00 0.00 0.00 100 1.00 | 1.00 1.00 0.00 0.04 1.00 1.00
1 2 1.00 1.00 0.04 0.00 1.00 1.00 | 1.00 1.00 0.06 0.00 1.00 1.00
N =200, T =100 N =100, T"= 200
average std. dev. % correct average std. dev. % correct

BT1 BT2 BT1 BT2 BTl BT2 | BTl BT2 BT1 BT2 BT1 BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.21 059 041 0.49 079 041 024 024 043 043 076 0.76
0.08 031 026 046 092 069 | 0.07r 007 026 025 093 0.93
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.06 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00

)—‘H)—‘OOO:
I\DHOI\’)»—‘OG

N =200, T'= 200 N =200, T'= 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BT1 BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.13 044 0.33 0.50 0.87 056 | 0.07 036 0.25 048 0.93 0.64
0.03 019 0.17 040 097 0.81 0.01 0.07 0.10 0.26 0.99 0.93
1.00 1.00 0.06 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00  0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00

== -0 0 O3
i
N = O N O3
N

In each cell we report the average and standard deviation of 71 over all Monte Carlo replications,

as well as the fraction of times in which 71 = 1.
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Table B7: Estimated number of zero-mean I(1) factors, r2, when r = 0.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
2.00 2.00 0.09 0.04 1.00 1.00 | 2.00 2.00 0.09 0.00 1.00 1.00
2.00 1.99 0.06 0.10 1.00 1.00 1.99 1.99 0.09 0.11 099 0.99
1.99 1.99 0.10 0.10 1.00 1.00 1.99 1.99 0.13 0.10 099 0.99

MMMHHHDODS
MHO[\))—‘D[\DP—‘D;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.04 0.00 1.00 1.00
2.00 2.00 0.09 0.04 1.00 1.00 199 2,00 0.11 0.06 0.99 1.00
1.99 1.99 0.12 0.12 099 0.99 1.99 2,00 0.10 0.04 1.00 1.00
1.99 2,00 0.08 0.06 0.99 1.00 | 2.00 2.00 0.00 0.00 1.00 1.00

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
2.00 200 000 0.04 100 100 | 2.00 2.00 0.04 0.00 1.00 1.00
2.00 2.00 0.04 0.00 1.00 1.00 | 2.00 2.00 0.00 0.00 1.00 1.00
2.00 2.00 0.00 0.00 1.00 1.00 | 2.00 2.00 0.00 0.00 1.00 1.00

www»—-»—u—nooos

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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Table B8: Estimated number of zero-mean I(1) factors, r2, when r = 1.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 008 012 099 099 | 0.02 0.03 017 017 098 097
0.02 002 014 013 098 098 | 0.04 0.05 0.22 022 096 0.95
0.01 0.01 0.08 010 099 099 | 0.03 004 0.18 020 097 0.96
1.00 099 0.08 0.10 0.99 1.00 1.01 1.01  0.12 0.12 099 0.99
1.00 1.01 0.06 0.16 1.00  0.98 1.04 1.03 020 0.18 096 0.97
1.01 1.01 0.09 0.12 099 0.99 1.02 1.03 020 0.17 097 097
1.95 1.96 0.25 027 094 094 197 198 023 025 094 094
1.88 1.90 036 034 086 0.88 1.95 1.95 032 033 090 0091
1.89 1.87 036 036 088 0.87 1.92 1.92 033 034 089 0.88

MMMHHHDODS
MHOMHDMHD;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.04 1.00 1.00 | 0.02 0.01 0.17 0.11 098 0.9
0.00 0.07 0.06 0.25 1.00 093 | 0.04 003 021 0.18 096 0.97
0.00 0.00 0.00 0.04 1.00 1.00 | 0.02 0.04 0.16 021 097 0.96
1.00 1.00 0.08 0.04 0.99 1.00 1.04 1.03 020 020 096 0.96
1.00 1.02 0.06 0.15 1.00 0.98 1.03 1.03 019 0.19 097 097
1.00 1.00 0.10 0.09 1.00 1.00 1.02 1.03 019 0.16 097 097
2.00 200 0.06 0.06 1.00 1.00 | 2.01 201 015 019 098 0.98
199 200 0.17 013 097 098 | 2.03 203 021 019 096 0.96
1.96 1.99 023 013 097 098 | 2.00 202 017 028 097 0.95

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
0.01 0.06 008 024 099 094 | 0.00 0.02 0.06 0.15 1.00 0.98
0.00 0.01 0.06 0.10 1.00 0.99 | 0.00 0.00 0.04 0.00 1.00 1.00
1.00 1.00 0.10 0.09 1.00 1.00 1.00 1.00 0.00 0.06 1.00 1.00
1.01 1.02 013 0.13 099 0.98 1.00 1.01  0.00 0.08 1.00  0.99
1.00 1.00 0.09 0.00 1.00 1.00 1.00 1.00 0.00 0.06 1.00 1.00
2.00 2.00 0.00 0.06 1.00 1.00 | 2.00 2.00 0.09 0.06 1.00 1.00
2.01 202 009 015 099 098 | 200 2.00 0.00 0.04 1.00 1.00
2.00 200 011 0.04 0.99 1.00 1.99 1.99 0.13 0.13 1.00 1.00

