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@ Introduction
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Introduction

@ Factor analysis is one of the earliest proposed multivariate statistical
techniques.

@ |t dates back to the studies of Spearman (1904) in experimental psychology.

@ Main idea:
a vector of n observed random variables/time series decomposed into the
sum of

@ few, less than n, latent factors
@ capturing co-movements;
@ many idiosyncratic factors
@ capturing item specific or local features or measurement errors.

@ We can retrospectively consider factor analysis as a pioneering technique in
the filed of unsupervised statistical learning.
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Introduction

Examples:

@ equity returns are driven by few factors representing the “market” plus some
factors specific of a given company or sector;

@ GDP or inflation are driven by few factors representing the “business cycle”
plus some measurement errors.
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Introduction

Finance example stock returns:

10 10

0 0

-10 -
02 04 06 08 10 12 10 02 04 06 08 10 12

10 10

0 0

-10 -
02 04 06 08 10 12 10 02 04 06 08 10 12

Blue: IBM;

Green: AIG;

Purple: Goldman Sachs;
Red: S&P500 (weighted average) capturing the co-movements.
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Introduction

Macro example:
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Blue: CPI quarterly inflation;
Green: GDP quarterly growth rate;
Red: Average of GDP and CPI capturing the co-movements.
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Introduction

Main intuition:

CO-MOVEMENTS ARE CAPTURED BY
AGGREGATING THE DATA (DYNAMICALLY)
i.e. BY CROSS-SECTIONAL (WEIGHTED*) AVERAGES!

(* the weights are selected starting from the data, not a priori.)

IN LARGE SYSTEMS BY FOCUSSING ON CO-MOVEMENTS
WE ACHIEVE DIMENSION REDUCTION!
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Introduction

Features of large datasets of time series available today:

number of periods for which we have data is limited and constrained by
passage of time;

more and more time series are collected and made available by statistical
agencies;

we denote by

o T the the sample size, points in time;
o n the number of series;

we are in a setting where n ~ T or even n > T

o hard problem in statistics: high-dimensional setting;
in macro n ~ 100, 1000 and T ~ 100, 1000 (quarterly or monthly series);
in finance n ~ 100, 1000 and T ~ 1000, 10000 (daily series).
(moderately) big datal
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Introduction

Two main fields of applications:
© psychometrics in a low-dimensional setting (spearman, 1904);

@ econometrics in a low- and high-dimensional setting with applications to

o the analysis of financial markets
(Connor, Korajczyk & Linton, 2006; Ait-Sahalia & Xiu, 2017; Barigozzi & Hallin, 2020);
e the measurement and prediction of macroeconomic aggregates
(De Mol, Giannone & Reichlin, 2008; Giannone, Reichlin & Small, 2008; Barigozzi & Luciani, 2021);
o the study of the dynamic effects of unexpected shocks to the economy
(Bernanke, Boivin & Eliasz, 2005; Forni & Gambetti, 2010; Barigozzi, Lippi & Luciani, 2021);
o the analysis of demand systems (stone, 1945; Barigozzi & Moneta, 2014).

A Google search on “Dynamic Factor Model” brings no less than 435 million
entries—as many “as the stars of the heaven and as the sand which is upon the
seashore!”
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Taxonomy of Factor Models

@ Taxonomy of Factor Models
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Taxonomy of Factor Models

@ We model a panel of n time series {x; = (214 - Tpnt)', t € Z} as
i = Xat + &it,

where

@ xi: common component, i.e. driven by factors common to all z;’s;
e &, idiosyncratic component;
e Cov(xit, &js) = 0 for any 4, j, ¢, s (orthogonal at all leads and lags).

@ Throughout, for simplicity we work with centered data so
Elxie] = E[&it] = 0.

@ We assume weak stationarity of {x;, t € Z}.
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Taxonomy of Factor Models

@ There are different kind of factor models:
o Exact vs. Approximate, this refers to idiosyncratic components;

e Static vs. Dynamic, this refers to common components.
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Taxonomy of Factor Models

Exact vs. Approximate.

Let & = (&1t &ne)".
@ Exact: the elements of &; are not correlated:
o I'¢ = E[¢,£]] is diagonal;
@ Approximate: mild cross-sectional correlations are allowed:
o T'¢ = E[¢,£]] is not diagonal;
The distinction is about contemporaneous correlations only.
About autocorrelations:

@ exact model: natural to assume also I‘i = E[&:&, 1] = 0,xp forall £ # 0.

@ approximate model: we can allow for I‘i = E[&&;_.] # 0,,xn for some
k # 0, or even for all k € Z provided we control for serial dependence.

The term generalized is used only for the dynamic case and only under certain
additional conditions.
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Taxonomy of Factor Models

@ Classical factor analysis considers an exact model, n is small and fixed,;

@ In an exact model we can estimate the loadings even if n fixed, but the
factors are not estimated consistently, unless n — oo;

@ In a high-dimensional setting, n — oo, an exact model is not realistic;

@ Modern factor analysis considers the approximate model = curse of
dimensionality;

@ An approximate model can be identified and estimated only if n — co =
blessing of dimensionality;

@ The condition on mild idiosyncratic cross-sectional correlations must depend
on n. The most common are:

® SUpP,cN uf < M, with u? the max eigenvalue of T'¢;

® SuPeyn ! ZZj:l |E[Ge&je]| < M;

® SUPyenyMaXi=1,....n > [E[&a&jell < M;

o |E[&it&je]| < My s.t. sup,en Dory M;j < M and
SUPen Z?zl M;; < M.
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Taxonomy of Factor Models

Ex: static 1-factor model:
i = Fy + &y,

Consider an exact homoskedastic static factor model, then as n — oo,

2 2
1 & 1< 1< E[¢2]
E <n;9€it—Ft> =E (n;&t> :ﬁ;E[fzzt}: nt — 0.

Under heteroskedasticity

2
1 n 1 maxXi;=i,...n E[ 12]
. (anit> = 7 DBl = TR 0
i=1 i

We need n — oo to consistently estimate the factors. Classically n fixed and
factors are incidental parameters.
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Taxonomy of Factor Models

Ex: static 1-factor model (cont.):
Ty = Fi + &,

The same argument would hold also for an approximate model as long as

1 ’ 1 /T8 maxyae—t VT 4
- . . _ VIV V= _ "1
E - E 1 Sit =3 E IE[fztfgt] =— 3 = - =0
i= ij=

where ¢ = (1---1)".

The max eigenvalue of TX = (E[F?]¢/ is u) = nE[F?].

As n — oo eigengap increases: we can identify the common component, and we
can recover the factors. = blessing of dimensionality!
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Taxonomy of Factor Models

Static vs. Dynamic.

@ Static:
zit = NFy +&, (1)
—~—
Xit
the factors F; and the loadings A; are r-dimensional vectors with r < n.
F; have only a contemporaneous effect on xz;; and are called static factors.

@ Dynamic:

Ty = Z )\Z;ft—k +&its (2)
k=0

—_——
Af, (L)fi=xit

the factors f; and the loadings A}, are g-dimensional vectors with ¢ < n.
f; have effect on z;; through their lags too and are called dynamic factors.

@ If s < oo and &;; is the same in (1) and (2) then ¢ < r.

@ If s = oo then (2) is the most general dynamic factor model.
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Taxonomy of Factor Models

@ Approximate static factor model

zip = NFy 4+ &

Estimation:
Principal Components (Chamberlain & Rothschild, 1983; Stock & Watson, 2002; Bai, 2003).
Quasi Maximum Likelihood (Bai & Li, 2016).

@ Exact static factor model
Estimation:
Principal Components (Hotelling, 1033).
Maximum Likelihood (Thomson, 1936; Bartlett, 1937; Lawley, 1040; Anderson & Rubin, 1956;
Joreskog, 1969; Lawley & Maxwell, 1971; Amemiya, Fuller & Pantula, 1987; Tipping & Bishop, 1999; Bai &
Li, 2012).
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Taxonomy of Factor Models

@ Approximate dynamic factor model (DFM)

zip = NFy + &,
Ft = N(L)ut

Estimation:

Principal Components plus VAR (Forni, Giannone, Lippi & Reichlin, 2000).

Principal Components plus Kalman smoother (poz, Giannone & Reichlin, 2011).
Expectation Maximization algorithm (watson & Engle, 1083; Quah & Sargent, 1993; Doz,
Giannone & Reichlin, 2012; Barigozzi & Luciani, 20xx).
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Taxonomy of Factor Models

@ Approximate dynamic factor model (DFM)

zip = NFy + &ir,
Ft = AFt,1 + Hut.

Estimation:

Principal Components plus VAR (Forni, Giannone, Lippi & Reichlin, 2000).

Principal Components plus Kalman smoother (poz, Giannone & Reichlin, 2011).
Expectation Maximization algorithm (watson & Engle, 1083; Quah & Sargent, 1993; Doz,
Giannone & Reichlin, 2012; Barigozzi & Luciani, 20xx).
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Taxonomy of Factor Models

@ Restricted generalized dynamic factor model (GDFM)

Tip = Z A Fok + &,
k=0
fi=G(L)w

Estimation:
Spectral Principal Components plus Principal Components (Forni, Hallin, Lippi &

Reichlin, 2005).

@ Exact dynamic factor model
Estimation:
Spectra| EXpeCtatiOn MaXimiZatiOn algorithm (Sargent & Sims, 1977; Fiorentini, Galesi &

Sentana, 2018).
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Taxonomy of Factor Models

@ Restricted generalized dynamic factor model (GDFM)

Tip = )\?/(L)ft + &t
fi=®fi_1+u,.

Estimation:
Spectral Principal Components plus Principal Components (Forni, Hallin, Lippi &

Reichlin, 2005).

@ Exact dynamic factor model
Estimation:
Spectral Expectation Maximization algorithm (Sargent & Sims, 1977; Fiorentini, Galesi &

Sentana, 2018).
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Taxonomy of Factor Models

@ Unrestricted generalized dynamic factor model (GDFM)

o
!
Tip = E ALifi—k + &t
k=0

.ft = G(L)ut

Estimation:
Spectral Principal Components (Forni, Hallin, Lippi & Reichlin, 2000).
Spectral Principal Components pIUS VAR (Forni, Hallin, Lippi & Zaffaroni, 2017; Barigozzi,

Hallin, Luciani & Zaffaroni, 2023).
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Taxonomy of Factor Models

@ Unrestricted generalized dynamic factor model (GDFM)

Tip = b;(L)ut + it

Estimation:
Spectral Principal Components (Forni, Hallin, Lippi & Reichlin, 2000).
Spectra| Principa| Components pIUS VAR (Forni, Hallin, Lippi & Zaffaroni, 2017; Barigozzi,

Hallin, Luciani & Zaffaroni, 2023).
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Taxonomy of Factor Models

@ Compare the approximate DFM with the unrestricted GDFM
(A) zie = NjFy + &ir, (B) wit = )\II(L)ft + &it,
F; = AF;_; + Hu, fi=Pfi1+w.

