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1 Introduction

1.1 Motivation

Time series are measurements of a quantity z;, taken repeatedly over a certain period of time.

e The quantity z; can be a scalar, but it can also be a vector, or a more complex object such as
an image or a network.

e The time index ¢ can be continuous (when x; is observed continuously), discrete and equally
spaced (when z; is measured at discrete time intervals, e.g. every day or every month), or
have a more complex form (think of an experiment which needs close supervision at the
beginning, but can later be observed less frequently).

Time series arise in many sciences, or more generally in many “domains of human endeavour”.
We first look at some examples of time series, before moving on to describe the branch of statistics
called Time Series Analysis.

1.2 Examples of time series

Note that plotting the values of a scalar-valued time series is often the most natural way of visual-
ising datasets. The transformations used are explained below in section 1.3.

1. Finance. Standard & Poor’s 500 index, daily data, source: http://research.stlouisfed.
org/fred2/. Description: “The S&P 500 is regarded as a gauge of the large cap U.S.
equities market. The index includes 500 leading companies in leading industries of the U.S.
economy, which are publicly held on either the NYSE or NASDAQ, and covers 75% of U.S.
equities. Since this is a price index and not a total return index, the S&P 500 index here does
not contain dividends.”

(a) Figure 1 shows the data in “levels”, i.e. not transformed. The values do not change
much from day to day, but over time, clear trends are formed. We notice a general
upward trend but also a steep downward trend during the 2007-2008 financial crisis.
The mean of this series changes in time.

(b) Figure 2 shows the time series of the daily percentage increments of the Standard &
Poor’s 500 index, over the same time period. Contrary to the previous series, there
are no clear trends in the mean, which oscillates around zero. However, its variance
changes over time.

2. Finance. U.S./ U.K. Foreign Exchange Rate, daily data, source: http://research.
stlouisfed.org/fred2/. Compare Figures 3 and 4 with Figures 1 and 2.

3. Macroeconomy. U.S. Consumer Price Index (CPI) for all urban consumers and all items,
monthly data, source http://research.stlouisfed.org/fred2/. Description:
“The Consumer Price Index for All Urban Consumers: All Items (CPIAUCSL) is a measure
of the average monthly change in the price for goods and services paid by urban consumers
between any two time periods. It can also represent the buying habits of urban consumers.
This particular index includes roughly 88 percent of the total population, accounting for
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Figure 1: Daily Standard &Poor’s 500 Index, from 2004-12-23 to 2014-12-23. Not Seasonally
Adjusted
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Figure 2: Daily Standard &Poor’s 500 percentage returns, from 2004-12-23 to 2014-12-23.
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Figure 3: U.S./ U.K. Foreign Exchange Rate U.S. Dollars to One British Pound, from 1971-01-04
to 2014-12-19. Not Seasonally Adjusted

wage earners, clerical workers, technical workers, self-employed, short-term workers, un-
employed, retirees, and those not in the labor force...The CPI can be used to recognize
periods of inflation and deflation. Significant increases in the CPI within a short time frame
might indicate a period of inflation, and significant decreases in CPI within a short time
frame might indicate a period of deflation. ”
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Figure 4: U.S./ U.K. Foreign Exchange Rate percentage returns, from 1971-01-04 to 2014-12-19.
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Figure 5: CPI, from 1947-01-01 to 2014-11-01. Index 1982-84=100. Seasonally Adjusted.
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Figure 6: CPI yearly percentage changes, from 1947-01-01 to 2014-11-01.

(a) Figure 5 shows data in “levels”, i.e. not transformed. The series is shorter than the
previous one (monthly vs. daily), the values oscillate around an increasing trend.

(b) Figure 6 shows the yearly percentage changes in CPI, i.e. the yearly inflation rate.
Over the whole period, the data oscillates around an almost flat trend, but in shorter
periods we notice increasing and decreasing trends. High inflation in the 1970s and
early 1980s, low inflation in the 1990s and 2000s. A sudden drop (deflation) in recent
years. Variance changes in time.

(c) Figure 7 shows changes in the yearly percentage changes in CPI, i.e. changes in infla-
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Figure 7: CPI changes of yearly percentage changes, from 1947-01-01 to 2014-11-01.
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Figure 8: GDP, Billions of Chained 2009 Dollars, from 1947-01-01 to 2014-07-01. Seasonally
Adjusted.
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Figure 9: GDP yearly percentage changes, 1947-01-01 to 2014-07-01.

tion. Now data are more stable around a constant (flat) trend.

4. Macroeconomy. U.S. Real Gross Domestic Product (GDP), quarterly data, source http:

//research.stlouisfed.org/fred2/. Compare Figures 8 and 9 with Figures 5
and 6.

5. Weather. Mean maximum temperatures, recorded in Heathrow, monthly data, source http:
//www.metoffice.gov.uk/climate/uk/stationdata/index.html. See Fig-
ure 10. The yearly periodicity is very pronounced, as expected. Might there be a slight
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Figure 10: Mean maximum temperatures, recorded in Heathrow, 1948-01-01 to 2014-11-01.
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Figure 11: CO2 emissions from fossil-fuels, metric tons, from 1751-01-01 to 2011-12-01.

upward trend towards the end of the series? Anything to do with the “global warming”?

6. Environment. CO2 emissions from fossil-fuels, yearly, source http: //www.gapminder.
org/data/.

(a) Figure 11 shows data in “levels”, i.e. not transformed. The data oscillates around an
increasing non-linear trend, maybe quadratic.

(b) Figure 12 shows yearly differences of data. The data oscillates around an increasing
trend which is more linear than before. At the end of the sample the trend is decreasing.

(c) Figure 13 shows yearly differences of yearly differences (2nd differences). The data
now oscillates around a flat trend.

7. Health. Infant mortality rate in Sweden, yearly, source http://www.gapminder.
org/data/.

(a) Figure 14 shows data in “levels”, i.e. not transformed. The data oscillates around a
decreasing non-linear trend, maybe quadratic.

(b) Figure 15 shows yearly differences of data. The data oscillates around a flat trend with
decreasing variance until the variance goes to zero.

8. Engineering. Speech signal (digitised acoustic sound wave) representing the word ‘“Matteo”
(my first name) recorded using the audiorecorder command in Matlab. Plot in Figure

10
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Figure 12: CO2 emissions yearly changes, from 1751-01-01 to 2011-12-01.
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Figure 13: CO2 emissions yearly changes of yearly changes, from 1751-01-01 to 2011-12-01.
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Figure 14: Infant mortality rate, from 1800-01-01 to 2012-12-01.

16. Both the amplitude and the frequency (number of oscillations per second) of the signal
change over time.
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Figure 15: Infant mortality rate yearly changes, from 1800-01-01 to 2012-12-01.
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1.3 Transformation of data

When dealing with a signal z; sometimes it is useful to transform it (see the examples before) to
another signal ;. We use the symbol A to indicate differences, i.e. Ax; = x; — x4_1.

1. data in levels, just take the data as it is y; = xy;

2. data in logs, take logs of the data, y; = log x4, this transformation reduces the variance of
the signal;

3. first differences, or changes, y; = xy — 211 = Axy;

4. second differences y; = (zy — x4—1) — (v4—1 — 4—2) = AAuzy not to be confused with
Yt = Ty — T—2;
5. growth rates, there are two possibilities:

Tt—Tt—1.
9

@ ye = =3,
(b) y+ =log % =logx; — logx;_1 = Alogxy;

the two are equivalent for small changes indeed:

dlogz; 1 dzy
dt oz dt

or, using Taylor approximation in a neighbourhood of z;_1,

1
log z; = logx¢—1 + z—l(mt —x¢—1) + o((zt — z4-1)),
t—

where the last term goes to zero faster than (x; —x¢_1) when 2y — ;1 — 0. Transformation
(b) is usually preferred, then 100A log z; is the percentage change from time ¢ — 1 to time
t. This is the way in which we computed the returns of Figure 2 and the percentage changes
of other series.

More on the need for these transformations later.

1.4 Statistical time series analysis

Scientists and analysts are interested in a variety of different questions/issues when faced with
time series data.

There are at least three kind of questions that can be answered by analysing time series.

1. Forecasting future values in finance and economics/econometrics. For example, for the
purpose of potential gain (e.g. in hedge funds or investment banks) or planning for the
future (e.g. when should I buy a house?) or for policy makers in setting future interest rates
hoping to the improve the state of the economy.

13



2. Summarise time series data. For example, in the analysis of Electroencephalography (EEG)
recordings, how can we decide whether the subject is “healthy” or not? Or how can we
decide if the economy in US (see the examples above) has been evolving “significantly
differently” from that, say, in China? Or, more generally, given a time series, how can we
describe and summarise its evolution?

3. Control the evolution of a time series. This is not quite the same as forecasting, where we
do not intervene in the process in any way. As an example of the control problem, consider
the global temperature data: is “global warming” really happening, and if so, what impacts
the temperature and how can we eliminate or suppress those factors?

As expected, there are often a variety of ways in which those questions can be answered, and many
of them do not formally involve statistics at all: for example, people often debate expected trends
in house prices and investment opportunities, express their informal views about global warming,
or use techniques originating from computer science (e.g. pattern recognition) to aid medical di-
agnosis in neuroscience. So do we need statistics in time series analysis?

The answer is not necessarily, but there are good arguments why the statistical approach may
often be very useful.

1. Firstly, even those informal approaches to time series analysis are in fact often statistical in
nature, sometimes in a “hidden” way: for example, people’s subjective views about time se-
ries can often be formally formulated as priors in Bayesian statistics, and informal forecasts
which we often encounter in the media are in fact often instances of simple statistical fore-
casting procedures, such as trend extrapolation. Also, frequently, techniques originating in
computer science (such as: neural networks, machine learning, pattern recognition, artificial
intelligence) often have their counterparts in statistics, which do exactly the same thing but
are named differently.

2. The above-mentioned tasks: forecasting, understanding the structure of time series, and time
series control, have inherent uncertainty about them, which makes probability and statistics
a natural tool for describing them.