MM[\D»—I»—A»—IOOOS
MHD[\)»—‘DMHOS

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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B.3 Sensitivity to Fi(u), Fo(u), G1(u) and Ga(u)

We consider different, alternative choices of Fj(u), Fa(u), G1(u) and Ga(u). In particular, as far as Fi(u)
and F(u) are concerned, we use u = +/(a) and u = —/(a) with equal weights, using @ = 2 and a = 25. In
the latter case, the theory predicts that tests will have higher power (at the expense of size distortion), thus
yielding understatements of 1 and ro for small N and T

B.3.1 Fi(u), Fy(u) uniform on {—+/2,/2}

Table B9: Estimated number of factors with linear trend, 77.

N =50, T =100 N =100, T'= 100
average std. dev. % correct average std. dev. % correct

1 ro BT1 BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BTl BT2
0 0 0.00 0.00 0.00 0.00 1.00 1.00 | 0.000 0.00 0.00 0.00 1.00 1.00
0 1 0.12 0.11 033 032 088 0.89 | 0.0r 0.07 026 026 093 0.93
0 2 0.01 000 011 0.06 099 100 | 0.00 0.01 0.06 0.08 1.00 0.99
1 0 1.00 1.00 0.04 000 100 1.00 | 1.00 1.00 0.00 0.00 1.00 1.00
1 1 1.00 1.00 0.04 000 1.00 1.00 | 1.00 1.00 0.00 0.04 1.00 1.00
1 2 1.00 1.00 0.06 0.04 1.00 1.00 1.00 1.00 0.04 0.04 1.00 1.00
N =200, T =100 N =100, T = 200
average std. dev. % correct average std. dev. % correct

BT1 BT2 BT1 BT2 BT1 BT2 | BT1 BT2 BT1 BT2 BT1 BT2
0.00 0.00 0.00 0.00 100 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.03 027 016 044 097 073 | 0.03 0.03 0.18 0.17 097 0.97
0.00 0.03 0.04 016 100 097 | 0.01 0.01 0.08 0.09 099 0.99
1.00 1.00 0.00 0.00 1.00 1.00 | 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.06 004 100 1.00 | 1.00 1.00 0.00 0.00 1.00 1.00
099 100 011 000 099 1.00 | 1.00 1.00 0.00 0.04 1.00 1.00
N =200, T'= 200 N =200, T'= 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BT1 BT2 | BT1 BT2 BT1 BT2 BTl BT2
0.00 0.00 0.00 0.00 100 1.00 | 0.000 0.00 0.00 0.00 1.00 1.00
0.02 015 013 036 098 085 | 0.00 0.10 0.00 0.30 1.00 0.90
0.00 0.01 006 0.09 100 099 | 0.00 0.01 0.00 0.09 1.00 0.99
1.00 1.00 0.06 000 1.00 1.00 | 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 000 100 1.00 | 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 100 1.00 | 1.00 1.00 0.00 0.00 1.00 1.00

== =0 0 O3
iy
I\DHOI\D)—‘OS

HHHOOOS
MHO[\’)»—‘OG

In each cell we report the average and standard deviation of 71 over all Monte Carlo replications,

as well as the fraction of times in which 7 = r;.
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Table B10: Estimated number of zero-mean I(1) factors, 73, when r; = 0.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.04 0.04 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.04 0.04 1.00 1.00
1.98 198 0.15 0.14 098 0.98 1.96 196 021 0.19 096 0.96
1.91 1.91 030 029 091 0.91 1.86 1.86 035 035 086 0.86
1.93 1.93 026 026 093 094 1.86 1.86 0.35 0.34 087 0.86

MMMHHHDODS
MHO[\))—‘D[\DP—‘D;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.06 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.04 0.00 1.00 1.00
1.98 1.99 014 0.12 099 0.99 1.98 1.99 015 0.12 098 0.99
1.90 197 031 019 090 097 | 1.97 198 017 0.15 098 0.98
1.88 1.96 032 021 088 0.96 1.97 197 0.17 017 097 0.97

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
2.00 2.00 0.04 0.06 1.00 1.00 | 2.00 2.00 0.04 0.00 1.00 1.00
1.99 2,00 0.12 0.06 0.99 1.00 1.99 2,00 0.11 0.04 0.99 1.00
1.99 200 0.11 0.04 0.99 1.00 | 2.00 2.00 0.04 0.00 1.00 1.00

www»—-»—u—nooos

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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Table B11: Estimated number of zero-mean I(1) factors, 72, when r1 = 1.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.01 0.04 0.08 1.00 0.99 | 0.00 0.00 0.04 0.00 1.00 1.00
0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.06 0.00 1.00 1.00
0.00 0.00 0.00 0.04 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
099 098 011 015 099 098 | 098 099 0.13 012 098 0.9
09 09 019 021 096 096 | 097 098 0.18 0.15 097 0.98
097 095 017 021 097 095 | 095 098 024 014 095 0.98
1.49 1.46 0.53 0.54 0.51 0.48 1.55 1.54 051 0.51 056 0.55
1.26 1.25 054 055 0.31 0.31 1.31 1.30 052 054 034 0.34
1.21 1.22 052 054 026 0.28 1.32 1.27 054 053 036 0.31