@ Let Fy = (f] - fl_.) st. r=q(s+ 1) > g, then (B) reads (say s = 1)

Tip = [)\(*); T;] Fi + &,
® 0 I
F = axq ) F 1 —+ ( q > u
! ( I; Ogxq ! 0gxq !

@ The two representations are equivalent if the idiosyncratic component is the
same in (A) and (B) (stock & Watson, 2011, 2016)
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Taxonomy of Factor Models

@ Compare the approximate DFM with the unrestricted GDFM

(A) 2 = NJF, +ei, (B) it = XY (L) fe +501,
N—— N——
Cit Xit

@ The idiosyncratic component does not need to be the same and so the
common components.

@ In general, Var(&;:) < Var(e;:), since dynamic aggregation captures more
than static aggregation.

o The genera| relation is (Gersing, Rust, Deistler & Barigozzi, 2024)

€it

—_——
zip = Ci + € + it
——
and € is the weak common component, loading F;_1,...,F;_.

@ In this case Fy = f;.

@ This requires new estimation approaches.
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Taxonomy of Factor Models

Spearman (1904)

Hoteling (1933a.0), Bartes (1937, 1938)

Lawley and Maxwell (1971, Joreskog (1969)
‘Anderson and Rubin (1956), Amemiya, Fullr, and Pantla (1987)
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Source: Barigozzi and Hallin, 2024.
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Taxonomy of Factor Models
@ Scalar notation (i =1,...,nand ¢t =1,...,7T):
zie = X, Fy +&.
vv

1xr TX1

@ Vector notation (i =1,...,nort=1,...,T):

x¢ = A Fy + & xr; =

~— N \f’7 \L’

nx1 nXT rx1 nx1 Tx1 Txr rx1
—_——— ———

Xt Xi

@ Matrix notation:

c

@ Stacked notation:
X = L F 4+ &
~~ — = =~

= F X\ + (.
vvxc/
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Approximate Factor Model

@ Approximate Factor Model
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Approximate Factor Model

Weighted averages. Large n to recover factors.

@ Take any n x r weight matrix Wy = (wp1 - wp,)" and such that
nTWELA =K >~ 0, nIWiWp =1,
and ||lwg,;|| < c for some ¢ > 0 independent of i.

@ For any given t an estimator of a linear combination of the factors is

F,

- W; W, AF |44 1<
_WpXe  WpAl: + rét — KF, + *Zw%ifit-
n n ’

i=1

n n

@ Then we have y/n-consistency if as n — oo (assume r = 1 for simplicity):

2 e 2

c? T c & 1

2 St < Sui=0(3),
or

2 (L300 Sy [Elail) =0 (),

which are standard assumptions in approximate factor model.

1 n
E |n ; wr it

@ It is enough to have n"'W,A — K and n"'W,Wp — I, as n — oo.
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Approximate Factor Model

Weighted averages. Large n to recover factors. Example.

@ For known A, the OLS estimator of the factors is, for any given ¢,

FPS = (A'A) 'A%, = (AA) ' A/(AF, + &)
1 o e
. £/ - N
=F, + (nZ;AA) (nzl&é“n).

@ For consistency it is enough that, as n — oo:
0 %E?:l Azgzt _>p 07‘;
Q LYy AN =423, 0
and 1 is ensured by ||A;]| < M) plus weak cross-sectional dependence of
idiosyncratic components:

1 n n
sup > D [Elgiyel| < Me,
ne i=1 j=1

@ This is equivalent to choose the optimal unfeasible weights
Wp =nA(A'A)7!, then K =n"'WLA =1,.
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Approximate Factor Model

Weighted averages. Large T to recover loadings.

@ Take any T x r weight matrix W = (wa 1 ---wa,7)" and such that
T'W F=K=>=0, T 'WW,=1I,
and ||lwa || < ¢ for some ¢ > 0 independent of ¢.

@ For any given ¢ an estimator of a linear combination of the loadings is

AZ T T + T 1+

. Wiz WIFA, WG li’w'f
i A tSit-

@ Then we have v/T-consistency if as T — oo (assume 7 = 1 for simplicity):
1 & N e (1 & 1
T tzzl ’U.)A,tgit ? < g ; gztfis ) = <T> )

which is a standard assumption for stationary time series.

@ It is enough to have T-'W}F — K and T"'W W, — I, as T — oo.

’ﬂ \
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Approximate Factor Model

Weighted averages. Large T to recover factors. Example.

@ For known F', the OLS estimator of the loadings is, for any given 1,

Mo — (F'F) 'F'a; = (F'F)'F'(FX\; + &)

1< Tz
_ . - / - .
— A+ (T ;ZlFtFt) (T ) thn> .

@ For consistency it is enough that, as T' — oc:

T
TZt 1 Fi&iv —=p 0p;
Q@ Ay FF,=EF , TF .

and 1 and 2 are ensured by standard time series assumptions: finite fourth
order cumulants, strong mixing, ergodicity....plus

SupTZZ‘Efztgzs | <M§
t=1 s=1

@ This is equivalent to choose the optimal unfeasible weights
Wr=TF(F'F)™!, then K=T"'W,F =1,.
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Approximate Factor Model

Identification problem.
@ We can always rewrite the model as:
Xy = @HilFt +&t,
P G
for some invertible r x r matrix H.
@ To pin down H we need r? constraints.

@ The common component x; = AF; = PG, is always identified.

32/151



Approximate Factor Model

Main assumptions.

E[F:] =0, E[&:] = 0y;
EE L, TF = 0asT — oo;
A'A

- — XA = 0asn— oo;

m T T
¢ >0 and SUP, TeN Dy ZjLzl Dot 2s—1 [E[&&ss]| < M;
finite fourth order moments of {£;;} summable over ¢ and i;

{F;} and {&;} are mutually independent;

. F Al . . . . .
the r eigenvalues of FT—LX = % are distinct (coincide with those of

EAFF);

CLTs, as n, T — o0,

HMH

1 n
7 ; Aikit »a N(0,,T),

tgzt —>d Ora (I’z)
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Approximate Factor Model

Alternatively to A.1 we can make assumptions on the process {F;} such that
2

E| <M

T
1
V7 2 (FF T
t=1

e.g. assume finite fourth order moments of {F,} summable over ¢.
Alternatively to A.2 and part of A.3 we can assume
2’ largest r eigenvalues of T'X diverge (linearly) as n — oo
X X

o M . P .
¢; <liminf =~ <limsup -+ <¢;, j=1,...,r
n—oo N n—oo M

3" largest eigenvalue of T'¢ is bounded for all n

sup pi§ < M
neN
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Approximate Factor Model

By Weyl's inequality, since I'* = T'X 4+ I'¢, then by 2’

x /ﬂ ‘uf
limJZIim—]—i—lim—"zgj, ji=1...,m
n—oo M n—oo M n—oo M

T X 3
. j . . _ .
hm—jghm—J—&—hmﬁﬁcj, j=1...,n
n—oo N n—oo N n—o00 7

and by 3’

supu;-” gsupuffﬂ—&—sup/ﬁ <M, j=r+1,...,n,
neN neN neN

@ Eigen-gap in eigenvalues uf of I'"
@ As n — oo we identify the number of factors!

@ The viceversa is also true: if eigenvalues of I'* have an eigen-gap, then 2’
and 3’ hOld (Chamberlain & Rothschild, 1983; Barigozzi & Hallin, 2024)
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Approximate Factor Model

Canonical Decomposition (Barigozzi & Hallin, 2024).

@ SF the Hilbert space of all Ly-convergent linear static combinations of z;;'s
and limits (as n — 00) of Ly-convergent sequences thereof.

@ Let w, x: € S* be a static aggregate, i.e.,
n
Wnxt = Y iy, tEZ,
i=1

with lim,, oo Z?zl(ai)Q =1

® (¢ €8X,,, if Var(¢;) = oo and

{0}

. w t Ct
lim E X

_ =0.
n—>00 VVar(wnx:)  v/Var(¢)

a common r.v. is recovered as n — oo by static aggregation

X _ eX
@ Let also Sidio’t = Scom’l’t

@ This gives the canonical decomposition: SX = Sc)gmi &Sk,
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Approximate Factor Model

Static aggregation Hilbert space

@ Define a static aggregating sequence (SAS) any n-dimensional vector a,,
such that
lim a,a, =0
n—oo
@ The common static aggregation space is Sggm,t and contains elements
w™ = limy, s 00 @ Ty With Var(w®™) > 0.

@ However, the static aggregation space Sc)f)mi depends on ¢, since a,L* is a
SAS for @, :—1 and not for x,;.
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Approximate Factor Model
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Approximate Factor Model

Plot of 0 when 7 = 1, real data
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Approximate Factor Model

We consider the classical identification conditions used in exploratory factor
analysis:

’ . .
Q 22 s diagonal for all n;
n

Q EE =1, forall T;

To achieve global identification we need also to fix the sign, e.g. of one row of A
or F.
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Approximate Factor Model

Identification of loadings.
e BySVD A=VDU.

@ From A/A = U'DV'V DU’ = U'D?U, and to make it diagonal we can
set U =1,.

@ Since TX = VXMXVX = AA’ = VD2V’

@ the columns of V span the same space as the columns of VX,
Q@ D? =Mx.

@ Therefore:
A = VX(MX)'/2 and AA M—X;

]

o F =CVX(MX)~1/2 by I|near projection of C onto A;
o ¥y =lim, e MT:

o ITF=1,.

41/151



Principal Components Analysis

@ Principal Components Analysis
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Principal Components Analysis

PC for dimension reduction (Pearson, 1902).

Assume 7 = 1. To reduce the dimension of X we look to minimize the
distances between the observations and their projections onto a one
dimensional subspace (line).

the linear projection of x; = (z1¢- -+ zpnt) onto a = (ay - --ay)’ with
la]| = a’a=1is aa’x;.

We want to minimize the sum of distances between all x; and their
projections

T T n

min Z |x: — aa’x||? = min ZZ Ty — a;a'%x;)?
a:a’a=1 a;: =1

t=1 i t=1 i=1

This is different from LS where we have a dependent variable, say x1; and
n — 1 independent variables and we solve miny, Zle(a:u — > o bizi)®

In PC we minimize Euclidean distance in R™ in LS we minimize a distance in
R in the subspace of the dependent variable.
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Principal Components Analysis
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Principal Components Analysis

PC for dimension reduction (cont.)