(a) Accurate forecasting is impossible. For example, rather than saying “tomorrow’s value
will be exactly 2.745” it often makes more sense to say “tomorrow’s value will be
around 2.745”, but then there is a chance that we will still be wrong, so our forecasts,
even those informal ones, will often be of the form “tomorrow’s value will probably
be around 2.745”, which is already in the territory of probability, since it contains a
natural statement of uncertainty.

(b) It is often impossible to build exact deterministic models describing their structure.
Indeed, if we had a correct deterministic model, we would be able to predict the evolu-
tion of the time series exactly, but since we are not able to do that, it means that we do
not have the exact model. Often, probabilistic models make more sense: for example,
“tomorrow’s value is about a half of today’s value plus a term which is best described
as random, i.e. there is no clear pattern in its values from one day to another”.

(c) Inthe issue of time series control, one natural task that often needs to be performed is to
understand what factors affect the evolution of the series. But this is often impossible
to specify exactly: it is unlikely that any one factor (out of the ones we are considering),
or indeed their combination, is fully responsible for the evolution of the time series.

14



Therefore, again, a statistical approach, where we permit uncertainty by building a
statistical model, might be of use. For example, if we suspect that there is a link
between pollution and global warming, it might be helpful to build a statistical model
in which we will be able to test this hypothesis, and answer questions like: “how sure
are we that there is correspondence between pollution and global warming?”, or “what
is the strength of this relationship?”.

We will find that probability and statistics provide a natural and simple language to express fore-
casts and their associated uncertainty. In this way, we have a simple model for the evolution of the
time series, but in the territory of randomness, i.e. probability and statistics.

1.5 Definition of a stochastic process
A stochastic process is:

1. a correspondence associating a random variable with each integer ¢:

X:tl—>Xt

2. for any integer s and t; < to < ... < i, the joint probability distribution function

Ftl,tz,‘..,ts(alaa27 . ';as) - P(th S a’17Xt2 S ag, ... >th S as)

Saying that a stochastic process is given means that not only the random variables X are given,
but also the joint probability measure, for all s-tuples Xy, , X4,,..., Xy

s

We use the notation { X}, ¢ € Z} for the stochastic process.

A specification of the process { X;} based on its joint probability distribution function is far
too complicated as in general it will depend on too many parameters to be estimated from data.
We will specify only the second order moments of the joint distribution, i.e.

E[Xt], E[XtXt-‘,-h] for t,h € 7.

These are enough to specify the whole distribution if the data were Gaussian, otherwise some
information is lost but all the theory that is developed later in this course is based only on second
moments.

In principle there can be infinite realisations of a stochastic process {X;}. Typically, we
observe only one realization which we denote as the sequence {z;,¢ € Z}. In particular, z; is the
realization of the stochastic variable X associated with ¢. We also use, for short, x;, meaning the
process, instead of { X, t € Z}.

1.6 Examples of stochastic processes

1. z; = A for any ¢ is a constant and deterministic process (all its realisations are identical);
2. my = (—1)'Ais also a deterministic process;
3. {X.} are i.i.d. zero mean and Gaussian random variables, two possible realisations are in

Figure 17;

15
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Figure 17: Two realisations of an i.i.d. Gaussian process.

1.5
Tt + sesspip g6 ¢ qorrpepsenseriionn pf S 4L RSP 485 HEE £ AP S pRHSE e et
[ T B R E R EY I B EL I (R R S ALY [
B B N [EEE B N T E R BN I L ER N R ER B [ !
B RN Erra e TR
|
0.5 - n i) Coaan e he e (T
[N e TN T B LI S R ol
TS L T L T R
QL b bbb i e IR THRE
Pl T e R e T IO T VR T
[T 3 1l i 1tk i 1 1 [N !
: TR :: 'I:|| ||: | |1| '|' TSR] oo i
IEETEE S EE AR T R R O R
-0.5 A N I el : [ I A Lho
TR [ T T R I L
| W oih i 1
! ! [ 3] [N ! Dok, N : i I 1
T RTR R ,,,\l\g,l.ill.l.l.lv R
] fenesriri bbb ib b oisnit rrerieneni did L de debi bniaaed oo d ik desmei b L adinei
-1.5 L 1 1 |
0 20 40 60 80 100

Figure 18: Two realisations of a binary process.

4. {X.} is a binary process, i.e. such that
P(thl):]% P(Xt:_l)zl_pa
two possible realisations are in Figure 18;

5. {X.} is a random walk with zero mean and starting in zero

zg =0, mt:u1+uz+...+ut22us,

where wu; are realisations of an i.i.d. Gaussian process as in example 3, four possible reali-
sations are in Figure 19;

6. {X;} is a random walk with drift and starting in zero
t
xo =0, xt:t+u1+uQ+...+ut:t+Zus,
s=1

where wu; are realisations of an i.i.d. Gaussian process as in example 3, four possible reali-
sations are in Figure 20.

16
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Figure 19: Four realisations of a random walk.
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Figure 20: Four realisations of a random walk with drift.

Notice that while in the other cases the process reverts to its mean (which is zero) in the random
walk cases this does not happen, and the more the time goes by the more likely the process is to
be away from zero. More precisely the uncertainty (variance) increases with time in both cases,
while in the case with drift also the mean changes with time (it follows a linear trend).

1.7 Trend and seasonality - part 1

From the examples above it is clear that many time series are made of different components. In
general, a process { X;} is made of three components:

Xe=T,+ S5 +Cy

where T is the so called trend, .S; is the seasonal component, and C} is called cycle and represents
fluctuations around the other two components.

Time series analysis proceeds as follows:

1. Check for trends, these can be deterministic functions of time (linear, quadratic...) or also
due to some properties of the second order moments of the process. In all cases trends result
in time varying mean and/or variance.

2. Remove trends, for example:

17



(a) if the fluctuations grow linearly with the level of the series, take logs (data must be
positive!);

(b) if there are deterministic trends these can be eliminated by means of linear regressions
or first differences;

(c) if the are non-deterministic trends (as time varying variances) then first differences
should be computed;

(d) taking growth rates accommodates most cases.

in all cases the aim is to obtain a process which is mean reverting (i.e. it is stationary as
defined in the next Chapter).

3. Detect and remove seasonal components, as for example by taking other differences of the
data or by regressing data on periodic deterministic components.

4. Fit linear models based on the second moments of the residuals of the two steps above.
These models are used for forecasting and the results are then combined with the inverse of
the above transformations in order to have forecasts of { X }.

Moreover, data can have breaks, i.e. sharp changes in the behaviour of the series, and outliers, i.e.
anomalous data points. Both aspects should be taken into account before the analysis.

In the following we will start with models for data with no trend, no seasonality, no breaks,
and no outliers. Some of these other aspects will be treated later in the course.

1.8 Autocorrelation

One of the main characteristics of time series data is dependence between observations at different
lags: i.e. often, there is a relationship between observations separated by a lag k. Thus given a time
series x; it is natural to study how the signal today depends on its past values. As we said above,
classical analysis of time series is based on second order moments and therefore the dependence
we consider is only the linear dependence which is measured by means of correlation coefficients.

Suppose then that a linear relationship holds approximately between z;; and x; for all inte-
gers k, i.e.,
Tek = + Bpt + €14k (D

where €, is an error term (cfr this model with linear regressions).

The Pearson product moment correlation coefficient is a summary statistic which measures the
strength of the linear relationship between two variables {y;} and {z;} say,

b= Zt 1( —Y)(2t — 2)
VI e~ )2z - 2)?

where 7' is the number of observations we have and % and z are sample means, thus § = % Zthl Yt
(The asymptotic properties of p are considered later.)

Then for model (1) we have (set y; = x41 1 and z; = ;) the lag k sample autocorrelation for
a time series:
S (@eak — ) (e — T)

Pr =
\/Zt 1 (e — 2) (2 — T)?
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and pp = 1. The sequence {py} is called the sample autocorrelation sequence (sample acs) of the
time series.

Denote by x; the Heathrow temperature series from section 1.2. For data, we can illustrate
dependence using scatter plots. As an example, consider a scatter plot of x; ¢ against x;, as ¢
varies from 1 to 7" — 6, where T is the length of z; (see Figure 21). As expected, there is a clear
negative dependence between temperatures separated by 6 months, due to seasonality and pg is the
slope of a regression line estimated for this cloud of points. Similar scatter plots could be created
fork=1,2,3,4,5,7,...,.

In Figure 22 we show the sequence pj, for the Heathrow temperature series. This is the way
to show autocorrelations for a time series. Notice e.g., that x; and z;1¢ are negatively corre-
lated, while x; and x4 12 are positively correlated (consistent with the yearly temperature cycle).
When we regard x1, ...,z as a realization of the corresponding random variables X7, ..., Xr.
The quantity py, is an estimate of a corresponding population quantity called the lag k theoretical
autocorrelation, defined as

Bl(X¢ — 1) Xk — )]

o2

Pk =

where ;1 = E[X;] is the population mean, and 02 = E[(X; — p1)?] is the corresponding population
variance. (Note that py,, 1+ and o2 do not depend on ¢ here. As we shall see soon, models for which
this is true play a central role in time series analysis and are called stationary).
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2 Stationary stochastic processes

We have seen that a process {X;,t € Z}, is a collection of random variables, i.e. for fixed ¢,
X, is a random variable (r.v.), and hence there is an associated cumulative probability distribution
function (cdf):

Fi(a) = P(X; < a)

and we can define its mean and variance

o0

E[X;] = /OO xdFy(z) = e Var(X;) = / (x — pe)?dFy(z) = o2

—00 —0o0

But in time series analysis we are interested in the relationships between the various r.v.s that form
the process. For example, for any ¢; and t2 € Z,

Ftth(al,aQ) — P(Xt1 S a‘17Xt2 S a2)'

gives the bivariate cdf.

More generally for any integer s > 1 and t; < t5 < ... < ¢, the joint probability distribution
function is

Ftl,tQ,...7t5(a17a25 . '7as) - P(th S alath S az, ... )th S CLS).