MMMHHHDODS
MHOMHDMHD;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.04 0.04 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 | 099 099 0.08 011 099 0.99
1.00 1.00 0.04 0.06 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.99 1.00 0.11 0.09 0.99 1.00 1.00 1.00 0.09 0.00 1.00 1.00
1.96 198 019 0.13 096 0.98 1.84 1.83 037 039 084 0.83
1.75 1.89 043 031 075 0.89 1.73 1.70 045 046 0.73 0.70
1.70 1.84 047 036 0.71 0.84 1.65 1.68 048 048 0.65 0.68

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.09 0.09 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00
1.00 1.00 0.09 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.09 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00
2.00 1.99 0.06 0.08 1.00 0.99 | 2.00 2.00 0.09 0.00 1.00 1.00
1.96 199 019 0.11 096 099 | 2.00 2.00 0.06 0.04 1.00 1.00
1.95 1.97 023 0.16 095 0.97 1.99 1.99 0.15 0.14 0.99 1.00

MM[\D»—I»—A»—IOOOS
MHD[\)»—‘DMHOS

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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B.3.2 Fi(u), F>(u) uniform on {—5,5}

Table B12: Estimated number of factors with linear trend, 7.

N =50, T =100 N =100, T"= 100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BT1 BT2 | BT1 BT2 BT1 BT2 BT1 BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.02 002 013 0.13 098 098 | 0.01 0.01 0.09 009 099 0.9
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.04 0.04 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.04 0.00 1.00 1.00
093 092 026 027 093 092 | 0.82 081 038 039 082 081
090 091 029 029 090 091 | 0.84 0.84 036 037 0.84 0.84

»—A»—\»—AOOO:
l\DI—‘OM»—‘OG

N =200, T = 100 N =100, T'= 200
average std. dev. % correct average std. dev. % correct

rn re | BI'T BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BTl BT2
0 0 0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0 1 0.00 0.15 0.06 0.35 1.00 0.85 | 0.00 0.00 0.06 0.06 1.00 1.00
0 2 0.00 0.01 0.00 0.08 100 099 | 0.00 0.00 0.00 0.00 1.00 1.00
1 0 0.99 1.00 0.09 0.00 0.99 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1 1 0.69 1.00 046 0.04 069 1.00 | 1.00 1.00 0.06 0.06 1.00 1.00
1 2 0.66 1.00 048 0.06 066 1.00 | 1.00 1.00 0.04 0.06 1.00 1.00
N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct

BTl BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.08 0.00 0.26 1.00 0.92 | 0.00 0.02 0.00 0.14 1.00  0.98
0.00 0.00 0.00 0.06 1.00 1.00 | 0.00 0.00 0.00 0.04 1.00 1.00
1.00 1.00 0.06  0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.99 1.00 0.08 0.00 0.99 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00

== =0 0 O3
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In each cell we report the average and standard deviation of 71 over all Monte Carlo replications,

as well as the fraction of times in which 71 = r1.
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Table B13: Estimated number of zero-mean I(1) factors, 73, when r; = 0.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.06 0.04 1.00 1.00 | 098 098 0.13 013 098 0.98
099 099 012 012 099 099 | 099 099 012 012 099 0.99
1.90 1.89 031 031 090 0.89 1.83 1.82 039 039 083 0.82
1.55 1.54 0.51 051 056 0.55 1.52 1.51 0.52 052 0.53 0.52
1.61 1.61 050 0.50 0.61 0.61 1.49 1.49 0.52 0.52 0.50 0.50

MMMHHHDODS
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N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.97 100 0.16 0.04 0.97 1.00 1.00 1.00 0.04 0.00 1.00 1.00
0.99 1.00 0.12 0.04 0.99 1.00 1.00 1.00 0.06 0.06 1.00 1.00
1.95 198 022 015 095 0.98 1.92 193 027 026 093 0.93
1.71 1.88 047 034 072 0.88 1.81 1.82 041 039 081 0.82
1.66 1.79 049 041 067 0.79 1.80 1.81 040 040 080 0.81

MI\DMHHHOODS
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N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.99 199 0.09 0.10 099 099 | 2.00 2.00 0.04 0.00 1.00 1.00
1.90 1.98 031 0.13 090 0.98 1.98 1.99 0.15 0.11 098 0.99
1.87 196 034 020 087 0.96 1.98 1.99 0.14 0.09 098 0.99
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In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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Table B14: Estimated number of zero-mean I(1) factors, 72, when r; = 1.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.01 0.04 0.08 1.00 0.99 | 0.00 0.00 0.04 0.00 1.00 1.00
0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.06 0.00 1.00 1.00
0.00 0.00 0.00 0.04 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
0.81 079 039 041 0.81 0.79 | 0.84 084 037 037 084 0.84
0.69 069 046 047 069 069 | 0.71 0.71 045 045 0.71 0.71
070 069 046 046 070 069 | 0.67 0.68 048 047 0.67 0.68
081 078 049 050 0.04 004 | 0.82 081 049 048 0.04 0.04
0.59 058 050 0.50 0.01 0.01 0.58 058 0.51 0.51 0.01 0.01
0.54 053 052 0.51 0.01 0.01 0.60 0.57 050 0.51  0.01 0.01