@ Now, by Pythagora theorem (x; — aa’x;)’aa’x; = 0 (the error is orthogonal
to the projection)

Z |x; — aa’x||? =

T
( Xt — aa’xt)’(xt — aa’xt) = Z(Xt — aa’xt)’xt
t=1

; Xt — E xtaaxt— E XtXt_ E axtxt

HMH uMﬂ

It follows that

argagmn Z |x; — aa'x||? = arg max Za X X,a
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Principal Components Analysis
PC in high-dimensions.
@ We can rewrite the maximization problem as

1
arg max —a’'X'Xa
a:a’a=1nT’

@ The solution is a = V7 the leading eigenvector of (nT)~!X’X which is the
same as the leading eigenvector of 771 X’X and of X'X.

@ The value of the objective function at its max is n~i% which is finite since
we rescale by n.

@ The optimal linear projection V'x, is the 1st PC of X’ X which has
variance [if, so the 1st normalized PC is (%)~ '/2V*®'x,.

@ Note that algebraically we could exchange n and T and solve finding PCs for
X X', but this is not natural since in time series T is the sample size, not n!

@ In population the PCs are defined in the same way but now the norm is a
variance, so as a result we have for the weights the eigenvectors of
I'" = E[x¢x}).
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Principal Components Analysis
Principal components representation vs. static factor model.
@ Since the eigenvectors are an orthonormal basis in R™, for a given r
n T n
_ x x’ _ x z’ x z’
= Vi (Vi) =2V (Vix) + X0 v (Vi'x)
=1 j=1 j

—— j=r+1
i th PC

Lit,[r] €it

® 7 [y is the optimal linear r-dimensional representation of z;;, it is such that
i Ele3] = tr(T'¢) is minimum. It minimizes the sum of covariances since
(nT)~1 szzl Eleireji] < puf < tr(I'°), but T'® is not necessarily diagonal.
@ PC is a representation since no assumption is made on e;;.

T
@ A static r-factor model is x;; = Z AijFye +&i
j=1
—_——
Xit

@ If the model is exact I'¢ is diagonal, and y;; accounts for all covariances, but
this depends on the assumptions we make. This is a statistical model.

@ Under an approximate factor model the two approaches are reconciled,
provided n — oo.
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Principal Components Analysis

PC estimation of factors.

@ PCs are linear combinations of the data with optimal weights. This is what
we are looking for when retrieving the factors.

@ Considering the weights wp defined above such that wwr = n the PC

maximization becomes

arg  max wr X' Xwp

wwrwrp=n n2T

so that one solution is W = \/ﬁ{/z and the value of the objective function
at its max is still n =%,

@ Since wr are the optimal weights, they are an estimator of the unfeasible
optimal weights n(A’A)~!'A’ so we can write Wr = n(A’A)~1A/.
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Principal Components Analysis

PC estimation of factors (cont.).

@ An estimator of the factor is the 1st normalized PC

Ftpc Vm/Xt _ \/>'IBIFX1L ’U)FAFf ngf
ViE Vv Vi \/MT

:\/;T(K'A) IAAF, + 0, (ﬁ)

K

since n ¥ — uf| = 0p(1) and uf = O(n) by assumption.
@ If we choose A = \A/'””\/ﬂﬂf then given that A = VM//@‘,

K = Va@d) ' vevx, /uX —VTV\/ —+1
Vn(iy) % p + op(1),

since n i — pX| = 0p(1) and [V¥' VX £ 1| = 0,(1) (Davis & Kahan, 1970).

@ The 1st normalized PC is a consistent estimator of F} (the o,(1) are all
Op(n™/2) + 0,(T~11?)).

. . ~ = S
@ The common component is estimated as x; = V*V?® x;.
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Principal Components Analysis
Least squares estimation of a static factor model:

n

(./AX7 ﬁ) = arglm Imn L Z Z(zqt —MNF,)?

rIa
which is equivalent to
1 /
wip 7o { (X - FA) (X - EA) '}
or

1
Ripapt (X~ EAY (X -EA)).

We need to impose 2 constraints to identify the minimum. Two choices:

(1) AA diagonal and % =1,

n

(2) T/LA =1, and E/TE diagonal.

Then,

(a) solve for A with constraints 1 or 2 and then we get F by linear projection;

(b) solve for F with constraints 1 or 2 and then we get A by linear projection.
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Principal Components Analysis

Sample covariance matrix. Define:

o " = % which is n x n with

e M7 r x r diagonal with r largest evals of T'";
e V% n x r with as columns the r corresponding normalized evecs.

o I'“ = XX which is T x T with

o M” r x r diagonal with 7 largest evals of re;
e VZ T x r with as columns the r corresponding normalized evecs.

@ Notice that, provided r < min(n, T,

M®  M®

n T

. / ’ . .
since the non-zero evals of % and of % coincide.
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Principal Components Analysis

FOUF SOlUtionS. Norma|ized PCS Of X (Forni, Giannone, Lippi & Reichlin, 2009).

(1a) Minimize wrt A under the constraint % is diagonal which gives

~

A— {/z(ﬁx)l/Q
Then: o
AA M

n - n

and
F=XAANA"'=XV*(M) /2
This solution is such that, as required:

' X' X
T

~

F'F

_ (1/\\/_[93)71/2{}a: {/z(ﬁx)fl/Q

_ (ﬁx)—1/2v;v/ ({/wﬁw{\/w' +\724ﬁi77’\7£;r) {\[z(ﬁw)—l/Q

= (M®)"1/2V*' VoMoV Ve (M?) V2 = 1.
The common component is estimated as:

C=FA =XV*V®,
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Principal Components Analysis

Four solutions (Bai, 2003).

(1b) Minimize wrt F under the constraint E}E =1,
F=vVTV®
Then, obviously # =1, and
~ o . 4%

A = X'F(F'F)
This solution is such that, as required:

AN ~ . XX ~
n nT

n—r

:{}I

Nl

(VMY VM V)

T
The common component is estimated as:

C=FAN =V°V7X,

x
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Principal Components Analysis

Four solutions (Stock and Watson, 2002).

(2a) Minimize wrt A under the constraint == =1,
A=/nV?
Then, obviously % =1, and
_ PN xXVe
F=XAANA'= v )
N
This solution is such that, as required:
F'F -~ . X'X_
T nT
(VM Ve ME_ VL) e
=V* VT = .
n n

The common component is estimated as:
C=FN = XV°V¥,
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Principal Components Analysis

Four solutions. Normalized PCs of X'.
(2b) Minimize wrt F under the constraint ETE diagonal

F =V*(M")"/2,
Then, o
F'F M°

T T

and
A=X'F(F'F)™' = X'V*(M")~'/2,

This solution is such that, as required:
AN~ XX o
— (Mz)fl/QviE VI(MZ)fl/Q
n n
_ (Mz)71/2{}z' ({/mﬁx{/x' + vi—rﬁﬁ—rvil—r> {/I(Mm)*l/Q
_ (Mz)—1/2{}fi}mﬁz{}m’{}x(ﬁm)—l/2 =1,
The common component is estimated as:
C=FA =V*V"X.
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Principal Components Analysis

All solutions give some form of PC and equivalent and have the same
asymptotic properties.

So PC is the least squares estimator of a factor model.
We focus on solution (1a):
IPC _ a2’ (naz 1/2 ™PC _ /A —1/2xrz’
AL =vT (M*)V2, F;“ = (M%) V¥ x;.
ThIS iS the C|assica| SOlUtion (Pearson, 1902; Hotelling, 1933; Mardia, Kent & Bibby, 1979;
Jolliffe, 2002; Pefia, 2002).

Indeed, dynamic factor models are about time series, so we treat A as
deterministic while {F;} are r-dimensional stochastic processes, weighted
averages of the n dimensional stochastic process {x;}.

It is then natural to consider solutions based on the n x n covariance matrix
T and not those on the T x T covariance matrix T'*.

Notice that it is not necessary to have a consistent estimator of the whole
sample covariance. So I'* does not have to be consistent, indeed it cannot
be consistent if n > T', we just need n=}||T'® — T'%|| = 0,(1).

Reversing n and T requires less natural assumptions to prove consistency.
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Principal Components Analysis

Asymptotic properties. Loadings.
(Bai, 2003; Barigozzi, 2022).

@ Foranygiveni=1,...,n
e B (1 & 1 &
VTP —H'\,) = H (T ZFJ@) (ﬁ ZE:&) +0,(1)
t=1 t=1
1 & 1 Z
- ZﬁlFtF;ﬁ1’> (ZﬁlFt@t> +0,(1)
(T t=1 \/T t=1

This is OLS when, for a fixed i, we regress z;; onto H'F,.

Qo Soif@%Othen

VT(APC —H'A;) =4 N (0,, V).
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Principal Components Analysis
Asymptotic covariance of loadings.
PC —1 / —1
V,» = ‘/0 QOq’QO‘/O s

®, = lim —ZZEFF@@S = lim M

T—oo T
t=1 s=1

Qo = VoXy(rF)~1/2

)

such that Y are evec of (T'F)1/2%, (T'F)1/2 with evals V;.
Cfr. Bai (2003) where

VieP=(Q7)®i(Q) 7,
Q_l _ (2A)1/2T1(V0)71/2

such that Yy are evec of £V/2TFX1/? with evals V.

Notice that,
tr(V;©) = tr(V;<F).
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Principal Components Analysis

Asymptotic properties. Factors.
(Bai, 2003; Barigozzi, 2022).

@ For any givent=1,...,T

=1 i=1

1< e
= (=SN"@ANH —NTH )\ 1
(TL ; 7 > <\/7’7, ; é- t) + OP( )

~

This is OLS when, for a fixed ¢, we regress x;; onto H'\;.

° Soif%—)Othen

VA(EPS —H'F,) —q N (0, W)
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Principal Components Analysis

Asymptotic covariance of factors.
7O =(Qp)'T(Qo) T,

. 1 2 .
I = nll}H;o n Z Z AiA;‘E[gitfjt] = nll)n;o

i=1 j=1

(Qo) ™ = (@) 0(Vo)

)

A'EGEA
n

such that Y are evec of (I'F)1/2X, (T'F)1/2 with evals V.
Cfr. Bai (2003) where

)I?C,B — (‘/'0)71 Qrtgl(‘/o)fl
Q = (Vo) /2Y(Zp) 1/

such that Yy are evec of £/°TF2}/? with evals V.

Notice that,
tr(W;©) = (W7 F).
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Principal Components Analysis

Asymptotic properties. Common component.
(Bai, 2003; Barigozzi, 2022).