Notice that in this course we consider only discrete time stochastic processes, i.e. processes for
which the time index ¢ is an integer number. In general we can consider cases where ¢t € T for
some set of indexes 7 C R.

The class of all stochastic processes is too large to work with in practice. In the rest of the
course we consider only the subclass of stationary processes (later we will discuss also some
subclasses of non-stationary processes). We have seen that in practice we will use only second
moments to describe a stochastic process and these are related with the notion of weak station-
arity. However, we start with a more general definition of stationarity, i.e. strong stationarity.
The distinction between strong and weakly stationary processes will be useful when considering
models for financial time series.

2.1 Strong stationarity

The process { X;} is said to be strongly stationary if, forany s > 1,and t; < to < ... < t4, and all
integers k the joint cdf of { X, X,,..., X}, } is the same as that of { Xy, 44, Xty ks - o Xeotk }
ie.,
Ftl,tQ,...,ts (a17 agz, ..., CLS) — Ftl-i-k,tg-‘rk?,...,ts-f—k(a’la az, ... 7a5);
or
Ftl»t27~~->ts (ala az, . .. 7a8) = F7177-27-~~7Ts (ab az, ... 7as)>

with T = tj + k.

For example, the probability that X; lies between 1 and 2, AND X, lies between -3 and 3, and

the probability that X1 lies between 1 and 2, AND X5 lies between -3 and 3, are the same. So
that the probabilistic structure of a completely stationary process is invariant under a shift in time.

A strongly stationary process is also said to be completely or strictly stationary.
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2.2 Weak stationarity

The process { X, } is said to be weakly stationary if, for any integer s > 1,and t; <ty < ... <{s,
and all integers k, all the joint moments of orders 1 and 2 of {X;,, X4, ..., Xy, } exist, are finite,
and equal to the corresponding joint moments of { Xy, 1, X, 4k, - .., X¢. 4k}, i.€. for any ¢ such
that 1 <t <,

E[X{| = u

is a constant independent of ¢, and for any ¢; and ¢; such that t; < ¢;,¢; < t;
E[Xy, Xi,] = E[Xy, 16 Xt 4]
Hence, if we take ¢; = t; = ¢, we have that
Var(X;) = E[X?] — % = o2
is a constant independent of £.
Moreover, if we let k = —t1,
E[ Xy, Xt,] = E[ X, 156Xt +k) = E[X0Xtp—t, ]

and with &k = —t9,
E[thXh] = E[Xt1+k’Xt2+k] = E[thfthO]

Hence, E[ X, X,] is a function of the absolute difference |to — 1| only. Similarly, for the covari-
ance between X, and X;, we have

Cov(Xy,, Xt,) = E[(Xp, — 1) (X, — p)] = E[Xy, Xp] — 4%,
and therefore is a function of the absolute difference |ty — ¢1]| only.

For a discrete time weakly stationary process {X;} we define the autocovariance sequence
(acvs) by
Vi = Cov(Xy, Xiyr) = Cov(Xo, Xi),

where
1. kis called the lag;
2. o =c%and y_j = Vi
3. the autocorrelation sequence (acs) is given by

_ Tk — COV(XtaXt-‘rk’)_

= 3 ;

4. by Cauchy-Schwarz inequality, |yx| < 70 and |pg| < 1;

5. the variance-covariance matrix of the vector of equispaced X’s, (X1, Xo, ..., X7)T
R gs! Yoo oo YT—2 T-1 |
ga! 70 Yroo--- VT-3 VT2
Y2 gi! Yoo ..o YT-4 VT3
V= : : . : :
-2 Yr-3 Yr-4 -+ 0 !
. Y7-1 Yr-2 Yr-3 .- g4t Y
has the form which is known as a symmetric Toeplitz matrix - all elements on a diagonal are
the same and the matrix has only 7" unique elements, o, V1, - - ., Y7—1;
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6. the generic 4, j-th element of V is Cov(Xy,, Xt;) = V)¢, 4,5

7. The sequence {7} is positive semidefinite, i.e., for all integers s > 1, for any t; < ty <

,..., < ts and for any set of nonzero real numbers a1, ag, ..., as
S S
Z Z’V\ti*tjlaiaj 2 0. @)
i=1 j=1
Leta = (a1,az,...,as)", X = (X4, X4, ..., Xs,)T and let V be the covariance matrix

of X with ¢, j-th element given by 7, ,|. Define

S
w = g a; Xy, = aTX,

=1

then

S S
0 < Var(w) = Var(a’ X) = a’” var(X)a = a’ Va = Z ny‘ti_tﬂaiaj,
i=1 j=1

which proves (2) and implies that the matrix V is positive semidefinite.
Other important remarks on stationarity:

1. If { X} is strongly stationary and has finite second moments, then { X; } is weakly stationary.
Of course a weakly stationary process is not necessarily strongly stationary. As an example,
let v, = 0 for k # 0 and 79 = 1 then {X;} is weakly stationary. Moreover, assume that
{X.} is Gaussian for ¢ # 0 and uniform for ¢ = 0, then { X, } is not strictly stationary.

2. A stochastic process {X;} is called Gaussian if, for all integers s > 1 and for any ¢; <
to < ... < tg, the joint cdf of Xy, Xy,, ..., X, is multivariate Gaussian. If {X,} is
weakly stationary and Gaussian then it is strongly stationary (since a multivariate Gaussian
distribution is completely characterized by 1st and 2nd moments). In this case, the vector
X = (X1, X2,...,X7)" has joint pdf which reads

1 1
fx(x) = ———=exp <— x—p)Ivix-— >
) = oy o (WY )
where x = (z1,..., xT)T are the realizations of X, the matrix V is defined above (notice

that it must be positive definite as we need its determinant and its inverse), and the vector p
is the vector of means with all entries equal to 1 = E[X}] by stationarity.

3. A nonlinear function of a strict stationary variable is still strict stationary, but this is not true
for weak stationary. For example, the square of a covariance stationary process may not
have finite variance (see the ARCH case below and in Chapter 7).

Unless explicitly stated, stationary processes will be weakly stationary. A weakly stationary
process is also said to be second-order or covariance stationary.
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2.3 Examples of stationary processes

In the next examples we will notice that for the weakly stationary processes we have seen the acs
decrease quickly (at an exponential rate). In this case we say the process has short memory: a
shock to the process has an effect which lasts few periods, in other words we see mean reversion.

1. White noise process.
Also known as a purely random process. Let { X;} be a sequence of uncorrelated r.v.s such
that
E[ X =p Var(X;) = o vt

[ if k=0

T 0 if k40
This process is a basic building block in time series analysis. An i.i.d. process is of course a
white noise. A short way to write that { X;} is white noise is X; ~ w.n.(u, o?). This nota-
tion does not tell us which is the distribution of { X;} and indeed very different realizations

of white noise can be obtained for different distributions of {X;}. Examples are given in
Figures 23 and 24 with their acs.

and

2. Moving Average of order g, MA(q).
{X}} has realisations given in the form

q
xp = p+ Ooup + Orug—1 + ...+ Oqup—g = 1+ Zﬁjut_j
§=0

where £ and 6;’s are constants (usually we set 6y = 1 and 6, # 0), and {u;} is a zero-
mean white noise process with variance o2. Without loss of generality we can assume

E[Xt] = Hu = 0. Then COV(Xt,Xt+k) = E[XtXt—i-k]'
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Figure 25: MA(9) with coefficients §; = 1,7 = 1,...,9.
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Figure 26: MA(9) with coefficients 6; = (—1)7,j =1,...,9.

Since E[uguy ] = 0 for all k # 0 we have for k > 0

q q q—Fk
i = Cov(Xy, Xptk) = ZZHGEut Uih—j] = 04 ZH 0irk
=0 5=0 =0

as the only nonzero terms are when j = ¢ + k. Therefore, 77 does not depend on ¢. Since
the above must hold also for & < 0, thatis 7 = ~v*,, then we must use |k| and {X;} isa
stationary process with acvs given by

—k .
Jp = | RS 00 1K <
0 it k| >q

Notice that no restrictions are placed on the 6;’s to ensure stationarity except obviously,
|6j| < oo for all j. Examples are given in Figures 25 and 26 with their acs.

Consider an MA(1)

Ty = up + Orup—q

the acvs are
1|k

Ye=ou > 00 k<1
j=0

and (notice that we usually set 8y = 1)

W = a5+ 67) = on(1+67)
Vo= 0206, = 026,
while the acs are 9
r_q T _ 1
Po P1 1+ 02 n 9%
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a) if §; = 1 and 02 = 1 we have

Yo =2 =1 Vo =75 = =
po =1 p1 = 0.5 ps = ps = =
b) if 1 = —1 and 02 = 1 we have

=2 H=-1 7
po=1 pi=-05 p;

V3
3 =

Finally, notice that if we replace 61 by 6, ! the model becomes

1
Ty = Ut + —U—1

01

and the acs is .
z 01

p1_1+%_1+9%

hence it is unchanged. We cannot identify an MA(1) from its acs.

We can construct a moving average with any process { X }:

q
Y = Z 0z
=0

If {X;} is stationary then {Y}} is stationary. Indeed, E[Y;] = E[X;] >_7_ 6/;, moreover the
acvs of {Y;} can be computed from the Toepliz matrix of the acvs of { X}

X " ui X X
Vi =1 Tk—2 - Tk—gr1 Tk
T T T i T
V41 Tk Te—1 -+ Th—q+2 Th—q+1
Viv2 Ok o v e
T + +1 k k—q+3 k—q+2
vy = E[Y}Yiir] = 0 . . ) ) ) 0
X T X X X
Ve—g+1 Vk—g+2 Vk—g+3 - Tk V-1
X T X X T
VYo—qg  Th—g+1 Vh—gq+2 -+ Tkt+1 e

which holds for |k| < g and 6 = (6, 01,...,0,)T.