MMMHHHDODS
MHO[\))—‘D[\DP—‘D;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.04 0.04 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
0.98 1.00 0.15 0.06 0.98 1.00 | 096 095 0.19 023 096 0.95
0.86 098 034 014 08 098 | 0.90 0.89 031 032 090 0.8
087 09 035 022 087 095 | 090 090 031 031 090 0.90
1.63 1.82 052 038 065 0.82 1.20 117 053 054 026 0.25
1.05 1.38 0.62 055 022 042 1.00 097 052 050 0.13 0.11
1.04 1.24 059 058 019 032 | 095 095 050 050 0.10 0.10
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N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
099 099 0.10 0.10 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00
0.98 1.00 0.14 0.00 0.99 1.00 1.00 1.00 0.00 0.00 1.00 1.00
097 099 017 0.08 098 0.99 1.00 1.00 0.00 0.04 1.00 1.00
1.90 1.95 030 021 090 0.95 1.99 200 0.11 0.04 0.99 1.00
1.53 1.79 057 042 057 0.80 1.90 1.96 030 020 090 0.96
1.50 1.67 056 049 053 0.68 1.83 1.90 039 032 084 0091
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In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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B.3.3 G(-) Student-t with 4 degrees of freedom

Table B15: Estimated number of factors with linear trend, 77.

N =50, T =100 N =100, T"= 100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BT1 BT2 | BT1 BT2 BT1 BT2 BT1 BT2

0.00  0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.23 023 042 0.42 0.77 077 | 0.11 0.11 0.31 0.31 0.89  0.89
0.06 0.05 0.23 0.23 094 095 | 0.02 0.01 0.14 0.12 0.98  0.99
1.00 1.00 0.04 0.04 1.00 1.00 1.00 1.00 0.04 0.00 1.00 1.00
1.00 1.00  0.00 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00

»—A»—\»—AOOO:
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N =200, T = 100 N =100, T'= 200
average std. dev. % correct average std. dev. % correct

rn re | BI'T BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BTl BT2
0 0 0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0 1 0.07 031 025 046 093 069 | 0.07r 0.06 026 024 093 094
0 2 0.00 0.09 0.04 028 100 091 | 0.01 0.00 0.08 0.06 099 1.00
1 0 1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1 1 099 1.00 0.08 0.04 099 100 | 1.00 1.00 0.00 0.04 1.00 1.00
1 2 1.00 1.00 0.00 0.00 1.00 1.00 | 1.00 1.00 0.00 0.00 1.00 1.00
N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct

BTl BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.04 028 019 045 096 0.72 | 0.01 0.13 009 034 099 0.87
0.00 0.03 0.04 0.18 1.00 097 | 0.00 0.01 0.04 0.08 1.00  0.99
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00
1.00 1.00 0.00 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
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In each cell we report the average and standard deviation of 71 over all Monte Carlo replications,

as well as the fraction of times in which 71 = r1.
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Table B16: Estimated number of zero-mean I(1) factors, 73, when r; = 0.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.99 1.99 0.09 0.09 099 0.99 1.98 198 0.13 0.13 098 0.98
1.99 1.98 0.13 0.13 099 0.98 1.95 1.93 023 026 095 094
1.99 1.99 0.12 0.11 099 0.99 1.94 1.95 024 022 094 0.95

MMMHHHDODS
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N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.06 1.00 1.00 1.00 1.00 0.04 0.04 1.00 1.00
1.99 1.99 0.11 0.08 099 0.99 1.99 199 010 0.10 099 0.99
1.95 1.99 022 0.10 095 0.99 1.99 1.98 0.13 0.14 099 0.98
1.93 1.98 026 0.15 093 0.98 1.98 1.98 0.13 0.14 098 0.98

MI\DMHHHOODS
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N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
2.00 2.00 0.04 0.00 1.00 1.00 | 2.00 2.00 0.04 0.00 1.00 1.00
1.99 2,00 0.09 0.04 0.99 1.00 | 2.00 2.00 0.00 0.00 1.00 1.00
1.98 1.99 0.15 0.08 098 099 | 2.00 2.00 0.00 0.00 1.00 1.00
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In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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Table B17: Estimated number of zero-mean I(1) factors, 73, when r; = 1.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.03 002 019 0.16 097 097 | 0.11 0.13 040 039 091 0.89
0.10 0.10 033 033 090 090 | 0.21 0.23 046 049 0.81 0.80
0.07 006 029 024 093 095 | 017 0.17 046 043 085 0.86
1.05 1.04 024 025 094 0.95 1.10 .11 036 036 090 091
1.07 107 028 030 092 0.93 1.18 1.16 0.43 044 083 0.85
1.06 1.05 024 022 094 095 1.16 1.11 046 040 085 091
1.92 195 037 042 086 085 | 2.06 2.06 046 043 0.83 0.85
1.89 1.83 049 051 077 075 | 2.06 204 051 056 0.78 0.75
1.85 1.86 043 047 080 0.77 | 2.04 2.01 057 052 077 0.77