@ Foranygiveni=1,...,nandt=1,...,T

IR 1 1
IXie — Xit| = Op (ﬁ) + Op (\/ﬁ)

. PN N ~p! <5y
with YP& = APCFPC = v¥ V@ x,.

@ And, asn,T — oo,

/\Pc _ .
(th X?,t) 7 =y N (0’ 1) .

X WPCN, n F,VPCF,
n T

@ It does not depend on the chosen identification.
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Principal Components Analysis

The above results depend on H= (

F'F\(AA) (M
T n
(Bai & Ng, 2013; Barigozzi, 2022).

o ) which is unknown
Under the classical identification conditions used in exploratory factor analysis

~ 1 1
H=J+o0, | max | —, — ,
(e (5 77)
where J is an r x r diagonal matrix with entries +1.
Under global identification J =1,.

62/151



Principal Components Analysis

Asymptotic properties of PC under global identification - Loadings
(Bai & Ng, 2013; Barigozzi, 2022).

@ foranygiveni=1,...,nasn,T — o0

~ 1 1
PC _ yOLS|| _ - .

o if g — 0 then
VT(APC = X;) =4 N (0, VO5)
with

VoL = (1) { lim EFELGIT]

T 00 T }(FF)l = lim w

T—o0 T ’

@ PC is asymptotically equivalent to OLS.

@ VP has sandwich form due to the fact that we do not take into account
idiosyncratic serial correlations since PC is non parametric.
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Principal Components Analysis

Asymptotic properties of PC under global identification - Factors
(Bai & Ng, 2013; Barigozzi, 2022).

@ foranygivent=1,...,T asn,T — oo

-~ 1 1
7~ 521 =0, () + 0 (= )

o if g — 0 then
Vi(FPC — Fy) =4 N (0, WOLS)

with

@ PC is asymptotically equivalent to OLS.

@ W' has sandwich form due to the fact that we do not take into account
idiosyncratic cross-sectional correlations and heteroskedasticity since PC is
non parametric.
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Principal Components Analysis

Is PC the best we can do? We could use ML and GLS.

@ PC is nonparametric (no assumption on idiosyncratic distribution), ML is
fully parametric.

@ GLS is better than OLS for factors when idiosyncratic is heteroskedastic
across 1.

@ GLS is better than OLS for loadings when idiosyncratic is heteroskedastic
across t (but we assume stationarity).

@ ML/GLS coincides with PC in the case of i.i.d. idiosyncratic components.
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The Likelihood

@ The Likelihood
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The Likelihood

Consider the stacked version of the model

X=(AIp)F+E.
N—_——

s

Let:
Q" =E[xXX], QF =E[FF], Q°f=EEE.

Gaussian quasi log-likelihood:

T 1 1
UX,p) = —% ~5 log det Q° — St (xx' Q"))
1

~ —logdet (LO"L/+ ) - L (X/(L0L + 051 x).

2 S 2 -
The parameters to be estimated are ¢ = (A, QF, QF).
ML is in general unfeasible:
@ too many parameters not enough degrees of freedom:

o the ML estimator of ¢ cannot be positive definite;
o for time series Q¥ is a full matrix.
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The Likelihood

We introduce some mis-specifications:

1. we treat the idiosyncratic components as if they were uncorrelated
= QF is replaced by I ® £¢ where X¢ is diagonal with entries 02 = E[¢2].
We always work with the log-likelihood:

1
fo(X, ) =~ — 5 log det (corc +1r 0 =)

1
-5 (x’(c Q L + 1y @25)*%) .

We are doing QML rather than ML!
Moreover,

2a. for static model we consider the factors as if they are serially uncorrelated
and QF is replaced by I @ T'F" = I,.p;

2b. for dynamic model we assume a parametric model for factor dynamics and
parametrize Q" accordingly.
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Approximate Static Factor Model - Quasi Maximum Likelihood

@ Approximate Static Factor Model - Quasi Maximum Likelihood
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Approximate Static Factor Model - Quasi Maximum Likelihood
The log-likelihood is

T
T / I3 1 / 3
lo,5(X, p) = — log det (AA > ) - 5; <xt AA + 567! )
The parameters to be estimated are ¢ = (A, X¢).

We work under the global identification assumptions.

Issues

@ No closed form solution for QML estimator exists, we need numerical
approaches, e.g., EM algorithm
(Rubin & Thayer, 1982; Bai & Li, 2012, 2016; Ng, Yau & Chan, 2015; Sundberg & Feldmann, 2016).

@ How to estimate the factors which are not appearing in the log-likelihood?
Least-squares or regression estimators
(Thomson, 1951; Bartlett, 1937).
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Approximate Static Factor Model - Quasi Maximum Likelihood

Asymptotic properties QML estimator - Loadings
(Bai & Li, 2016; Barigozzi, 2023).

@ foranygiveni=1,...,nasn,T — o0

<~ ~ 1 ~ 1 1
AQULS _XAPC =0, (= APC_ XS =0, (=) +0, | — );
|| 7 7 H P n 9 || (3 (3 || V4 n + P \/ﬁ bl

o if g — 0 then
VIRSMS X)) S5 A (0,,VO)
VYOLs — (pF)—1 {hmT—>oo E[F E[jgici]F] } (TF)~1 = limy_, o0 E[F E[é’LCi]F].

@ QML is asymptotically equivalent to PC and OLS.

@ Vo has sandwich form due to neglected serial idiosyncratic correlation
since likelihood is misspecified.

@ Neglecting cross-sectional idiosyncratic correlation has no impact but, in
practice, QML estimation of I'¢ is unfeasible.

@ Treating factors as serially uncorrelated does not affect the result since
autocorrelation of regressors does not affect OLS.
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Approximate Static Factor Model - Quasi Maximum Likelihood

@ Consistency of loadings requires n — 0o, otherwise we cannot identify the
model.

@ The mis-specification error, which we introduce by using a mis-specified
log-likelihood, vanishes asymptotically only if n — oc.

@ The QML estimator does not suffer of the curse of dimensionality, but, in
fact, it produces consistent estimates only in a high-dimensional setting, i.e.,
it enjoys a blessing of dimensionality.
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Approximate Static Factor Model - Quasi Maximum Likelihood

Special cases.

@ Exact not autocorrelated heteroskedastic case, 26 = Iy ® X¢. The
estimated loadings are the same as before, so have no closed form but now
are v/ T-consistent and asymptotically normal (Anderson & Rubin, 1956).

@ Exact not autocorrelated homoskedastic case, 26 = 021,,7. The estimated
loadings are given by A8M-0 — (ﬁ’” - ?7\2‘3'\"L'°IT)1/2 vZ they are
\/T-consistent and asymptotically normal (Tipping & Bishop, 1999).

@ In both cases (Bai & Li, 2012)

< 1
A - ags] =0, ().
AR =22 = 0, ( (%

@ if n fixed the asymptotic covariance is very complicated because () is not
negligible, this is the classical case (Amemyia, Fuller & Pantula, 1987).

@ if n — oo then () is negligible so the asymptotic covariance is
VOLsS” = o2(TF) =1 = 021, or V50 = ¢2(I'F)~! = 51, since now the
likelihood is correctly specified (Bai & Li, 2012).
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Approximate Static Factor Model - Quasi Maximum Likelihood

idiosyncratic PC QML

1. QF full min(n, VT) viOLS min(n, VT) V?Ls

2. Qf = I @ T min(n, VT) V?Ls" min(n, VT) V?Ls’*

3. =1p @ xf min(n, VT) V?Ls" VT V?Ls" (if n — o0)
too complex (if n fixed)

4. Qf =021, ¢ min(n, VT) V?Ls’o vT V?Ls’o (if n = o0)
too complex (if n fixed)

Asymptotic covariances
Z1 E[FE[¢;¢}]F] —1 |,0LS* —1 ,,0LS,0 -
VOLS — (rF) l{lunT%w i (CF)=1, YOLS™ = o2(rF) =1, YOLSO = o2(rF)~1

’
rF = limp_, o FTF, here T'F" = I,. by assumption

Estimators
PC XE’C = (M’")l/QVf cases 1, 2, 3, 4;

QML X?ML’S no closed form, case 1, 2, 3; X?ML’O = (M?* — EQQML'O)I/QOZ:, case 4
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Approximate Static Factor Model - Quasi Maximum Likelihood

How to estimate factors given ML estimator of the parameters?

@ If factors are treated as parameters, the log-likelihood can be written as
(Anderson & Rubin, 1956; Anderson, 2003)

bos(X,p,F) ~ f—logdet (%) — =

RO =
MH

(6= AF) (5 (x — AF))).

t=1

For given ¢ = (A, X¢) and any given ¢ the ML estimator of the factors is
FWLS (A/(EE) 1A)_1 A/(EE)_1Xt7

@ When we compute the WLS using the QML estimator of the parameters we
have the classical “least-squares estimator” FW"s (Bartlett, 1937).

® F = (F}---F/.) are additional 7T parameters to be estimated, and this is
possible only if n — oo = blessing of dimensionality!

@ Both the log-likelihood and its maximum WLS need X¢ positive definite.
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Approximate Static Factor Model - Quasi Maximum Likelihood

How to estimate factors given ML estimator of the parameters?

If we treat the factors as random variables, but we do not model their
dynamics, then their optimal (in mean-squared sense) linear estimator is the
linear projection of the true factors onto the observed data:

FE = TP (ADFA'+3) o = (A(39) A +1) 7 A9

When we compute the LP using the QML estimator of the parameters we
have the classical “regression estimator” FLP (Thomson, 1051).

The LP in its first formulation does not need X¢ positive definite.
For finite n the LP has always a smaller MSE than the WLS.

For any givent =1,...,T as n — o0,
”FWLS _ FLP” =0 <1>
t t P\ )
since (A/(Z8)TA+L)7 L = (A/(Z8)"TA)~ 1+ O(n~1) (Taylor expansion).
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Approximate Static Factor Model - Quasi Maximum Likelihood

Asymptotic properties WLS and LP estimators - Factors
(Bai & Li, 2016).

@ foranygivent=1,....,T asn,T — 0

~ 1 1 1
|EMS —FS|| = 0, (T) +0, (TT) o R =Ful =0, (\/ﬁ) :

° ifg%()then

VT(FMS — Fp) =4 N (0, W)

. ’ £y—1 : ’ &y—1 _
WS = (Zpen) ! {hmng)oo A(Z) E[sns‘](z ) A} (Zaea) ™,
EA&\ =lim,, o0 nilAl(Eé)ilA.
@ The same properties hold for the LP estimator.