. AutoRegression of order p, AR(p).
{ X} has realisations given in the form

p
Tt = Q1T4—1 + P22 + ...+ PpTpp + U = Z Gjx—j + Ut
i=1

where ¢;’s are constants (¢, # 0), and {u;} is a zero-mean white noise process with vari-
ance 2. In contrast to the parameters of an MA(q) process, the {¢;}s must satisfy certain
conditions for { X} to be a stationary process, i.e., not all AR(p) processes are stationary.
We discuss later the conditions for stationarity and the general form of acvs while here we
consider one example. Examples of a stationary AR(2) are given in Figures 13 and 28 with
their acs.
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Figure 27: AR(2) with coefficients ¢; = 0.5 and ¢2 = 0.2.
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Figure 28: AR(2) with coefficients ¢1 = 0.5 and ¢ = —0.2.

Consider an AR(1)

T = Q1r-1 +

O1(prap—o + Ut—l) + u

PITeo + Prug—1 + ue

¢?$t73 + ¢%Ut72 + drur—1 + ug

‘OO
k
= Z PTUL,
k=0

with initial condition z_7 = 0 and we let T' — oo. If we find conditions under which this
process is stationary then it is an MA(co) (MA process are always stationary).

We have (recall that u; is white noise)

Var(X;) = Var Z Fu_y | = Z Var (qblfut,k) = Z o
k=0 k=0 k=0

In order to have Var(X;) < oo we must have ¢? < 1 or, equivalently, |¢1| < 1, in which

case (see the geometric series)

0.2

_Cu
2
1— o7
and the process is then stationary and can be written as an MA(co).!

Var(X;) =

To find the form of the acvs, we notice that for & > 0, X;_; is a linear function of
Ut _f, Ut_j_1, - - - therefore it is uncorrelated with u; (white noise):

E[X;_rus] = 0,

"We can ask ourselves if an MA(1) can be written as an AR(co). The answer is yes provided that the MA parameter
01 is such that |61| < 1. This is the condition for invertibility of an MA(1), if violated the MA(1) is still stationary but
it cannot be written as an AR model. The proof is shown in Chapter 4.
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Figure 29: AR(1) with coefficient ¢; = 0.5.
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Figure 30: AR(1) with coefficient ¢; = —0.5.

S0, assuming stationarity, multiplying by X;_j and taking expectations we have
E[X: X; k] = g1E[Xi—1 Xy—g] + Blue Xi—i] = 91E[Xp—1 Xo 4]

i.e.
e = P1V1 = Gﬁ%ffz == ¢If7(3)6
and the acs is
P = ¢l
But p7 must be an even function of £, i.e. the above must hold also for £ < 0, so
pr=olfl k=0,41,+2 43, ..
it has an exponential decay (see Figures 12 and 30).

. AutoRegression Moving Average of orders p, g, ARMA(p, q).
{ X} has realisations given in the form

Ty = Q1741+ Qa2+ ...+ PpTpp + up + Orup 1 + Ooug o + ...+ Oqup g

where the ¢;’s and the §;’s are all constants (¢, # 0, 8, # 0) and {u} is a zero-mean white
noise process with variance o2. Once again we usually set 6y = 1.

The ARMA class is important as many data sets may be approximated in a more parsimo-
nious way (meaning fewer parameters are needed) by a mixed ARMA model than by a pure
AR or MA process. In brief, time series analysts like MA and AR models for different
reasons. MA models are appealing because they are easy to manipulate mathematically,
e.g. as we saw, no restrictions on parameter values are needed to ensure stationarity. On
the other hand, AR models are more convenient for forecasting, as we will see later. Obvi-
ously, the main criterion for whether a model is or isn’t useful is whether it performs well
at our desired task, which will often be: modelling (or understanding) the data, forecasting,
or control. The ARMA model shares the best, and the worst, features of the AR and MA
classes and will be the subject of next Chapters.
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5. Moving Average of infinite order, MA(c0).
We can in principle consider a moving average of a white noise with an infinite number of
terms involving both future and past values:

oo
Ty = ...+ a_2Ut42 + A_1U1 + QUL + A1U—1 + A2UL—2 + ... = E QjUg—j
j=—o00

which has finite variance and acvs provided that

Y af <o 3)

Indeed, for an MA we have

which is finite if condition (3) holds and the lag k acvs is

0
r _ 2
Ve = Ou E : Ajlj—k-

j=—00
By Cauchy Schwarz inequality?
Ykl <6

which is finite if condition (3) holds.
If for example we take

ayg =

a; = j <0

oo =
a; = gﬁjl ] >0

Then
Ty =+ drug_1 + Pupo + ...

which is the MA(00) representation of an AR(1) seen above. Condition (3) for stationarity

becomes
x
o
g ¢} < o0
=0

which implies |¢;| < 1 as expected for an AR(1) process.

6. AutoRegressive Conditionally Heteroscedastic model of order p, ARCH(p).
Assume we have a time series {Y;} that is (approximately) uncorrelated (as a white noise),
is stationary, but has a multiplicative component o that changes through time,

Yt = OtUt 4)

= ((29) (159)

then choose c; = a; and d; = a;_ and we have the result.

2The Cauchy Schwarz inequality is
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Figure 31: ARCH(1) with coefficient a;; = 0.8.
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Figure 32: Squares of ARCH(1) with coefficient a; = 0.8.

where {u;} is a white noise sequence with zero-mean and unit variance. Here, oy represents
the local conditional standard deviation of the process and is called volatility and denotes
changes in the scale of the process at time ¢. Note that o, is not observable directly.

{Y};} is ARCH(p) if its realisations satisfy equation (4) and

ol=wtoayl, ..+ apyf,p 5)

where w > 0 and «; > 0 (to ensure the variance remains positive), and y;_1 is the observed
value of the time series at time (¢ — 1).

Notice that:

(a) there is no error term in equation (5);

(b) unconstrained estimation often leads to violation of the non-negativity constraints that
are needed to ensure positive variance;

(¢) quadratic form (i.e. modelling o?) prevents modelling of asymmetry in volatility (i.e.
volatility tends to be higher after a decrease than after an equal increase of y; and
ARCH cannot account for this).

Consider an ARCH(1)
of =w+ iy

define v; = y? — o then 07 = y? — v;. Then the model can also be written:
yf =w-+ ozlyf,l + vt

i.e. an AR(1) model for {Y,?} where the errors, {v;}, have zero-mean, but since v; =
o?(u? — 1) the errors are heteroscedastic (changing variance). An example of an ARCH(1)
is in Figures 31 and 32 for {Y;} and {Y,2} with their acs. This shows that {Y;} is a white
noise with observations which are uncorrelated but not independent since their squares are

autocorrelated, i.e. in general E[Y;?V}2,] # 0.
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Figure 33: GARCH(1,1) with coefficients a; = 0.1 and 57 = 0.89.
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Figure 34: Squares of GARCH(1,1) with coefficients a; = 0.1 and 8; = 0.89.

7. Generalised AutoRegressive Conditionally Heteroscedastic model of orders p, g, GARCH(p, g).
{Y;} has realizations satisfying

Yo = 0Ot
2 _ 2 2 2 2
op = wtawyig+.. oy, + 1o+ ..+ Beoi,

where the parameters are chosen to ensure positive variance, thatis w > 0, o;j + 5 < 1,
and o;j > 0, 8; > 0, and {u:} is a zero-mean white noise with unit variance and therefore
also {Y;} is white noise.

GARCH models were introduced because it was observed that the ARCH class does not
account sufficiently well for the persistence of volatility in financial time series data; i.e.
according to the ARCH model, the process {Y;?} often has less (theoretical) autocorrelation
than real data tend to have in practice.

Consider a GARCH(1,1)
Yt = OtlUt, o7 =w+ayi 07

An important measure in this model is the persistence which is given by a1 + /3. A GARCH
with high persistence might seem a non-stationary process, but in fact it is a weakly station-
ary process, indeed its variance is (we will prove this later)

w

l—an =5

which is positive and finite if and only if & + 8 < 1. An example of an GARCH(1,1) is in
Figures 33 and 34 for {Y;} and {Y,?} with their acs.

Var(Y;) =

2.4 The Lag or Backshift operator

If { X} is a stochastic process, we define the lag operator, denoted by L, by

Lry =244
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Sometimes it is used also the notation Bx; = x;_1.

Moreover, for & > 1,
Lkl't = L(Lk_l.’I}t) = Tt—k

for example L%x; = x;_o. Moreover, LY = 1 where I here means the identity operator: [x; =
Tt.

Lastly define F' = L~! then
Fa, = Lill't = Xt41-

indeed F Lx; = x4.
We also define polynomials of L,
m
a(l)=a_pn, L7+ ...+ a1 L' 4ap+aL+...4+a,L™ = Z a; L’
Jj=—m
Moving averages can then be rewritten as:
m .
xy = a(L)uy = Z a; L’ | up = a_pmUppm+. . Fa_1Uq1 Faou+a1u—1+. . . F AU,
j=—m
An ARMA can be written as having realizations which solve the stochastic difference equation
(I)(L){th = @(L)ut,
Where

®(L) = 1—¢1L—pol? —...— ¢,LF
O(L) = 1+4+6L+6,L*—...—0,L"

are known as the associated or characteristic polynomials.

Notice also that first differences can be written using this notation:
Ary =2y —x4—1 = (1 — L)y
therefore A = (1 — L). Second differences are then easily computed
AAz; = A%z = (1—L)2mt = (1+L2—2L)xt = r+w90—2141 = (T—x4—1)—(T4—1—T1—2).

Notice that this is different from the difference among two non consecutive periods as e.g. when
computing quarterly differences which are given by (if the frequency of the data is monthly)

A4xt = (1 — L4)I't = Tt — Tt—4.