MMMHHHDODS
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N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.02 002 014 0.13 098 098 | 0.09 0.14 030 039 091 0.88
0.04 024 019 044 096 076 | 0.16 0.18 042 044 087 0.84
0.01 004 012 020 099 097 | 017 0.10 046 032 085 0.90
1.01 1.02 0.09 0.17 099 0.98 1.14 1.13 037 036 087 0.88
1.04 1.10 0.22 030 096 0.90 1.14 1.16 043 040 087 0.85
1.01 1.02 0.12 0.17 099 097 1.13 1.18 040 046 088 0.85
201 202 010 017 099 097 | 210 2.09 034 037 090 0.89
2.03 205 029 032 0091 092 | 214 210 049 043 083 0.85
197 199 030 0.18 092 097 | 2.11 208 044 043 0.8 0.84

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.04 002 019 0.15 096 098 | 0.01 0.02 011 0.14 099 0.98
0.06 025 024 047 094 076 | 0.04 0.13 019 033 096 0.87
0.03 005 016 021 097 095 | 0.02 0.03 0.14 016 098 0.97
1.04 1.03 020 022 096 0.96 1.01 1.02 0.12 0.17 099 0.98
1.05 111 025 031 095 0.89 1.03 1.07 019 025 097 0.93
1.01 1.03 0.12 020 099 097 1.03 1.02 019 0.16 097 0.98
203 202 018 017 097 097 | 202 2.02 014 018 098 0.97
208 209 029 030 092 0091 205 205 024 021 095 0.9
2.01 204 016 021 097 096 | 2.01 2.01 0.11  0.12 0.99 0.99
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In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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B.4 Setting 6* = 107! in equation (35)

As discussed in the main paper, 6* should be very close to zero, and in the main paper we use §* = 107°.
The theory predicts that a large §* will compress diverging eigenvalues, thus leading (for finite N) to an
understatement of r; and ro. As can be seen, this seems particularly evident for rs.

Table B18: Estimated number of factors with linear trend, 77.

N =50, T =100 N =100, T = 100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BT1 BT2
0.00 0.00 0.00 0.00 1.00 100 | 0.00 0.00 0.00 0.00 1.00 1.00
0.11  0.10 031 030 089 090 | 0.05 0.04 021 021 095 0.96
0.01 000 011 0.06 099 100 | 0.00 0.00 0.04 004 1.00 1.00
1.00 100 0.04 000 100 1.00 | 1.00 1.00 0.00 0.00 1.00 1.00
1.00 100 0.06 000 100 100 | 099 099 011 0.10 099 0.99
1.00 100 0.04 004 100 100 | 099 098 0.08 0.13 099 0.98
N =200, T"= 100 N =100, T"= 200
average std. dev. % correct average std. dev. % correct

== =0 O O
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rt re | BTl BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BTl BT2
0 0 0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0 1 0.01 0.19  0.08 0.39 099 0.81 0.01 0.01 0.12 0.11 0.99 0.99
0 2 0.00 0.01 0.00 0.09 1.00 0.99 | 0.00 0.00 0.00 0.00 1.00 1.00
1 0 1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1 1 0.89 1.00 0.32 0.04 0.89 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1 2 0.85 1.00 0.36 0.00 0.85 1.00 1.00 1.00 0.04 0.04 1.00 1.00
N =200, T' = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct

BTl BT2 BT1 BT2 BT1 BT2 | BTl BT2 BT1 BT2 BT1 BT2
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.10 0.04 0.29 1.00 090 | 0.00 0.04 0.00 0.20 1.00  0.96
0.00 0.00 0.00 0.06 1.00 1.00 | 0.00 0.00 0.00 0.06 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00  0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
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In each cell we report the average and standard deviation of 71 over all Monte Carlo replications,

as well as the fraction of times in which 71 = r1.

69



Table B19: Estimated number of zero-mean I(1) factors, 73, when r; = 0.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.04 0.04 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.06 0.06 1.00 1.00
1.98 198 0.15 0.15 098 0.98 1.93 194 026 024 093 094
1.90 1.90 030 031 090 0.90 1.75 1.74 043 044 075 0.74
1.93 1.93 027 026 093 0.93 1.74 1.75 044 043 074 0.75
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N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.98 1.00 0.15 0.04 0.98 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.99 1.00 0.10 0.04 0.99 1.00 1.00 1.00 0.04 0.00 1.00 1.00
197 198 0.19 0.13 097 0.98 197 198 0.17 0.13 098 0.98
1.78 1.92 043 029 079 0.92 1.94 1.95 025 022 094 0.95
1.74 1.87 045 034 074 0.87 1.94 1.94 023 024 094 094
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N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.99 199 0.09 0.09 099 099 | 2.00 2.00 0.04 0.00 1.00 1.00
1.95 1.99 023 0.09 095 0.99 1.98 1.99 0.13 0.08 098 0.99
1.93 1.98 025 0.13 093 0.98 1.99 200 0.09 0.04 0.99 1.00