@ W has sandwich form due to neglected cross-sectional idiosyncratic
correlation when implementing WLS or LP, as GLS which requires
estimating (I'¢)~! is unfeasible.

@ Serial correlation has no impact for F}V"5 and serial heteroskedasticity is
ruled out by assumption.
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Approximate Static Factor Model - Quasi Maximum Likelihood

Efficiency of WLS/LP (Barigozzi & Luciani, 20xx)
If 30125 [IT%)i] = o(n), then
WOLS o WWLS
t t
WLS is more efficient than PC.

The assumption on I'¢ implies some form of sparsity (Bai & Liao, 2016).
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Approximate Static Factor Model - Quasi Maximum Likelihood

Special cases.

@ Exact heteroskedastic case I'* = X¢. WLS/LP and PC are
min(y/n, T)-consistent and the asymptotic covariances are

o for WLS/LP: W¥VLS’* = (Zaen) "
o for PC: W™ = ()7} {hmn—mo AE&A} (Za)~ "
o So WOHS™ » WWWES™ 'WLS is more efficient than OLS.

@ Exact homoskedastic case, T'¢ = o21,.
o OLS and WLS coincide

F\V'S = (A’(a?In)—lA)’1 A (0®L,) 'x, = (AA) " A'x, = FOS.

e OLS and LP are asymptotically equivalent as n — oo.
e WLS/LP and PC are min(y/n, T')-consistent and the asymptotic
covariance is W0 = 02(2,) L.
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Approximate Static Factor Model - Quasi Maximum Likelihood

idiosyncratic PC WLS/LP

1. Q€ full min(vn, T) WO | min(vn,7) wWWLS

2. Q8 =1, @T¢ | min(v/n,T) woLs min(y/m, T)  WWLS

3.8 =10 @ =¢ | min(vm,T)  WOS™ | min(vm,T) wWLS®

4. Q8 =021, 1 min(vm, T)  WOLSC | min(ym, ) wOLSe

Asymptotic covariances
_ ) E[AE AN —
PCWPLS = (zp) 7! {hm,Hoo EIAElE & ]A) ]}(zA) 1

. . > _ _
WOLS® _ (51,)~1 {hmnﬂm EA’ S A } (24)~ 1, WOLSO — 52(53,) 1

1 S A= LEg e 1= A _ _
WLS/LP WMES — (S5en) 7! {hmn—»oo =) [s,fst]( ) }(EAgA) LW = (B!

‘A

A .
no EAgA = limp 00

. A (=61
XA =limp oo %

, here either X\ or X \¢ are diagonal.
Estimators

PC FPC — (APC'APC)~1APC &, case 1,2, 3, 4;

WLS FWLS — (KQML,S’(fzg,QML,S)—IKQML,S)—IKQML,S’(ig,QML,S)—lxh case 1, 2, 3;
IA?\tNLs = ffc, case 4,

LP f\lt_P — (KQML,S'(i{,QML,S)—lKQML,S 4 Ir)flﬁQML,S/(i{.QML,S)—lxt' case 1, 2, 3;

i;?lt.P _ (KQML,D’KQML,O + 52,QML,OIT)—1KQML,O’xt
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Approximate Static Factor Model - Quasi Maximum Likelihood

Can we do better than ML plus WLS/LP?
@ In time series we could and should exploit the autocorrelation of the data.
@ Factors are autocorrelated.
@ Factors can have a lagged effect on the data.
@ PC does not account for dynamics.

@ ML is hard as it requires numerical maximization.
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Approximate Dynamic Factor Model - Expectation Maximization

@ Approximate Dynamic Factor Model - Expectation Maximization

82/151



Approximate Dynamic Factor Model - Expectation Maximization

For simplicity assume a VAR(1) dynamics:

zit = NiFy + &,
F,=AF;_ + vy,
v; = Hu;.
Same assumptions plus:
8 stable VAR, eigenvalues of A inside the unit circle;
9 rk(H)=q<r;

10 {w;} isi.id. with E[u] = 0,, T'* = I, finite 4th order moments.

For simplicity hereafter we consider r = ¢ so I'V = HH’ = 0.
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Approximate Dynamic Factor Model - Expectation Maximization

Since we are explicitly modeling the dynamics in the factors QF = Q¥ (A, T?),
eg ifr=1,

I—m AF’U Fv AT—l
T—A2 1—A? s T—A2
AF‘U Fv FUAT72
of — T—A2 T—A? e T—A2
- . . . . )
AT—-ll—m AT—.QFU F-’U
1—A2 1—A?2 s 1—A?

and we cannot assume it to be diagonal.
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Approximate Dynamic Factor Model - Expectation Maximization

Gaussian quasi log-likelihood with mis-specified idiosyncratic correlations:
1 F v / I3
lop(X.¢) = — S logdet (LQ"AL)L +1r & Z)
1
-5 (Feo AL + ez x).

The parameters to be estimated are ¢ = (A, A, T, 2¢).

We work under the global identification assumptions.
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Approximate Dynamic Factor Model - Expectation Maximization

Issues
@ How to estimate the factors? Kalman filter or Kalman smoother.

@ The likelihood is intractable, we need the factors as input and alternative
maximization approaches.

o Newton-Raphson maximization of the prediction error log-likelihood
based on the Kalman filter. No closed form solution. Unfeasible in
high-dimensions. (Harvey, 1900; Stock & Watson, 1989, 1991; Hannan & Deistler, 2012).

o Multi-step approaches, but they do not exploit the feedback from
factors to loadings.

@ PC+VAR (Forni, Giannone, Lippi & Reichlin, 2009);
o PC+VAR+Kalman smoother (Doz, Giannone & Reichlin, 2011);
o QML+WLS+VAR+Kalman smoother (Bai & Li, 2016).

o Kalman smoother plus EM algorithm: fast, easy, and has closed form

solution (Quah & Sargent, 1993; Doz, Giannone & Reichlin, 2012; Barigozzi & Luciani, 20xx).
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Approximate Dynamic Factor Model - Expectation Maximization

Estimation of the factors.

They are autocorrelated so cannot be treated as parameters.

The optimal predictor is E,,[F|X] which under Gaussianity is the linear
projection

F' = (L) ' (Lf ' +1r 025 X
-1
=(oL)(Ire (AEHTA) + @) (IreAEH) X
This is the unfeasible estimator obtained by taking the inverse Fourier

transform of the Wiener-Kolmogorov smoother.

At a given t we compute a weighted average of the elements of X which are
all T present, past, and future values of all n time series

= cross-sectional and dynamic weighted average!
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Approximate Dynamic Factor Model - Expectation Maximization

Estimation of the factors.
@ FYYK can be computed recursively by means of the Kalman smoother.

@ The Kalman smoother is computed with a backward recursion from T to 1
after the Kalman filter which is a forward recursion from 1 to 7.

@ After these recursions we get the estimates:

o one-step ahead Fy;_; and its associated MSE P ;_;
o Kalman filter F|; and its associated MSE P,;;
e Kalman smoother Fy 1 and its associated MSE Py .
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Approximate Dynamic Factor Model - Expectation Maximization
Estimation of the factors.

@ The Kalman filter is

Fie =Fyio1 + Pyo1 A (AP A + 297 (% — AFy_q)

Kalman gain prediction error
=Fy_1+ (A(Z)7'A+ Pt_\tl_l)ilA/(zé)il(Xt — AF;;_y)
with

° Ft\t—l = AFt—1|t—1;
o Pyy_1 = AP, 1A'+ T
o Py =Py 1 — Py 1 A(APy, 1 A + 25)_11\Pt|t—1-

@ The Kalman smoother is

Fyr =Fy + Pt\tA/P;lut(Ft-i-uT —Fiiap)

@ Notice that we must use 3¢ since inverting T'¢ might not be feasible in
high-dimensions. Mis-specified Kalman filter and smoother.
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Approximate Dynamic Factor Model - Expectation Maximization

Prediction error log-likelihood
(Harvey, 1990; Stock & Watson, 1989, 1991; Hannan & Deistler, 2012).

T
1
bo.p(X,p) = — 5 Zlog det Py _1(ep)

T
Z — AF i 1(9)) (Pyi—1() " (x¢ — AFy—1())

1
2 t=1

Unfeasible to maximize in high-dimensions. No closed form solution.
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Approximate Dynamic Factor Model - Expectation Maximization

By Bayes' law the log-likelihood is decomposed as

eoyD(Xaf) = EO,D(XL?'?f) + EO,D(]:vf) - goyD("Fvaf)'

where

Easy to maximize if F; is known.
The hard part would be to maximize o p(F|X, o) but it is not needed.
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Approximate Dynamic Factor Model - Expectation Maximization

EM algorithm.

lo,p(X, @) = By [lo,p(X|F, @) + lo.p(F, )| X] — Ey [lo,p(F|X, )| X] .

Aes) H(pP)

For any k > 0, given an estimator of the parameters @),
E Compute Q(p, ).
M Solve @) = arg max, Q(p, ).
Start with PCA, e.g. A(© = APC.
Stop at k* s.t. [€o.p(X, % 1)) — £l p(X, %)) is small.
The EM estimator is @M = g(k"+1)
Main intuition

By construction H (@), ")) < H(p, ") for any ¢, so

lo.p(X, ")) > 0 p(x, ).
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Approximate Dynamic Factor Model - Expectation Maximization

EM estimators.

@ The EM estimator of the loadings is:

NEM _ () (k™) (k™) (k)
A = (Z For Fyr’ +Pyr > (Z Fiir x”) ’
t=1

where F(‘T and P T are obtained from Kalman smoother when using
(k")
).

@ The EM estimator of the factors is FEM = F)(Elkjiﬂ).

@ Both have a closed form expression!
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Approximate Dynamic Factor Model - Expectation Maximization

Asymptotic properties EM estimator - Loadings

(Barigozzi & Luciani, 20xx).

@ foranygiveni=1,...,nasn, T — o0

~ ~ 1 1 1
AEM _ AQMLD | — O ( >+O ( >+O ( ﬁ>
H 7 7 || p nT

~ ~ 1 1 1
AQMLD _ JauLs| — ( >+O < )+O (ﬁ>
H 7 i H p T

o if YL 0, then
VTAM — X)) =4 N (0,,VO5)

YOLS — (PF)-1 {limT%o ELF'¢:¢; F] } (DF)~1 = limyg_, o EESSF]

@ EM is asymptotically equivalent to QML of a dynamic as well as of a static
model and to PC and OLS.

@ Since the EM is initialized with PC then the loadings estimator is similar to
a one Step estimator (Lehmann & Casella, 2006).
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Approximate Dynamic Factor Model - Expectation Maximization

Asymptotic properties EM estimator - Factors
(Barigozzi & Luciani, 20xx).