Further, we can generalize the class of ARMA models to include differencing to account for
certain types of non-stationarity (see below), namely, {X;} is called ARIMA(p, d, q) if it has
realizations such that

®(L)(1 - L)%z = O(L)uy,
O(L)A%z, = O(L)uy.
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2.5 Trend removal and seasonal adjustment - part 2

We have seen that, in general, a process { X;} is made of three components:
Xe =Ty + 5+ C

the trend is a tendency to increase or decrease slowly steadily over time while seasonaity is given
by periodic fluctuations due to seasonal effects (e.g. sales in turistic cities are higher during holi-
days). The trend 7} is a non-stationary component and can usually be due to mean and/or variance
which change over time (higher moments are of less interest for us).

The simplest case which we consider here is the case of a trend which results in changing
mean, then
Xi=m+Y:

where T; = p; is the time dependent mean and Y; = S; + C; is a zero-mean stationary process.
In this case the process { X;} is called Trend Stationary. Later we will consider another type of
non-stationarity where {X;} is Difference Stationary, i.e. it is stationary once we take its first
differences. Such processes have also time varying variance (see the example of the random walk
in Chapter 1).

As an example consider the temperature data, last 30 years. The data are plotted in Chapter
1 Figure 10 and the model suggested by plot is: X; = « + B; + Y;, where Y; has a seasonal
component of period 12 months.

2.5.1 Trend adjustment

Consider the case of a linear trend plus a seasonal component
Xe=a+pt+ S+ C

where C} is a Gaussian white noise with zero-mean and unit variance, and S; = A cos(mt/2), with
A ~ N(0,1). The simulated data is in Figure 35.

There are at least two possible approaches for controlling for the trend.

1. Estimate o and 3 by least squares, and work with the residuals
Y = X; — & — Bt
For the simulated data these are shown in Figure 36 left.

2. Take first differences:
AXi=Xi—Xp1=a+pt+Yi—(a+B(t—-1)+ Y1) =B+Yi =Y 1.

Notice that if {Y}} is stationary so is {AX;}. As the name suggests this approach controls
also for the other kind of non-stationarity we will consider later, i.e. the case of Difference
Stationary processes. Indeed, it is enough to have {AY;} stationary for having {AX;}
stationary, so even if {Y;} is non-stationary we might obtain a stationary process by taking
first differences. In the case of a linear trend, first differences leave the constant /3, there are
two ways to remove it.
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Figure 35: Simulated data from the model X; = 2+ 0.03t + A cos(wt/2) 4+ C, with A ~ N(0,1)
and Cy ~ w.n.N(0,1).

(a) If we difference twice:
(1-L)*X; = (X4 —Xy-1)— (Xyo1—Xi—2) = (B+Yi Y1) —(B+Yi1-Yi2) = (1-1)%Y;

so that the effect of i+ has been completely removed. In general, if y; is a polynomial
of degree (d — 1) in t, then d-th differences of u; will be zero (d = 2 for linear trend).
Then,

(1- L)X, = AlX; = A%y,

(b) Alternatively, 8 can be removed by demeaning { A X}, i.e. by subtracting its mean
AX, —E[AX{] = B+ Y, — Y1 — B~ E[Y}] +E[Y;_1] = V; - Yoy = AY,,

since {Y;} is stationary and therefore its mean does not change over time. In practice,
we have to remove the sample mean of {AX,}

AXt*AXt:5+E*n71*5*7t+?t71:E/t-

It can be proved that asymptotically, this approach is a consistent one, that is {Zl\/ ¢}
is close to { AY; } provided that we have a sample large enough. For the simulated data
{AY} is shown in Figure 36 right.

Taking first differences and then demeaning using the sample mean or taking second differ-
ences or detrending via OLS are all equivalent ways for removing completely the effects of a
linear trend. However, these methods are not equivalent in terms of the process we are left with,
as when detrending with OLS we are left with the process {f’t}, when taking first differences and
then demeaning we are left with {Zl\/ +}, while when taking second differences we are left with
{A%Y;}. The latter approach has the advantage that no estimation is required, however the more
“differences” we take the more information we lose. Notice also that by comparing the acs of { }Aft}
and {51\/ ¢} (see bottom panel of Figure 36) we see that in the second case autocorrelation at lag 1
is induced.

If we are sure that the process is Trend Stationary then OLS should be preferred. On the other
hand as we will see later it might be hard to determine if a process is Trend Stationary or Difference
Stationary, in which case taking first differences is the right thing to do. Once first differences are
taken, taking second differences is in general not a good idea (unless what we are left with is still
Difference Stationary) and it is preferable to demean the differenced process { A X }.

In particular, if we use OLS we immediately have the detrended component of {X;} as Y,
while if we detrended via first differences and demeaning such component cannot be recovered.
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Figure 36: Detrended simulated data. Top left: OLS detrending. Top right: first differences

demeaned. Bottom panel: corresponding acs.

Indeed, if we try to cumulate first differences (as integration is the inverse of differentiation)
t
i) A,
s=1

we are artificially introducing a new linear trend in the process {Y;}, i.e. a line connecting the
last to the first observation of {Y;}, therefore {Y;} will have a time varying mean due to the linear
trend and it is more similar to {X;} rather than to {¥;}. A similar reasoning applies if we used
second differences to detrend and then cumulate twice

t s
V=Y Y A%,

s=171=1

2.5.2 Seasonal adjustment

Once the trend is removed the model is modified to
}/t == St + Ct7

where Y; can be obtained by means of OLS detrending, S; is the seasonal component, C} is the
zero-mean stationary process (sometime called cycle). If we use first differences the model to be
considered after detrending is

AXy=p+AY, = B+ AS + ACY,

where £ is nothing else but the mean of A X;. From the acs in the bottom panel of Figure 36 we
see that in both cases we have a seasonal component with period 4.3 Notice that after removing the

3Clearly, if we used second differences to detrend then the model to consider is

AZX, = A%Y, = A%S, + A%C,.
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Figure 37: Detrended and deseasonlized simulated data. Top: OLS detrending. Bottom: first

differences demeaned.

trend {Y;} is already stationary if S; is stationary (as in our simulated model) but if \S; is a purely
deterministic function of time then it has a time varying mean (it can also be seen that in any case
the acvs of Sy do not decrease to zero, therefore they are not summable, a condition needed for
estimation, see Chapter 3).

Presuming that the seasonal component maintains a constant pattern over time with period s,
ie. Sy = S;_s, there are again several approaches for removing S;. A popular approach is to use
the operator (1 — L*):

1-L°)Y, =AY, =Y, =Y, s = (St + Ct) — (St—s + C—s) = Cy — Cy_s.

This holds if we use OLS to detrend. If we opt for first differences then we remove trend and
seasonality by applying the transformation

(1-L°)(1-L)Xy=(1-L°)(B+ ASt + ACy) = AC, — ACy—s.

Notice that this removes the effect of the linear trend without the need of second differences.

An example with the simulated data for both ways of detrending and s = 4 is in Figure 37.
Notice that the model was simulated in such a way that C} is a white noise. However, even when
we use OLS for detrending we do not recover {C;} but {A4C;} which is autocorrelated at lag 4
by construction. This is clear from inspection of the top left panel in Figure 37.

An alternative way to deseasonalize that allows to recover a white noise is by means of OLS
once again. We can regress the process {Y;} on dummy variables dy;, da, d3¢, dygs such that d;; =
dit14 = 1 and Zle di; = 1 for any .

Yy = y1die + yodar + Y3dse + vadat + e
since { Dy = (dy¢ day ds¢ dyt) } has the same periodicity as \S; then the residual {e; } is highly cor-
related with the non-periodic component {C}}. The residual process obtained from this regression

is then white noise as shown in Figure 38. This approach is valid also if we start from {AY;} but
of course we should not get a white noise as result, since {AC}} is not a white noise.
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Figure 38: Detrended and deseasonlized simulated data. OLS detrending and dummy deseasonal-
ization.

3 The theory of linear processes

We have seen stationary processes, in particular weakly stationary processes and the MA(q) pro-
cess

Ty = up + O U1+ ...+ Qqut_q

where u; is a zero mean white noise process with variance o2. We know that {X;} is stationary
and that its acvs 7} is zero whenever |k| > ¢. The converse is also true, i.e. if {X;} is a process
with 77 # 0 but with 7 = 0if |k| > ¢, then {X;} is stationary and can be represented as an
MA(q) process.

We now generalise and prove this result for generic stationary processes and the MA(oco) case.
We say that the process { X, } is a linear process if it can be written as

00
Tt = Z wjut,j = \P(L)ut
j=—00

where u; is a zero mean white noise process with variance o2 and Z;’;foo %2- < oo. Thus {X;}
is written as an MA(co), and W(L) is a linear filter.*

In particular, we require square-summability for two reasons

1. The infinite sum converges with probability 1 to { X }. Indeed, we can always write

h h—1 9]
Ty = Z VYjur—j + Z Yjup—j + Z Yjue—;
j=—h

j=—00 j=h+1
Moreover, a necessary condition for square-summability is ¢; — 0 as j — oo. Then,

2

h o0

. o 2. .2 _

hh—>noloE X — E Yijup—j = h11_>1r0102 | E Yjo, =0.
j=—h j=h+1

Therefore, we have convergence in mean-square which implies convergence in probability
by Chebychev’s inequality.

*A linear filter is an operator like ¥ (L) that transforms linearly a given time series into a new (filtered) one. Then
in the definition above the realizations x; are obtained by filtering .
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2. For any k the acvs are

oo
hEl <8 =00 ) ¥ <o,

1=—00

which ensures stationarity.

Thus linear processes are stationary. Indeed, a linear filter when applied to any stationary time
series produces a stationary time series (see the case of moving averages of stationary processes
in Section 2.3).

In this Chapter, we will prove that every weakly stationary process is either a linear process or
can be transformed to a linear process by subtracting a deterministic component. This is the Wold
representation theorem proved below.

3.1 ARMA as linear processes

First, let us consider stationary ARMA. The following hold.

1. They can always be written as MA(c0)
o0
Ty = ijut_j = \I/(L)’U,t
§j=0

with E?io |9;| < oo (for the MA(g) this is trivial while for the AR(p) it requires more
calculations, an example is the AR(1) case with parameter ¢ such that |¢| < 1, then ¢); =
@7, see also the next chapter for the general ARMA).