www»—-»—u—nooos

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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Table B20: Estimated number of zero-mean I(1) factors, 73, when r; = 1.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 008 012 099 099 | 0.02 0.02 016 015 098 0.98
0.01 o001 013 010 098 099 | 0.02 0.03 0.15 018 098 0.97
0.01 0.01 0.08 0.10 099 0.99 | 0.01 0.03 013 016 098 0.97
1.00 099 0.09 0.13 099 0.99 1.00 1.01  0.15 0.15 098 0.98
098 098 014 0.19 098 097 | 1.02 1.01 0.20 0.18 096 0.97
0.99 1.00 0.14 0.17 098 0.97 1.00 1.02 023 018 096 097
1.69 1.66 050 0.50 0.70 0.66 1.76 1.76 0.45 047 074 0.74
1.51 1.45 0.55 0.57 0.51 0.48 1.60 1.55 054 058 0.59 0.56
1.48 1.44 0.57 0.57 050 0.47 1.58 1.54 056 0.56 0.58 0.52

MMMHHHDODS
MHOMHDMHD;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.04 1.00 1.00 | 0.02 0.01 0.15 0.10 098 0.9
0.00 0.01 0.04 0.11 1.00 099 | 0.03 002 018 0.16 097 097
0.00 0.00 0.00 0.00 1.00 1.00 | 0.01 0.03 013 017 098 0.97
1.00 1.00 0.06 0.00 1.00 1.00 1.04 1.03 019 020 096 0.96
1.00 1.00 0.06 0.10 1.00  0.99 1.03 1.02 0.18 0.15 097 0.98
0.99 1.00 0.13 0.09 0.99 1.00 1.01 1.02 0.16 0.15 098 0.98
1.96 199 020 0.12 096 0.99 1.93 1.93 030 032 090 091
1.77 189 044 032 076 0.89 1.86 1.85 0.43 042 0381 0.80
1.71 1.84 048 037 0.72 0.85 1.83 1.82 039 047 082 0.77

MI\DMHHHOODS
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N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
0.00 0.01 0.04 0.08 1.00 0.99 | 0.00 0.01 0.04 0.09 1.00 0.99
0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.10 0.09 1.00 1.00 1.00 1.00 0.00 0.06 1.00 1.00
1.00 1.00 0.10 0.04 1.00 1.00 1.00 1.00 0.00 0.06 1.00 1.00
1.00 1.00 0.09 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00
2.00 200 0.06 0.09 1.00 0.99 | 2.00 200 0.09 0.04 1.00 1.00
1.96 1.99 022 0.13 095 0.98 1.99 2,00 0.10 0.06 0.99 1.00
1.95 1.98 022 0.14 096 0.98 1.99 1.99 0.15 0.15 099 0.99

MM[\D»—I»—A»—IOOOS
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In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.

71



B.5 Sensitivity analysis to the choice of R, and R,
B.5.1 R;=Nand R, =N

Table B21: Estimated number of factors with linear trend, 7.

N =50, T =100 N =100, T'= 100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.04 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.39 039 049 049 0.61 0.61 | 0.19 018 039 039 0.81 0.82
032 029 047 046 068 072 | 0.056 0.06 022 023 095 094
1.00 1.00 0.06 0.06 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.01 1.01 0.09 0.10 099 0.99 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.01  0.06 0.08 1.00  0.99 1.00 1.00 0.00 0.04 1.00 1.00

H»—l»—AOOOj
MHOM»—‘OG

N =200, T'= 100 N =100, T = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BT1 BT2 | BT1 BT2 BT1 BT2 BT1 BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.10 037 0.31 0.48 090 063 | 0.13 0.12 034 032 0.87 0.88
0.01 010 0.08 030 099 090 | 0.03 0.03 016 016 097 0.97
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00

== =0 O O
-
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N = 200, T = 200 N = 200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BTl BT2 BTl BT2 BT1 BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.04 032 020 047 096 068 | 0.02 0.17 015 037 098 0.83
0.00 0.06 0.00 0.23 1.00 094 | 0.00 0.03 0.00 0.16 1.00 0.97
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00  0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.04 1.00 1.00 1.00 1.00 0.04 0.04 1.00 1.00

H»—l»—AOOOj
I\DHOMHOS

In each cell we report the average and standard deviation of 71 over all Monte Carlo replications,

as well as the fraction of times in which 7 = r;.
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Table B22: Estimated number of zero-mean I(1) factors, 73, when r; = 0.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.01 0.01 0.10 011 099 099 | 0.00 0.00 0.00 0.00 1.00 1.00
0.10 0.12 030 033 090 088 | 0.00 0.00 0.00 0.00 1.00 1.00
0.03 004 016 020 097 096 | 0.00 0.00 0.00 0.00 1.00 1.00
1.01 1.00 0.09 0.08 099 0.99 1.00 1.00 0.04 0.00 1.00 1.00
1.02 1.02 014 0.15 098 0.98 1.00 1.00 0.00 0.00 1.00 1.00
1.01 1.01 0.12 0.13 099 0.98 1.00 1.00 0.00 0.00 1.00 1.00
2.00 200 0.12 0.00 0.99 1.00 1.99 199 010 0.11 099 0.99
2.01 203 011 018 099 097 1.98 1.97 0.17 0.16 098 097
201 200 012 0.09 0.99 0.99 1.98 1.98 0.13 0.13 098 0.98