@ foranygivent=1,...,T asn,T — oo

BBl =0, (1), IBy-El-0, (1)

n
o if Y — 0, then

Vi(FM —F,) =, N (0, W),

1 (. A (=8 TLE[¢,£(Z6) A -1
WWWLS _ Siia (hmnaw (Z°) " E[£:&](=°) ) i

n

@ EM, which is the Kalman smoother, is asymptotically equivalent to the
Kalman filter and to the WLS and LP.

@ It can be more efficient than PC if T'¢ is sparse.
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Approximate Dynamic Factor Model - Expectation Maximization

Asymptotic properties. Common component.

(Barigozzi & Luciani, 20xx).

@ Foranygiveni=1,...,nandt=1,...,T

R 1 1
X5 — xitl = Op <ﬁ> +Op <\/ﬁ)

L
with REM = XEM'FEM,

@ And, as n,T — oo,

SEM
(Xa" — xit) =4 N (0,1).

AN WWLS ¥, +F;V?L5Ft 1/2
n T
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Approximate Dynamic Factor Model - Expectation Maximization

Asymptotic distribution of common component
Serially and cross-correlated idiosyncratic components - Robust covariances

05 04
0aol- 1 0w o
0350 . \ 4 035 I )
030l 1 \ 1 o / 1
0ash ! | 1 o L |
020 f L ol 0.20 4 N
oish 1 \ 1 s ; .

1 i ; \
ool ; \ 1 o , .
0ol ¥ " 1 oos ; .

il | e .
000 Lttt ERMANANACARAATRRVRN RV, 000 Lem i UMIMEMENNR RO e
T ST s 2 o4 0 o1 o2 3 i s
Gaussian, n =T = 100 Gaussian, n =T = 200
0 0ds
0a0l- 1 0w o
035k . . 4 035 I \
030} , . 1 o / )
02sh i s 8 025 i f
. \ . \
020 [ N 4 0.20 ! b
015 7 M - 0.15 f »
ool ; i 1 o . \
0os|- ’ - 1 oos y "
000 Lttt RN .. 000 Lot et UMIMEMENNRN RO ..
ST s 2 a4 o0 1 2 3 4 ST a s

Asymmetric Laplace, n =T = 200

0

kewed-t, v > 4, n =T = 200
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Approximate Dynamic Factor Model - Expectation Maximization

Kalman smoother and WLS.
@ In the case 7 = 1 (Ruiz & Poncela, 2022).

2A

Fop = —2
4T~ 91 B

B
Fi 14— F; — F —— WS
( t—1)t—1 T L1 t+1\t)+2+B t

with B = 2(A/(T'*)"'A)P and P ~ Py,_; for all t > ¢ finite.

@ By assumption B < n and |P —T'"V| = o(1), so as n — o0,
|Fyr — F¥®) = 0.

@ But if factors are persistent A < 1 and do not fluctuate much I'” 2 0, then,
at least in finite samples there might be considerable differences between the
Kalman smoother and the WLS.
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Approximate Dynamic Factor Model - Expectation Maximization

@ EM for loadings is as good as PC.

@ Kalman smoother for factors is equivalent to WLS which might be more
efficient than PC.

@ Why not PC or just QML+WLS?

@ EM+Kalman smoother is the most used method in institutions because it
allows for:

e missing data and mixed frequency, e.g., for now-casting;
e imposing constraints, e.g., for identification.

@ Kalman smoother might have better finite sample performance than WLS in
presence of small deviations for stationarity.
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Approximate Dynamic Factor Model - Expectation Maximization
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Generalized Dynamic Factor Model

@ Generalized Dynamic Factor Model
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Generalized Dynamic Factor Model

Define the spectral density matrix of {x;} (Discrete Fourier Transform, DFT):

1 o0
¥E(0) = Py e %% g ¢ [—m n],
k=—oc0

where ¢ = /=1 and T = E[x;x;_] (recall T, = I'*"), such that
(Inverse Fourier Transform, IFT):

e — | x*()e?%d0, ke

The eigenvalues of 3% (6) denoted as 7 (6) are called dynamic eigenvalues.
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Generalized Dynamic Factor Model

The GDFM is: /
i = N (L) fe +&ie,  fr = G(L)uy
———
Xit
wit = A} (D)G(L)u; + & = b(L)u; +&q
———

Xit
Then, the vector of factors is an orthonormal white noise u;.
Same assumptions as the approximate factor model plus:

A b;(L) has square-summable coefficients;

B XX(0) is rational;

C ¢;(f) <liminf, #"759) < limsup,,_, - #jTW) <¢(), j=1,...,q,0-ae;

J

D SUPyeN SUPge[—7, 7] ,UE(G) <M.
Recall that

@ if order of A¥' (L) is s < oo restricted GDFM;
@ if order of A¥' (L) is s = co unrestricted GDFM or GDFM.
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Generalized Dynamic Factor Model

Representation Theorem (Forni & Lippi, 2001).

x; admits a Generalized Dynamic Factor representation with

1 nler;Oug(G) =00, #-ae. in|[—m, 7],

2 sup sup uf(G)SM.
neNfe[—m, 7]

{ if and only if

nli_)ngoufz”(ﬂ) =00, 0-ae. in[-m, 7],

sup sup gy q(0) < M.
neNoe[—mn,n]

@ The necessary condition {} is easy to prove.
@ To prove the sufficient condition {} is much more difficult.

@ As n — oo we identify the number of factors!
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Generalized Dynamic Factor Model

Necessary condition - proof

1 By Weyl's inequality

u§(9)+ui(0) < pg(0), -ae in[-m, 7]
—
—00 <M
by C by D

2 By Weyl's inequality

sup sup fig1(0) <sup sup {u§+1(9)+u§(9)}
neNfe[—n,m| neENGe[—m, 7] N - —_—r S~~~
=0 <M

by D
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Generalized Dynamic Factor Model
Sufficient condition - Sketch of proof

(1) construct a g-dimensional orthonormal white noise rf, z = {(z1t -~ zq) ' ,t € Z}
as a dynamic aggregate of z4's:

zjt = lim wypj(L)@n:, j=1,...,q, t €Z,
n—r 00

for some wy,; (L) such that lim, e o /7 wn;(0)w),

;i (0)d8 = 0;

(1) consider the unique canonical decomposition
xgr = proj{xe|Span(z)} + o = ver + 00, (€N, t €Z,
let 8, = {(01¢---0ne) ,t €Z} and vn = {(y1¢---Ynt) ', t € Z}, then

lim Var(an(L)8,:) = lim E / a, ()=’ (0)al (0)d0 =0,
n—oo n—oo 2 -

i = i 1 " v T
HILII;O Var(an(L)ynt) = HILII;O ﬂ/ a,(9)X,(0)a,,(0)dé > 0,

-

for any t € Z and all @, (L) such that lim, e 5= [ a.(0)al (0)dd = 0;

(1) it follows that pu$(0) < M, i.e., &, is idiosyncratic, and
limy, s 00 p13¥ (0) = 00, i.e., ¢ is common.
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Generalized Dynamic Factor Model

Canonical Decomposition (Hallin & Lippi, 2013).

@ D* the Hilbert space of all Ly-convergent linear dynamic combinations
of z;'s and limits (as n — 00) of Ly-convergent sequences thereof.

@ Let w, 5, € HX be a dynamic aggregate, i.e.,

n o0
Wy xt = E E GRTit—k, tE€ L,

i=1 k=—o0

with limy, o0 Yoy Dope o (aup)? = 1.

@ (; € DX  if Var((;) = oo and

hm E wn,x,t Ct

_ =0.
n—>00 VVar(wnxi)  v/Var(G)

a common r.v. is recovered as n — oo by dynamic aggregation

X _ 71X
@ Let also Dfy;, = Dcom,L

@ This gives the canonical decomposition: DX = DX & DX,
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Generalized Dynamic Factor Model

Dynamic aggregation Hilbert space

@ Define a dynamic aggregating sequence (DAS) any linear filter a,,(L) such
that

n—oo 277

lim i/ a,(9)al (6)dd =0

—T

X
com

= limy,— 00 @ (L)xp: with Var(wie™) > 0.
@ However, also a,,(L)L* is a DAS for any k € Z, so w{*™ € DX

Zom Tor all
t € Z, thus the dynamic aggregation space DX is independent of ¢.

@ The common dynamic aggregation space is D and contains elements

com
Wy

@ Compare this with the static aggregation space Scxom,t which instead
depends on t.
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Generalized Dynamic Factor Model

Dynamic weighted averages. Large n to recover factors.

@ Take any n x r filter matrix W, (L) = (wy,1(L) - - - wy n (L))" and such that

nilvvu(L)/B(L) = K(L) - 07 Tl71 Z Z wwikw;,ik =1

i=1 k=—o0
and with coefficients ||w, ;|| < ¢ for some ¢ > 0 independent of i.

@ For any given t an estimator of a linear dynamic combination of the factors is

WL (L)x, WL (L)B(L)u, W, (L)'&
u = = +
n n n

:K(L u; + — Z Z wuzk&zt k-

i=1 k=—o0

@ By dynamic averaging we do not recover white noise factors, but in general
we obtain autocorrelated factors.
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Generalized Dynamic Factor Model

@ Then we have y/n-consistency if as n — oo (assume ¢ = 1 for simplicity):

2
1 e — A UE8(0) 2 1
1YY wati| | < SO < S0 -0 (1),
n n n n n

i=1 k=—o00

IN

or

n o0 2
IS wats] | <52 Y Eegol =0 (1),
i=1 k=—o0 i,j=1k,h=—00

if we assume summability of cross-covariances and standard summability of

cross-autocovariances.
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Generalized Dynamic Factor Model

Dynamic PC - Population

Consider the case of one factor, ¢ = 1.

In the static case we know that the optimal weights are given by the solution

. . . ’ x
of PCs, which in population are such that we solve max,.a/a—1 al;l a

In the dynamic case to find the optimal weights we have to maximize the
variance of a@’(L)x; = Y po. . arX;_j such that the coefficients ay, are the
solution of . .
a'(e”)X*(0)a(e™"
. ()5 (B)a(e)
ay:a’(e?)a(e—+0)=1 n

where a(e™0) =37 ape *f.

The solution is given by P*(8) the leading eigenvector of 3%(6) and the
value of the objective function is n=!u%(0).