2. Since to have absolute summability a necessary condition is 1); — 0 as j — oo, then
o o0
2
D U< X Il <oo,
j=—o00 j=—00
i.e. absolute summability implies also square summability of the coefficients.

3. We can prove again that the infinite sum converges with probability 1 to {X;} but without
using square summability. Indeed, since® E[|u|] < o,

EIX] =B || Y vjuj|| < > [wlBlluy1 < [ D [05] ] ou< o0

j=—o00 Jj=—00 j=—00

then by Markov’s inequality, for any finite constant A/ > 0 we have

Prob(|X:| > M) <

Therefore with probability 1 the series does not diverge.

5Use the Cauchy-Schwarz inequality

E[XY|] < (BIX*) /(B[]
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Because of the previous two properties, stationary ARMA processes are a subclass of linear pro-
cesses.® In particular in ARMA we use only past values of u; and the coefficients decrease at a
faster rate (exponential) than a generic linear process.

By comparing the properties of stationary ARMA with those of a generic linear process, we
see that while square-summability is necessary and sufficient for stationarity, absolute summability
is just sufficient but not necessary.

3.2 Linear prediction
A prediction is formulated as a rule, i.e. function, that associates a predicted value with observed

values of the of a process, e.g. temperature. In general a predictor of x; is’

i‘{ = f(l‘tfl, Tt—92y .. )

that is Z; is a stochastic process which is a function of the past values of the process x;.

Thus in principle we have as many predictors of x; as many functions. Our task is to select a
predictor that is optimal. But to define optimality we need a criterion. For example:

1. minimise the expected value of the absolute prediction error

E[#] — @]

2. minimise the expected value of the squared prediction error

E[(#] — 21)?)

Our criterion will be the second:
m}n E[(#] — x1)?)

which being a convex and differentiable function is easier to minimise than the absolute deviation.®
So we are seeking an element in the set of all functions, such that the expected squared error is
minimum. This is a huge set to explore!

Since we limit ourselves to considering only second moments then we are interested in linear
dependences only. Thus, we simplify the problem by restricting the set of functions to linear
functions:

f(.%'t_l, Ti_9,.. ) =ag+ a1T¢—1 + a2x¢—o + ...

Now the minimisation problem becomes

min  E[(z; — (a0 + a1zs_1 + aswi_o +...)?
ap,a1,as...

This can be restated like this:

= lag+ ar1xi—1 +asxi—o+...] + e

SThere are processes as long memory processes which might be stationary hence linear (because of Wold) but with
coefficients that are square summable but not absolute summable (see section 3.3).

"Hereafter to simplify notation we denote both the random variables and their realisations as z:.

$Minimising absolute deviations gives results that are more robust to large errors, indeed for large x (actually for
x > 1) we always have |z| < 2°.
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We look for the coefficients a; such that E[e?] is minimum and this looks very much like a linear
regression of x; on its lags.

If we simplify to the s lags specifications we have
= lag+ a1xp—1 + asxi—o + ...+ asxi—g| + €
Define the vectors

/ /
a= (CLQ, ai,az,. .. ’as) Z; = (1,117t_]_,$t_27 s )-Tt—s) .
then the linear model becomes
Ty = a'zt + e

and the coefficients a* that minimise E[e?] are given by the s + 1-dimensional vector °
a* = (E[z:z}]) 'E[zs2] (6)

these coefficients satisfy the condition E[ejx;_j| = 0 for any k # 0, and also E[e; 1] = E[e;| = 0,
where

e =x; — (a*) 2
Notice that definition (6) makes sense only if x; is a stationary process.

To see that minimising the squared distance between regressors and x; is equivalent to require
orthogonality of the regressors and the residuals consider the case of two stochastic variables y
and z and the two related problems.

1. We want the best linear approximation of y by means of z, that is
y=az+e

where according to our optimality criterion a is such that E[e?] = E[(y — az)?] is minimum.
Set to zero the derivative with respect to a we have

%E[(y — a2)?] = 2aE[2%] — 2E[yz] = 0

and you obtain a = E[yz]/E[z?].

2. We want to find the number b such that e = y — bz is orthogonal to z, orthogonality between
the stochastic variables w; and we meaning that the moment E[w;ws] is equal to zero. 10
Then we have Elez] = E[yz] — bE[2%] = 0, which implies b = E[yz]/E[2?], which is equal
to a above.

Thus in the best linear approximation of x; with its past the errors are orthogonal to the regressors
and
Pz = (a")'z

is the linear projection of z; onto the space spanned by its lagged values. The notation P}’ ; tells
us that the projector is computed using s lags and that use observations up to time ¢ — 1.

°Try to solve to using just a; and by taking the value that sets to zero the first derivative of E[e7] with respect to a;.

!0This is because we are working in a Hilbert space of functions on a probability space (random variables) which are
square integrable (finite variance). Such space has a natural inner product given by the covariance operator. Hence two
elements are orthogonal if and only if their inner product is zero, that is their covariance is zero.
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As seen from (6) in order to compute the coefficients we need sample acvs and once we replace
expectations with these quantities we have

T—s T—s
) 1 . 1
arT — E Z1Z4 E ZiT¢
T
t=1 t=1

For example if we have
Ty = 1741 + €

we obtain the usual OLS estimator

T—1
A o Zt:1 T1Tt—1
AT = "~T-1 2
Doie1 Tiq

Note that we are using coefficients that are independent of ¢. But the coefficients depend on
the acvs. Thus, assuming that the coefficients are time-invariant requires that the covariances are
time-invariant, i.e. that x; is weakly stationary. Estimation is discussed in detail in Chapter 5.

Back to the general case with infinite lags we have
T =lao+ ar1xi—1 +asri—o+...] + e
The best linear predictor (obtained with s lags) is then'!
Pf xy =ap+ a1xi—1 + asxy—o + ... + asTy—s.

In the most general case we have to consider the predictor based on infinitely many past observa-
tions
Pt—lxt =agt+aixri—1 + a2+ ....

Then, it is possible to prove that
Pi_ixy = lim P} x4
§—00

Of course in empirical situations, in which only a sample for ¢t = 1,2, ...,7 is available, we will
estimate a regression on a finite number s of lags, with s determined by some information criterion
(see later for more).

The best linear predictor of x;, based on its past, is then the projection P;_jx; such that:
e = P + ey,

this is the prediction equation for x; and notice that if E[e;|z;—1, x¢—2, . ..] = 0 then the best linear
predictor is also the conditional expectation of x; given its past. This assumption is the condi-
tional mean independence assumption. It can be shown that it is automatically satisfied if e; is an
independent process (or if e; is Gaussian) since then e; is independent of (z;_1, z;_2, .. .) because
each z;_; can be written as an infinite sum of lagged values of e; (see the Wold representation
below). Notice that independence is not strictly necessary to have conditional mean independence,
which is indeed a weaker requirement. All the following derivation does not require conditional
mean independence, since it is based only on linear predictors (projections).

"Hereafter, we assume to be working to the true model, i.e. with coefficients such that they minimise the mean
squared error. Therefore, we set a; = aj and we denote the resulting error as e; and not as e} for simplicity of
notation.
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The process e, is the one step ahead prediction error, is also called the innovation of the
process x;. Looking at the projection equation, the term innovation seems quite appropriate. The
only reason why the process x; is not completely determined by its past values is the presence of
the term ¢;.

A very important result is that the process e; is a white noise. Indeed, we have
et = ¢ — [ag + a12¢—1 + asxi—o + .. ]

thus e; is weakly stationary because is a function of a weakly stationary process. Moreover,
Eletx;—p]) = 0 for any h > 0 and E[e;] = 0 and

€1 =Tt_1 — [(lo + a1xT¢—9 + a2x¢—3 + .. ]

so that E[ese;—1] = 0 etc. Suppose that e; were not a white noise. For example, the autocovariance
v{ # 0. Then in the projection
e = aep—1 + €,

the coefficient « is not zero, this implying that
Ele}] = oEle}_] + E[¢}] > E[¢]]
(recall that in a projection we have E[e;e;—1] = 0). Now

e = Biri+e

[ap + a12¢—1 + agzi—o + ... + a1 + €
= [ao(l —a)+ (a1 + @)zi—1 + (a2 —aar)zi—2 + ... + &
But this contradicts the assumption that e; is the residual of the projection of x; on its past. So e;

is a white noise. This result provides the foundation for defining the AR models as models where
x¢ is driven by its lags plus a white noise process.

On the other hand, it is also possible to prove that x; = e; if and only if z; is a white noise.
Therefore a white noise is unpredictable. Better, we can say that stationary processes are pre-
dictable because their pattern of autocorrelation is constant through time. A white noise is the least
predictable among stationary processes. Processes whose autocorrelation is not regular through
time are also unpredictable.

To conclude this part notice that an empirical rule emerges for choosing the number of lags s
to include in a linear model. In order to have the best linear predictor we must add as many lags as
necessary to make the error e; a white noise, in this case we can then use least squares to estimate
the model (see Chapter 5 on estimation for details).

Examples.
1. z; = A, where A is a constant. In this case the projection equation is
= wt—1 + 0,
but also x; = x;_o + 0, etc. Thus the innovation is zero.

2. my = (—1)'A. Same as in the previous case, only that here the projection is 7; = —x;_1 +
0 = x4—2 + 0, etc. The innovation is zero.
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3. The AR(1) process,
Tt = P10¢-1 + Uty lp1] < 1

This means that the best linear prediction of ¢ is ¢ ;1.

4. The MA(1) process
T =ut + bhug—

then using u; = x; — O1up—q1 and up—1 = Tp—1 — Oru—o

Ty = ut+91ut_1

2
= wu+ 0121 — 0w

[o@)
N It
k=1

which requires |01| < 1 in order to converge. Thus with the constraint |#;| < 1 an MA(1)
can be written as an AR(c0) and the best linear prediction of z; is 0 [xi—1 — O1x4—o + .. .].