MMMHHHDODS
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N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.06 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.04 1.00 1.00 1.00 1.00 0.04 0.00 1.00 1.00
2.00 2.00 0.04 0.00 1.00 1.00 | 2.00 2.00 0.00 0.09 1.00 1.00
1.98 2,00 0.13 0.04 0.98 1.00 | 2.00 2.00 0.00 0.09 1.00 1.00
1.96 1.99 019 0.09 096 099 | 2.00 200 0.04 0.04 1.00 1.00

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
2.00 2.00 0.04 0.06 1.00 1.00 | 2.00 2.00 0.04 0.00 1.00 1.00
1.99 2,00 0.09 0.04 0.99 1.00 | 2.00 2.00 0.04 0.04 1.00 1.00
2.00 2.00 0.06 0.00 1.00 1.00 | 2.00 2.00 0.00 0.09 1.00 1.00

www»—-»—u—nooos

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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Table B23: Estimated number of zero-mean I(1) factors, 73, when r; = 1.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.01 0.00 011 0.08 099 099 | 003 0.03 017 017 098 0.97
0.01 o001 012 011 099 099 | 0.056 0.05 021 023 095 0.95
0.00 0.01 0.08 011 099 099 | 004 003 0.19 018 096 0.97
1.00 1.01  0.06 0.08 1.00  0.99 1.02 .01  0.18 0.11 097 0.99
1.00 1.00 0.11 0.16 099 0.98 1.05 1.02 025 0.16 095 097
1.00 1.01 0.13 0.15 098 0.98 1.03 1.02 019 0.18 097 097
1.82 1.80 0.41 041 081 0.80 1.90 193 036 036 088 0.87
1.73 1.69 048 049 0.72 0.69 1.81 1.79 045 048 0.76 0.74
1.72 1.71 047 049 0.72 0.70 1.81 1.81 0.44 043 078 0.79

MMMHHHDODS
MHOMHDMHD;

N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.06 1.00 1.00 | 0.02 0.01 0.14 0.10 098 0.9
0.01 0.07 008 026 099 093 | 0.05 0.03 022 018 096 0.97
0.00 0.00 0.08 0.00 0.99 1.00 | 0.02 0.02 0.15 0.14 098 0.98
1.00 1.00 0.04 0.04 1.00 1.00 1.01 1.01 0.09 010 099 0.99
1.00 1.00 0.11 0.12 099 0.99 1.04 1.04 020 020 096 0.96
1.00 1.00 0.06 0.10 1.00 1.00 1.02 1.03 0.15 0.18 098 0.97
1.99 199 014 0.10 0.99 0.99 | 2.00 1.99 019 024 096 0.96
1.94 200 026 017 093 097 | 1.96 1.94 032 031 0091 0.92
1.92 1.96 027 020 092 0.96 1.98 1.97 023 030 095 0.92

MI\DMHHHOODS
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N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.04 0.04 1.00 1.00
0.01 0.06 010 024 099 094 | 0.00 0.01 0.00 0.10 1.00 0.99
0.00 0.00 0.00 0.04 1.00 1.00 | 0.00 0.00 0.06 0.00 1.00 1.00
1.00 1.00 0.00 0.06 1.00 1.00 1.00 1.00 0.04 0.06 1.00 1.00
1.01 .01 0.11 0.10 099 0.99 1.00 1.00 0.09 0.06 1.00 1.00
1.01 1.00 0.09 0.04 0.99 1.00 1.00 1.00 0.00 0.00 1.00 1.00
2.00 1.99 0.06 0.13 1.00 0.99 | 2.00 2.00 0.00 0.06 1.00 1.00
199 201 0.17 015 099 098 | 2.01 2.01 0.13 0.08 099 0.99
1.99 200 0.11 0.08 099 0.99 | 2.00 1.99 0.04 0.17 1.00 0.99
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In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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B.5.2 R;=3N and Ry = 3N

Table B24: Estimated number of factors with linear trend, 77.

N =50, T =100 N =100, T = 100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.13 011 034 032 087 089 | 0.09 0.08 028 028 091 0.92
0.01 001 010 009 099 099 | 0.01 0.01 0.08 008 099 0.9
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.06 0.00 1.00 1.00

e N e e] ]
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N =200, T =100 N =100, T"= 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BT1 BT2 | BT1 BT2 BT1 BT2 BT1 BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.04 028 020 045 096 072 | 0.04 0.03 019 018 096 0.97
0.00 0.06 0.04 0.23 1.00 094 | 0.00 0.00 0.04 0.04 1.00 1.00
1.00 1.00 0.06  0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.99 1.00 0.09 0.00 0.99 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.99 1.00 0.08 0.00 0.99 1.00 1.00 1.00 0.00 0.00 1.00 1.00

»—A»—\»—‘OOOE
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N =200, T = 200 N =200, T'= 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.01 023 012 042 099 077 | 0.00 0.11 0.00 0.31 1.00  0.89
0.00 0.01 0.04 0.09 1.00 0.99 | 0.00 0.00 0.00 0.04 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.04 0.00 1.00 1.00