The common component is the IFT of the linear projection onto the 1st PC:
Xt = { > [ / Pm(a)vaT(e)e“"kde] L’“} x; = K'(L)x,
k=—oc0 -

By dynamic averaging we do not recover one-sided filters (dynamic
loadings), but in general we obtain two-sided filters.
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Generalized Dynamic Factor Model

Estimation of unrestricted GDFM - Dynamic PC
(Forni, Hallin, Lippi & Recihlin, 2000).
@ Consider the smoothed periodogram estimator of the spectral density matrix:
Br
S 1 |k| e —0hk mh
E(Qh)iﬂkZ ( BT) Lpe %, 0 = By |h| < Br,

~ PN T
where t = /=1 and (recall T” | =T} ) Tf = 724 >, 41 XeXe—g. Let,

° i(@h) be the ¢ x ¢ diagonal matrix of ¢ largest eigenvalues of i(@h);
o P(0;) be the n x ¢ matrix of normalized eigenvectors of 3(6},).

@ The common component is estimated as

]\/IT BT
= S| S PP Ot | x,k = R(L)x,,
k=—Mz Lh=—Br

for some truncation integer M.
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Generalized Dynamic Factor Model

Asymptotic properties of dynamic PC estimator - Common component.
(Barigozzi, La Vecchia & Liu, 2023).

@ Foranygiveni=1,...,nandt=1,...,T

o Mr M2 Brlog Br My
-0, () o, (IR o, (3

@ The optimal bandwidth is By ~ T'/3.

@ If we use smoother kernel we can get better rates. E.g., with quadratic
kernel By ~ T?2/5,

@ It depends on the truncation M.

@ No asymptotic distribution is available.
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Generalized Dynamic Factor Model

Estimation of restricted GDFM - Dynamic + static PC
(Forni, Hallin, Lippi & Recihlin, 2005).

@ From dynamic PC we also get
S ~ o ~ wh
SX(0n) = P(0r)L(0)PT(0r), O = By |h| < Br
and 2£(0),) = (60, — £X(0)).
@ By IFT
Br R . Br =R
TX= > SX(0p)e™, Ti= > 350,)e* [k < Br.
h:—BT h:—BT
@ In restricted GDFM: x; = AF; with F; = (us---u;—s) and ¢(s + 1) = 1.
@ Use r PCs on f‘%‘ having as r leading eigenvectors VX
X\EHLR _ \A/'X{/X/Xt
@ It accounts for dynamic loadings since in the first step we use dynamic PC.

@ To account for heteroskedasticity use the eigenvectors of f‘é‘(f)f)_l, with
3¢ the diagonal of T,
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Generalized Dynamic Factor Model

Asymptotic properties of dynamic + static PC estimator - Common component.
(Barigozzi, Cho & Owens, 2023).

@ Foranygiveni=1,...,nandt=1,...,T

PN 1 BT log BT 1
- vt=0 (35) 0 () o (1)

@ The optimal bandwidth is By ~ T'/3.

@ If we use smoother kernel we can get better rates. E.g., with quadratic
kernel By ~ T2/5,

@ No asymptotic distribution is available.
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Generalized Dynamic Factor Model

Unrestricted GDFM - one-sided representation
(Anderson & Deistler, 2008; Forni, Hallin, Lippi & Zaffaroni, 2015).

@ The unrestricted GDFM has an equivalent representation
A(L)x; = Ru; + A(L)&;

where

e A(L) has finite lag, is block diagonal, with blocks of size at least ¢ + 1;
e R is n x ¢ full rank;
e A(L)¢, is still idiosyncratic.

@ We can assume that the ¢ largest eigenvalues of RR/’ diverging with n.
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Generalized Dynamic Factor Model

Estimation of unrestricted GDFM - Dynamic PC 4+ VAR + static PC

(Forni, Hallin, Lippi & Zaffaroni, 2017).

From dynamic PC and IFT we get f‘?j for |k| < Br.
Estimate VAR( ) on each block by Yule-Walker, e.g., for p =1,
A (FX) 1I\X

Compute the g-largest PCs for the filtered process v; = fA(L)xt which is
now a white noise with covariance 'V having the ¢ leading eigenvectors V?
and eigenvalues M"

-~

R=V' (M"Y, & =(M")"2V5,

The common component is estimated as (say p = 1 for simplicity)

M~
’\FHLZ E A Rut &

for some truncation integer M.
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Generalized Dynamic Factor Model

Asymptotic properties of dynamic PC 4+ VAR + static PC estimator - Common
component - Consistency.
(Barigozzi, Cho & Owens, 2023).

@ Foranygiveni=1,...,nandt=1,...,T

PN MT M2BT10gBT MT
|Xz|':t|-”_z_Xit:Op<\/7>l)—i_op<~/T,I7 +Op Birz-‘ .

@ The optimal bandwidth is By ~ T'/3.

@ If we use smoother kernel we can get better rates. E.g., with quadratic
kernel By ~ T2/5,

@ It depends on the truncation Mry.
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Generalized Dynamic Factor Model

Estimation of unrestricted GDFM - Dynamic PC + VAR + static PC

(Barigozzi, Hallin, Luciani & Zaffaroni, 2023).

vn T Br
@ Let: (7 = min (MT 2By og Br? Mr , such that ¢,7 — oo, as

n,T — oo.

and T' = for some functions Li(-) and Ly(-) slowly

@ Letn= _Gar
L1 (nr)
varing at infinity.

L(C

@ In the last step consider the PC estimators R and ;_, obtained from
T

Y @ Towy) @ Ds(ane),

t=T—-T+1

for some {s(1),...,s(7)} C {1,...,n}.

@ Consider the resulting estimated common component (say p = 1 for

'Y =

N =

simplicity)
Mr
XEHLZ _ ZAkRﬁtfk
k=0
where A is 72 x 7 using only the rows and columns {s(1),...,s(n)}.
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Generalized Dynamic Factor Model

Asymptotic properties of dynamic PC + VAR + static PC estimator - Common
component - Asymptotic distribution.
(Barigozzi, Hallin, Luciani & Zaffaroni, 2023).

For any given i € {s(1),...,s(n)}and t =T —T +1,...,T, as n,T — oo we
can neglect the error of the first two steps

VFLHZ _ ..
WP oxie) L v (0.),
r;chri u;Vfcut
n T

with obvious definitions of W< and VF©.
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Generalized Dynamic Factor Model

Common component (red) of EA GDP growth rate (blue)
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Applications and Extensions

@ Applications and Extensions
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Applications and Extensions

Forecasting

@ Coincident indicators
@ IRFs

@ The case of unit roots

Counterfactuals
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Applications and Extensions

Direct forecasts

Let y; be a target variable and let the predictors be z, = u, + A Fy + £,

Instead of regressing y;. 5, onto z; we can use the factors F; as proxies of
the predictors.

In fact we can also have y; = 1, + A} F¢ + &1 50 y; is also driven by the
same factors.

Let x; = (y¢ z;)’, then
x¢=p+ AF + &

We can regress x;, onto the factors
Xith = ap + BpFr +epp

and compute direct forecasts.
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Applications and Extensions

Direct forecasts

@ Direct forecast from a static factor model
(Stock & Watson, 2002; Bai & Ng, 2006; De Mol, Giannone & Reichlin, 2008).

SPC __ A0LS HSOLSTAPC _ o R yrz/\or pexre\—1xrz’ (o =

using OLS and FPC = (M*)~1/2V*' (%, — x).
@ Direct forecast from a restricted GDFM (Forni, Hallin, Lippi & Reichlin, 2005).
REU = G2 + BESERR = x 4 T, VXV TV~ VY (R — %)

using OLS and FFHLR = (MX)~1/2VX (%7 — %).
@ Comparison:

° §;ﬁrh|T does not require factors, it is the standard PC regression.

SFHLR

° X7ihiT exploits the dynamic factor structure.
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Applications and Extensions

Recursive forecasts

@ Recursive forecast from a dynamic factor model with VAR(1) for the factors

e Use the EM algorithm
I S

with FEM from the Kalman filter which at ¢ = T is also the smoother.

o Since the Kalman filter can deal with missing data (just predicting and
not updating), this is the method to be used for nowcasting.

o Alternatively use PC and fit VAR on estimated factors
75,7 — %+ AC(RPO RS

. -~ T A ol N T 3 S
with APC = (37, FIS F7C) 7 (0, FIS FTC).

@ Recursive forecast from an unrestricted GDFM

Mt
oFHLZ Ak+hp o
Xpypr =X+ E A""Rur_g.
k=0
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Applications and Extensions

The role of idiosyncratic components.
@ The optimal one-step ahead forecast of series i is
Elziia|Xe) = E (D) + & | X0
EIN (D) | Xo] + ElGir 1| X
N (D)f | F] + El&ir41|2]

Xi, T+1|T &, T+1|T

@ Previous forecasting methods are for computing linear estimates of x; 741|7-

@ Adding one series to the dataset does not increase complexity for x; ry1|7,
term which is driven by ~ ¢ parameters only.

@ Adding forecast for the idiosyncratic components might help.

o exact factor model: add univariate forecasts, e.g., AR;
e approximate factor model: add multivariate sparse forecasts, e.g., lasso.

@ For macroeconomic variables this is seldom the case
(Boivin & Ng, 2005; Bai & Ng, 2008; Luciani, 2014).
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Applications and Extensions

Factor plus sparse.

@ FarmPredict - AR + PC + VAR |asso (Fan, Masini & Medeiros, 2023).

n
(1 —aiL)zit = ci + NiFy + z Pij&jt—1 it
i Jj=1
Xit < ,
&it

@ Forecast:

n
_ = ~0LS -PC ~LASSO &
Ti 1T = Ti T a7 T+ Xy ryr T E pij &G
J=1

with PLASSO — (GLASSO ;i 1 n} such that
N . N2
o P50 —argmin 127, (& — P&1) +IIP]h;
o &ip =€y — XoS e = (1 —ads
(€1t ce ent)/-

)zit, and X°C obtained by PC from
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Applications and Extensions

Factor plus sparse.

@ fnets - GDFM + VAR lasso (Barigozzi, Cho & Owens, 2023).

Ty = ¢; + bj(L ut+zaw§” 1 Vit
W—’

1
Xit \J ,
it
@ Forecast:
~ | oFHLR LASSO
Ty, T+1|T = Ti + X, 11T T E :a
with ALASSO — {ayf%%0,4,5 = 1,...,n} such that

o AMASSO — aromin tr {Af‘gA’ — 2Af§}
° f‘i from dynamic PC and IFT;

o &t =i — xR, and YFHR obtained by dynamic + static PC.
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Applications and Extensions

Comparison FarmPredict vs. fnets
High-low range measures of US financial companies - n = 46.