3.3 Wold representation theorem

Based on the recursive arguments used in the AR(1) and MA(1) cases of previous section we can
rewrite the projection equation as an MA. We have

Iy = [(10 + a17¢—1 + agxi—o + .. ] + e

Ti_1 [ap + a1xi—9 + agxi—3 + ... + €11

by substituting the second into the first we have

Ty = ag+ai(lao+arwi_o +awi 3+ ... +e1) +ario+ e
= e+ aje1 + (ap +arag) + (af + ag)zi o+ ...
et +bei—1 + [co+ c1xi—o + comp_3g + .. ]

We may hope that iterating the procedure we obtain a result like the one obtained in the AR(1)
case:
Tt = b+6t+b1€t_1 +b2€t_2 + ... (7)

This is not true in general, as the example xz; = A shows, indeed A is deterministic while (7) is
stochastic. Therefore, an AR(co) cannot be written as a purely MA(c0).

We define a deterministic process as a process such that P,_;x; = x; which means that it has
zero innovations (see the examples above). Notice that according to this definition also the case
xy = Z with Z being a random variable not depending on time can be considered as deterministic.
Then we have the following representation result.

WOLD REPRESENTATION THEOREM
If { X;} is a non-deterministic stationary process, then

o0
Ty = Z bjei—; + di,
§=0

where
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— 00 12 )
1. bp = 1 and ijo by < oo;
2. e, is a white noise with zero mean and variance 2 and e; = P,e; for all ¢;
3. d; is deterministic and d; = Pgd; for all s, t;

4. Cov(es,dy) = 0 forall s, ¢t;

and the decomposition is unique. Moreover we have

e = wmp— B_jmy
b E[xtet_j]
j E 2

[et]

e8]
dt = IIZ‘t—E bjet_j.
J=0

Note that the expression for b; is the result of orthogonal projection of {X;} onto the lags of
{e;} but is not a definition which can be used in practice for estimation since {e;} is unknown.
When d; = 0 then we say that {X;} is purely non-deterministic. ARMA processes are purely
non-deterministic.

In conclusion, a weakly stationary process is the sum of a linear process which has the form
of an infinite backward moving average of the innovation, which is a white noise, plus a linearly
deterministic process. The two components are orthogonal at all leads and lags. Therefore, we
have shown that a weakly stationary process is either a linear process or it can be transformed to a
linear process by subtracting a deterministic process.

Notice that we have in general only square summability of the coefficients {b;} and that is
a necessary and sufficient condition enough to ensure stationarity as seen at the beginning of the
Chapter. We also know that square summable coefficients constitute a broader class than the class
of absolutely summable coefficients.!> In ARMA models we always have geometric (exponential)
decay of coefficients of the MA(co) (think of the AR(1) case where b; = gz57 for a given |¢p| < 1),
then both kind of convergence hold. Hence the Wold theorem contains ARMA as special cases
but it is more general since it includes all stationary processes with square summable coefficients.
ARMA can be seen as particular stationary processes with memory shorter than the one given by
the theorem. Fractionally integrated ARMA have instead coefficients decaying as b; ~ 1/j 1—d
which are not absolutely summable but are square summable as long as 0 < d < 1/2, these are
called long memory processes.

In practice, given a sample of a weakly stationary time series, finding the Wold representation
requires the estimation of an infinite number of parameters (by, b, ...) using the data, which is
clearly not possible as said above. In practice, one typically has to make some assumptions about
(b1, ba, ...). A common approach is to assume that

ibly IO D Sy
ST TRl 1Y L™

where p, ¢ < 0o, namely one approximates an unfeasible infinite polynomial by the ratio of finite-
order polynomials. This again takes us to the definition of an ARMA(p, q) process.

'We have the sequence spaces inclusion £1 C £, so for example 1/j is a sequence which is square summable but
not absolutely summable.
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Finally, in many cases it is reasonable to assume also conditional mean independence, i.e.
that E[e;|xy—1,x1—2,...] = 0, in which case we say that e; is a martingale difference sequence
with respect to x;.'> For example if we restrict ourselves to linear dependencies and we are not
interested in any other dependence, then E[e;|z;_1,2;—2,...] = 0 might be reasonable since we
already know that being a white noise e, is not correlated with (z;—1, 22, ...) . Gaussian inno-
vations are also independent and therefore satisfy conditional mean independence. As said above
conditional mean independence of the innovations with respect to the past tells us the the best
linear predictor P;_x; is actually also the best predictor which is always given by the conditional
mean E[X;|X; 1, Xy—1,...].

3.4 Forecasting

If we assume to have observations only until time 7" we can use the same approach as before to
define h steps ahead forecasts of a time series. We can write the forecast at 7" + h as

TT4p = [CL() + a1z + a1+ ...+ am:zT,m] +eryp h > 0.

where m can be any positive number (depending how far in the past we go). The best linear
predictor (obtained with m lags) is then

ijxT+h =ag +a1xr +axr—1 + ... + GmTT—m-
If we consider the predictor based on infinitely many past observations
PTJ}TJrh =agt+a1xr +axr—1+ ....
it is possible to prove that
PTxT—Q—h = lim P{wnZCT_,_h.
m—r0o0

Of course in empirical situations, in which only a sample for ¢ = 1,2,...,7T is available, we
will estimate a regression on a finite number m of lags, with m determined by some information
criterion (see later for more) and we must have m < T'.

Both for prediction (which is in sample and for forecasting which is out of sample), the choice
of the projector to be used of course depends on the model chosen for the time series we are
studying. The class of model we will consider in the next Chapter are ARMA processes.

3.5 Sample mean and sample autocorrelation

A stationary process is characterised by its mean u and its acvs ;. Therefore given observations
x1,Z2,...,2T, we should be able to estimate these moments if we want to analyse data and make
inference on order to build the most appropriate model for the data. The estimators we build are
called sample mean, denoted as 7 and sample acs, denoted as ﬁkj.”

Ba martingale sequence is instead such that E[z¢|x¢+—1] = x+—1 so a random walk with i.i.d. errors or with errors,
that are a martingale difference sequence, is a martingale.
'“Only in this section we highlight the role of 7" in estimation by using it as an index.
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3.5.1 Ergodicity

Methods we shall look at for estimating quantities such as the mean and the acvs will use observa-
tions from a single realisation of the process. Such methods are based on the strategy of re-placing
ensemble averages by their corresponding time averages and if this is possible the process is called
ergodic. More precisely, if we have N i.i.d. realisations of a stochastic process { X;} denoted as
{z¥}, withk = 1,..., N, then for any fixed point in time ¢y we define the ensemble average as

N
1
=N __ E k
wto - N xto
k=1

Since each realisation of the process is independent of the others, then the above can be seen as
a sum of i.i.d. random variables and therefore we know that the Weak Law of Large Numbers
applies (for any fixed tg)

7y 5 E[Xy,).
If we could use the ensemble average then we would not need to require stationarity.

Consider instead the time average based on 1" observations

1 T
xT:thlxta

this quantity does not depend on time. We say that { X; } is ergodic for the mean, if, as N, T — oo,
the ensemble average tends to the same limit as the sample average of one given realisation, that
is, for any tg,
. _ . _N
p i or = p Jim 5]
Now since the left hand side does not depend on time we must have that the sample mean converges
to the mean which must then be independent of time (and of the realisation observed)

It 5 E[X;).

Using an analogous definition of sample covariances (see below) we can define ergodicity also
for the second (and higher) moments. The interpretation of this property is that a long series of
observations yields enough information to conduct inference on the moments of the process itself.

The general definition of ergodicity is related to the whole distribution of { X} and it is highly
technical. We know that ergodicity implies strong stationarity and therefore also weak stationarity.
Loosely speaking, a stochastic process { X;} is ergodic if any two collections of random variables
partitioned far apart in the sequence are almost independently distributed. !

For us stationarity and ergodicity will always be considered jointly. However, notice that in
general stationary processes are not necessarily ergodic. For example consider a process {Y;}
which has mean y and variance o} and is i.i.d. and ar.v. X ~ N(0,1) independent of {Y;}. Then

Zt =Y+ X

15 Asymptotic independence (as the distance in time increases) is captured also by other stronger properties not
considered here such as mixing. Notice that: (1) mixing does not imply stationarity; (2) a mixing and strongly stationary
process is ergodic.
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is stationary as it has mean E[Z;] = ;1 and acvs 7§ = O‘Z +1and 7 = 1for h # Osince 77 =1
for any h. However, it is not ergodic since

T
1
TZZt&MX
t=1

which is not the mean of Z; and it will be different for any different realisation of the process.
Intuitively, the reason why we don’t have ergodicity is because Z; and Z;; will never become
independent as their distance increases, because v; = 1 even as h — oo. With the language of
previous section the component X represents the deterministic part in the Wold decomposition of
Z,. This is the reason why stationary process might not be ergodic. An example might be given
by a seasonal component which is periodic in time, but deterministic.

If we restrict ourselves to stationary processes with summable acvs, then we can prove that we
have ergodicity for the mean. Notice that in the example before the acvs are not summable. This
is what we do next.

3.5.2 Mean estimation

Consider a stationary process and its sample mean which is defined as

T
1 1
a:T:T(xl—Fa:Q—i-...—FxT):T;:ct.

Let us study the properties of this estimator.