== -0 0 O3
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In each cell we report the average and standard deviation of 71 over all Monte Carlo replications,

as well as the fraction of times in which 71 = ;.
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Table B25: Estimated number of zero-mean I(1) factors, 73, when r; = 0.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.99 199 0.12 0.12 099 0.99 1.98 198 013 0.14 098 0.98
1.94 1.94 024 023 094 094 1.90 1.88 031 033 090 0.89
1.96 1.94 021 023 096 0.94 1.89 1.89 032 032 089 0.89

MMMHHHDODS
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N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.04 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
0.99 1.00 0.08 0.00 0.99 1.00 1.00 1.00 0.00 0.04 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.04 1.00 1.00
1.99 2,00 0.09 0.06 0.99 1.00 1.99 1.99 010 0.09 099 0.99
1.90 1.98 031 0.15 090 0.98 197 197 0.16 019 097 0.97
1.91 1.97 031 017 092 0.97 1.98 1.98 0.13 0.15 098 0.98

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
0.00 0.00 0.00 0.00 1.00 1.00 | 0.00 0.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.00 0.00 0.00 1.00  1.00 1.00 1.00 0.04 0.04 1.00 1.00
1.00 1.00 0.00 0.00 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
2.00 200 009 0.04 100 100 | 2.00 200 0.04 0.04 1.00 1.00
1.98 2,00 0.13 0.04 0.98 1.00 1.99 2,00 0.09 0.00 0.99 1.00
1.99 2,00 0.09 0.00 0.99 1.00 | 2.00 2.00 0.04 0.04 1.00 1.00

www»—-»—u—nooos

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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Table B26: Estimated number of zero-mean I(1) factors, 73, when r; = 1.

N =50, T =100 N =100, T =100
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.06 0.06 1.00 1.00 | 0.02 0.03 0.14 017 098 097
0.02 001 014 0.12 098 099 | 0.04 0.04 019 019 096 0.96
0.00 0.01 0.08 008 099 099 | 004 002 020 017 096 0.98
.01 099 0.11 0.12 099 0.99 1.02 1.03 0.17 0.19 098 0.97
1.01 1.00 0.15 0.08 098 0.99 1.04 1.05 0.22 022 096 0.95
1.01 099 012 012 099 0.99 1.02 1.02 017 0.15 097 0.98
1.82 1.82 039 044 082 0.81 1.93 191 034 036 089 0.88
1.73 1.72 047 048 0.72 0.70 1.83 1.84 047 043 075 0.80
1.76 1.73 047 046 075 0.71 1.80 1.81 0.45 048 077 0.77

MMMHHHDODS
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N =200, T'= 100 N =100, T" = 200
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.00 0.00 1.00 1.00 | 0.03 0.02 0.17 015 097 0.98
0.00 0.06 000 024 100 094 | 0.04 005 021 022 096 0.95
0.00 0.00 0.00 0.04 1.00 1.00 | 0.03 0.03 0.18 017 097 0.97
1.00 1.00 0.06 0.06 1.00 1.00 1.03 1.03 016 0.16 097 097
0.99 1.02 0.10 0.15 1.00 0.98 1.03 1.04 0.16 020 097 0.96
1.00 1.00 0.00 0.04 1.00 1.00 1.02 1.01 0.21 015 097 0.98
2.00 2.00 0.06 0.04 1.00 1.00 | 2.01 200 022 021 096 0.96
1.96 199 021 0.18 095 097 | 1.95 1.96 029 029 0091 0.92
1.91 1.94 029 0.26 0.91 0.95 1.96 1.95 029 031 092 091

MI\DMHHHOODS
MHONHOMHOS

N =200, T = 200 N =200, T = 500
average std. dev. % correct average std. dev. % correct
BT1 BT2 BT1 BT2 BTl BT2 | BT1 BT2 BT1 BT2 BTl BT2

0.00 0.00 0.04 0.00 1.00 1.00 | 0.00 0.00 0.04 0.00 1.00 1.00
0.00 0.07 0.06 0.26 1.00 0.93 | 0.01 0.01 0.10 0.11 099 0.99
0.00 0.00 0.00 0.04 1.00 1.00 | 0.00 0.00 0.00 0.08 1.00 0.99
1.00 1.00 0.06 0.04 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
1.00 1.01  0.06 0.12 1.00  0.99 1.00 1.00 0.04 0.04 1.00 1.00
1.00 1.00 0.00 0.10 1.00 1.00 1.00 1.00 0.00 0.00 1.00 1.00
2.00 2.00 0.04 0.06 1.00 1.00 | 2.00 2.00 0.00 0.04 1.00 1.00
2.00 201 020 0.15 098 0.98 199 200 0.17 012 099 0.99
2.00 200 012 0.04 0.99 1.00 | 2.00 2.00 0.06 0.15 1.00  0.99

MM[\D»—I»—A»—IOOOS
MHD[\)»—‘DMHOS

In each cell we report the average and standard deviation of 72 over all Monte Carlo replications,

as well as the fraction of times in which 75 = rs.
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