Rolling window out-of-sample 2012 using as sample the T' = 252 previous days.

fnets AR FarmPredict
FE®vE Mean 0.7258 0.7572 0.7616
Median 0.6029 0.6511 0.6243
FE™®* Mean 0.8433 0.879 0.8745

Median  0.7925 0.8437 0.8259

~ 2 ~
FEE — 2@ T+1—F Ty T) d FEmax _ maxi |Zi, 741 =% 741 7|
T+1 — 2 an T+1 = :
+ 26 ®; max; |@; 741l
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Applications and Extensions
Coincident indicators
EU rocoin (Altissimo, Cristadoro, Forni, Lippi & Veronese, 2010)

Core inflation (cristadoro, Forni, Reichlin & Veronese, 2005)
@ x; are monthly stationary predictors such that
=p+AFM 1€,
@ Y; is log of monthly GDP or Inflation in month ¢ such that
Ul =Y — Yoz =y + NJFP + &y
@ Notice that Y; is observed only at lower frequency (quarterly).
@ If we assume the approximation for levels Y,% = Zi:o Yi_k then
Yy =YR Y = (Vi + Y+ Yia)— (Yis+Yia+Yis)
=yt + 2y + 3y + 25 + i
= (1+ L+ L%
@ The monthly and quarterly factors are such that (Mariano & Murasawa, 2003)

F? =FM 4 oFM | 4+ 3FM, +2FM, + FM, = (1 4+ L+ L?)’FM

131/151



Applications and Extensions

Coincident indicators
EU rocoin (Altissimo, Cristadoro, Forni, Lippi & Veronese, 2010)

Core inﬂation (Cristadoro, Forni, Reichlin & Veronese, 2005)

@ Consider a smoothed version of th at yearly frequency
¢ = (1+ 2L + 3L% + AL + 3L* + 2L° + L%)%y?

@ A long-run indicator is given by the projection of ¢; onto estimated FtQ

-1
T
/e\;:HLR = 1y + (Ct _ E)FtQ,FHLR (Z FtQ,FHLRF?,FHLR ) FtQ,FHLR
t=1

or

-1
T
- P (SRR

t=1
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|mpu|se response fUnCtiOnS (Forni, Giannone, Lippi & Reichlin, 2010)
@ From the dynamic factor model

zip = NFy+ &, Fy=AF,_ +Hu

@ Once estimated via PC + VAR the reduced form IRFs and shocks are

K
(L)L = AT ) (APFHRCES,
k=0

@ However, we can just prove |[uf¢ — Ru;| = 0,(1), with R invertible unless
further restrictions are imposed:
o statistical: 7-'3°]_, u,u, = I, = R is orthogonal;
o statistical: 7! Zthl w,u; = I, plus H'H diagonal = R diagonal £1;
o economic: T~ 377 wyu) = I, plus structure on some c; (L)
(sign, recursive, long-run) ;
e economic: identify u; via external proxies (IV).
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Effects of EA monetary policy - PC + sign restrictions (Barigozzi, Conti & Luciani, 2014).
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Effects of EA monetary policy - PC + sign restrictions (Barigozzi, Conti & Luciani, 2014).
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Effects of EA monetary policy - PC + sign restrictions (Barigozzi, Conti & Luciani, 2014).
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Effects of EA monetary policy - PC + sign restrictions (Barigozzi, Conti & Luciani, 2014).
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Effects of EA monetary policy - PC + IV identification (Barigozzi, Lissona & Tonni, 2024).
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Effects of EA monetary policy - PC 4 IV identification (Barigozzi, Lissona & Tonni, 2024).
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EfFeCtS O'F EA monetary pOllcy - PC + IV identification (Barigozzi, Lissona & Tonni, 2024).
Unemployment Rate
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Lon-run impulse response functions (Barigozzi, Lippi & Luciani, 2021)

@ To estimate the long-run effects we must account for unit roots and
cointegration.

@ We need a dynamic factor model for I(1) data.

@ The factors are I(1) but cointegrated, so their dynamics is either a VECM or
a VAR in levels.

@ The idiosyncratic components are I(1).

@ There are deterministic trends.
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Lon-run impulse response functions (Barigozzi, Lippi & Luciani, 2021)
@ The model is
Vit = a;i + bit + NJFy + &
F, =AF;_; + Huy, &it = piii—1 + €.

where b; # 0 for n, = o(n) series and p;; = 1 for n; = o(n) series or p;; =0
otherwise.
@ Estimation:
© De-trend via OLS Zj; = it — a?LS fgiOLSt;
@ Loadings by PC on A:clt = ./:XPC;
© Factors FPC = (AP APC)~1APC'R,
© VAR (or VECM) by OLS on FPC = APC and HPC.

@ The reduced form IRFs and shocks are

EPC( /\PC )\PC ZZ APC hHPcAPc )

k=0 h=0
@ This estimator is consistent as n, T — oo. The rate depends on n; and n;.
@ If n, = ny = 0 the consistency rate is min(y/n, vV'T).
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Effects of news shocks - Stationary vs I(1) factor model
(Forni, Gambetti & Sala, 2014; Barigozzi, Lippi & Luciani, 2021).
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Effects of news shocks - Stationary vs I(1) factor model

(Forni, Gambetti & Sala, 2014; Barigozzi, Lippi & Luciani, 2021).
TFP Stock prices Hours
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COinCident indicators - OUtpUt gap (Barigozzi & Luciani, 2023; Barigozzi, Lissona & Luciani, 2024).

@ Identification can be made on the factors instead of the impulse responses.

@ Given an I(1) dynamic factor model, we can identify a common trend is
identified from
F, =971 + wy, Tt = Te—1 + Vs

@ For GDP we have

Yir = a; + bit + N[ Fy + &ip = ai + bt + N[OT + Nw;,  +&ir
—_— —~—

Potential output Output gap

@ We can estimate the model using the EM algorithm twice.
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Generalized Impulse Response FUnCtionS (GIRF) (Barigozzi, Lissona & Luciani, 2024)

@ Given a T x n dataset X = (y Z) where y = (y1---yr)’ is a variable of
interest, and such that

xt = AF,+ & =xi+ &, t=1,....T,
F, = AF, 1 +w, t=1,....T,
@ Define the GIRF for y as:
GIRFY(h —1) = YTrh — YT+h h>1,
where

o the unconditional linear prediction is
YT ph = Proj{x?:’”_h |X1,X2,..., X7}
o the conditional linear prediction is
y%+h = P“ﬂ{X%+h |X17x2w"7x775%+1}

with 5Zijf+1 being a shock to y at time T+ 1, that is to say when y7;
is replaced by yri1 +¢e¥ ;.
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Generalized Impulse Response Functions (GIRF) (Barigozzi, Lissona & Luciani, 2024)

@ The GIRF is GIRFY(k) = 45,40y — Utipar, k>0

@ For given estimated parameters (via QML, EM, or PCA) at £ = 0 we have
the unconditional linear prediction

Ur = NFrpr
where I'A“T+1|T is computed via the Kalman filter. Notice that, in this case,

given no information available from time T" + 1, there is no update step in
the filter.
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Generalized Impulse Response Functions (GIRF) (Barigozzi, Lissona & Luciani, 2024)
® The GIRF is GIRFY(k) = 45,11 — ¥y s, k>0
@ the conditional linear prediction is
%-5-1 = A;,FT+1\T+1
Friryr = Frogr + Kepyr(xr — AFpqqr)
= Froyr + Krpr (X011 — Xrsar)

where now we can update the Kalman filter, due to the shock at T+ 1 to y
Here IA{T+1|T = f’T+1|T1AX’(_/AXf’T+1‘T./AX’ + flf)_l is the Kalman gain.

@ Since we do not know x71, we can substitute it with:

-~ =Y Yy
2 _ Yroyr \ _ [ Xreyr T e
THT = 7 = ~7
T+1|T XT11|T
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Generalized Impulse Response Functions (GIRF) (Barigozzi, Lissona & Luciani, 2024)

@ The GIRF for y is GIRFY(k) = y5, 01 — Y% ps1, k>0
@ At k = 0 we have

GlRFy(O) = %H _:'71”"-1-1

= )\;(FT+1\T+1 —Frpr)

~

- _ R -
)\; <FT+1T +Krpqr ( 0T+1 > - FT+1T)

—1
VA - SN s
y +1| 0, 1

@ The GIRFs for x; are obtained as

PN Y
GIRF,(0) = AKTHIT( o )
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Generalized Impulse Response Functions (GIRF) (Barigozzi, Lissona & Luciani, 2024)

@ At k =1 we have

GIRF, (1) =

Yria = Urso
A(Fryori1 — Fryor)
A(AF7 1711 — AF74)7)

N
AAK7 7 0, .
e
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Generalized Impulse Response Functions (GIRF) (Barigozzi, Lissona & Luciani, 2024)

@ For a generic horizon k, we can write:

PPN Yy
GIRF, (k) = = AAkKT+1|T< f)TH >
n—1

R N PR y
= AAF {PT+1|TA/(APT+1|TA/+25)*1} ( € >

n—1
If we wish to attribute the entire effegc of the shock to comovements, i.e. to
the common component, we can set 3¢ to a very small value.
@ Generalizations to

@ a single shock to multiple variables and/or horizons

@ multiple shocks to multiple variables

© multiple shocks at multiple horizons to a single variable
(counterfactual)
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A shock to Unemployment rate - EA

Common component: UR ~ Common component: GDP
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A shock to Inflation rate - EA

Common component: core HICP  Common component: GDP

3
2

1

149/151



Applications and Extensions

Other applications and extensions

Brea kS (Breitung & Eickmeier, 2011; Cheng, Liao & Schorfeide, 2016; Corradi & Swanson, 2014;
Barigozzi, Cho & Fryzlewicz, 2018; Barigozzi & Trapani, 2021; Bai, Duan & Han, 2021, 2022; Barigozzi,
Cho & Trapani, 20xx).

Volatility (Barigozzi & Hallin, 2016, 2017, 2020).

Networks (Barigozzi & Hallin, 2017; Barigozzi, Cho & Owens, 2023).

Local stationarity (Motta, Hafner & von Sachs, 2011; Barigozzi, Hallin, Soccorsi & von Sachs, 2021).
Random flelds (Barigozzi, La Vecchia & Liu, 2023).

Matrix time Series (Yu, He, Kong & Zhang, 2022; He, Kong, Trapani & Yu, 2023; Barigozzi &

Trapin, 20xx).
Tensor time series (Barigozzi, He, Li & Trapani, 2023).

Ta|| robust estimators (Barigozzi, He, Li & Trapani, 2023; Barigozzi, Cho & Maeng, 20xx).
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Thank you!
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