It is unbiased

T T
t=1
Its variance is
T
Var(Zp) = T2Var th>
t=1
1 T 1 I T
= —ZZVar(xt)+7Z Z Cov(xy, xs)
t=1 t=1 s=1;s#t
| ILT
= =D ®)
t=1 s=1

We then make a change of variable from s, ¢ to s and h = (t—s). Notice that the double summation
above extends over the entries of the the Toepliz matrix seen in Chapter 2. If we use ¢ as an index
for rows and s as the index for columns we have

COV(Z’g, IL‘1) COV(l’g, ZL'Q) COV(Z‘g, 133)

COV(,I‘T_l, $1) COV(QZ‘T_l, 332) COV($T_1, 1‘3)
Cov(xr,x1) Cov(xr,x2) Cov(xr,x3)
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Cov(x1,x1) Cov(xy,x2) Cov(x1,x3) Cov(x1,xp_1) Cov(xy,x7)
Cov(zg,x1) Cov(zg,x2) Cov(za,x3) Cov(xa, z7_1) Cov(xg, x7)

COV(ZL‘g, l‘T—l) COV(l’g,l’T)

COV($T_1, l'T—l) COV(.%‘T_l, .I‘T)
Cov(xr,zr_1) Cov(xr,zT)




While in (8) we sum first over rows and then we add the row sums, we can now sum over diagonals
and add the diagonal sums together. To see how h, ¢, and s are related consider again V as a
function of h

Y o -1 V-2 Yo(r-2) V—(T—1) |
" 70 Y-1 -0 V—(T-3) V—(T-2)
72 " Y0 V—(T—-4) Y—(T-3
V= ) ) ; (. ) (. )
Yr-2 Yr-3 Yr—-4 --- Yo T-1
. Yr-1 Yr-2 Yr-3 --- 4! Y0

The sum over the diagonals are indexed by h which goes from —(7" — 1) to (7" — 1) (this is
because the observations must be at a distance less than 7" — 1 to have non zero covariance). Then
for h > 0 (diagonals below the main diagonal), the index s goes from 1 to (7" — h), while for
h < 0 (diagonals above the main diagonal), s goes from —h + 1 to T'. Since the summand in (8)
depends only on h we have that the sum on s gives always 7" — |h| hence

1 T-1
Var(er) = = . (T—|h)
h=—(T-1)
T-1
1 Y e
= T2 Z T<1—T>7h
h=—(T-1)
T-1
1 A1 e
= f Z ( _T) Th
h=—(T-1)

Compare this result with the case of i.i.d. r.v. where all covariances are zero. We make the
assumption that > ;2 || < oo. Then, by the Cesdro summability theorem, if Z;}F:_i(T—n o

converges to a limit as 7 — co'% then, also Zg;i (T-1) ( - I—:}ﬁ') ~j, converges to the same limit.
We can thus conclude that,
T-1 |h’ 00
lim T Var(Zr) = i L= ) = h
Jim Tar(er) = fim 32 (10t = 3 o <o
h=—(T—1) h=—o0

Therefore as long as > ;2 |7#| < oo we have Var(zr) — 0 when 7' — oo. Thus we have
convergence in mean square

E[(Zr — p)?] = Var(Zr) — 0, asT — oo,
and by Chebychev’s inequality also convergence in probability
P(|zr —p| >€) — 0 Ve >0, asT — oo,

or
SET&M, as T — oo.

15Tt must since

T-1 T-1
SRl D hil<oo VT
h=—(T-1) h=—(T-1)
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This is the Weak Law of Large Numbers for stationary time series also known as Ergodic Theorem,
since if this result holds then the process is ergodic.!” Therefore, if the process is stationary and
Y one oo [7F] < oo then it is ergodic for the mean. Moreover, it can be proved that if the process

is ergodic and stationary then Z7 LS W, as T — oo.

Consider the Wold decomposition of a purely non-deterministic stationary process, that is the
linear process, or MA(00),

o0
Ty = ijut_j, ug ~ w.n.(0, 03),
j=0

but with absolute summability of the coefficients > 2% [¢);| < oo such are the ARMA models.
Then this condition implies absolute summability of the covariances

[e.9]

oo
> hil= 2{le’f!} — %
h=0

h=—00
o0 o0
< 207 Z Z%’%‘HL

h=0|5=0

o [o.¢]
< 2032 |51 Z %j4hl
=0 h=0

o o
<205 |0 Y [l
=0 h=0

2

o0
<200 [ D |yl | <oo.
=0

Therefore, any purely non-deterministic stationary process as ARMA (which then has absolutely
summable coefficients) satisfy the necessary condition for the Law of Large Numbers to hold.
Actually it is enough to have v, — 0 as h — oo to have ergodicity, so a purely non-deterministic
stationary process (which then has an MA(co) representation with square summable coefficients,
is ergodic.

Convergence in probability implies also convergence in distribution, and more precisely from
the results above we have seen that 7'Var(Z1) must be a finite number as 7' — oo, thus we have a
Central Limit Theorem for the sample average of time series that states

[e.e]
\/T(:T:T—,u)g]\f<0, Z 7%), as T — oc.
h=—o0

Using this result we can build asymptotic confidence intervals for p. Thus an approximate (i.e. for
T — o0) 95% confidence interval is

v1/2 v1/2
Tp —1.96—, Ty + 1.96—

where v =Y }7 ___~F.

Indeed, as seen above the ensemble average converges to the same limit.
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Now, v is unknown and must be in turn estimated. Usually we use

T T %T’

h=—VT

where 4} - is the sample acvs which we now introduce.

3.5.3 Estimation of the autocovariance function

The lag h acvs is defined as
Vi = Bl(@qn — 1) (e — )]

Thus a natural estimator is

T—|h|
1 _ _
Yhr = 7 T Z (T4pn) — Zr) (2 — Z1), || <T -1
t=1
If we replace 7 with p we have
T—|h| T—|h|
E[:Y%,T ‘h| Z xt+‘h‘ )( ‘h| Z FYh 7h7

therefore, 7} - is unbiased if we know . Most texts refer to 7} - as unbiased, however, if p is
estimated by Zr, ¥}, ;- is typically a biased estimator of ;.

Another possible and preferred estimator is

T—|h
1 T=lnl

Yhor = T Z (Te ) — T7) (2t — ZT7), || <T -1
=1

If we replace 7 with p we have

1 1= |hl 1 1= |h|

Z (Tegin) — 1) (@2 Z Vi (1 - |§i'> Vi

is a biased estimator, and the magnitude of its bias increases as |h| increases. Most texts refer to
A; o as biased.

Why should we prefer the “biased” estimator 4}, ;- to the “unbiased” estimator 7} 7

1. For many stationary processes of practical interest we have
MSEQFj, 1) < MSE(Yyr),
where MSE is the Mean Squared Error defined as
MSE(r) = ElGir — 1))
= E[(% )" — 2% Elk 2] + ()
= (El(%hr )] 7hT2)+E[’YhT 17— 2y E[’YhT]‘*‘(’Y}f)Q

2
= Var(yj, ) + (’Yh r—E[, T])
= variance + (bias)?
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2. We know that the acvs must be positive semidefinite and the sequence {4} ;-} has this prop-
erty, whereas the sequence {’NyﬁT} may not. That is to say that the the ’sample variance-
covariance matrix of the equispaced vector (x1,xo,...,2zr)" is non-negative definite. This
is the estimated Toepliz matrix V in Section 2.2 where are all acvs are replaced by the
sample ones.

Once we choose an estimator of the acvs, the sample acs is then

AT _ ’/}\/f;’
PrT = Zz
Y,

!

Notice that given 1" observations we can in principle compute acvs only up to lag T'— 1. However,
in practice we have to stop well before T' — 1 as for large h estimates of acvs are computed using
too few values (just one if h = T — 1). A useful rule of thumb is to compute acvs only up to lag
h <T/4 when T > 50.

The sample acvs is needed for

1. computing confidence intervals for the mean;

2. finding which are the relevant acvs for a given process, in order to select the best model to
forecast and analyse the data;

3. estimating the parameters of a given model.

In order to challenge part 2 we need a distribution for sample acvs and acs. This is given again by
a Central Limit Theorem and it is then valid only when 7 is large

VT (7 — ) % N (0,w), asT — oo,

where w has a long formula (called Bartlett’s formula) which we don’t give here for the general
case but it is the one used to plot confidence intervals of acvs in all the figures of these notes. A
further approximation is given by setting w = 1.

4 ARMA processes

4.1 MA(1) and AR(1)

We have already seen the MA(1) and the AR(1) processes. Recall that an MA(1) is defined as
xy = up + Oup—1 = (1 + L)y, up ~ wn(0, 02)

This process is always stationary and depends only on past values of the white noise (below we
will say that is causal), thus this is already the Wold representation of ;. We can write an MA(1)
as an AR(o0):

xy = (14+60L)ur = ur + Z(—l)k_lekxt,k.
k=1

For the above series to converge we need |f| < 1 and then we can use an MA(1) to make predic-
tions, since by definition here u; is the innovation of x; (see Chapter 3). Summing up:
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1. if |#| < 1 the MA(1) process is invertible using past values of x;, i.e. allows us to write an
MA(1) as an AR(c0), and is stationary;

2. if |#] > 1 the MA(1) process is invertible using future values of x; and we will have an
MA(1) with parameter 1/6, clearly the process is still stationary (see below the examples in
section 4.2);

3. if |#| = 1 the MA(1) process is never invertible, but still stationary.

An AR(1) is defined as
x— ¢pri—1 = (1 — ¢L)xy = wy, up ~ wn(0, 02).

This equation is already in the form of a linear prediction equation since w; is the innovation of x4
(see Chapter 3). We can write an AR(1) as an MA(c0):

D
Ty = Qri_1 + U = Z ¢kut—k-
k=0

Then, in order for the above series to converge we need |¢| < 1 and then the process is stationary
and depends only on past values of u;.'® Thus, we say that is also causal and the above is also the
Wold representation of x;. Summing up:

1. if |¢| < 1 the AR(1) process is stationary and causal, i.e. allows us to write an AR(1) as an
MA(o0) using past values of u; (see Chapter 2);

2. if |¢| > 1 the AR(1) process is stationary but not causal, i.e. can be written as

1 1 — 1
Ty = _gut—&-l + gxt—i-l = - Z ﬁutJrka
k=0

which is a stationary process (using the same argument as in the previous case) but here
x; is correlated with future values of u; this is a feasible representation but it is unnatural,
moreover it is unstable as the initial condition should now be set into the future as for
example 7 = 0 as T" — oo which is not likely to be the case;

3. if |¢| = 1 we have a non-stationary process (called random walk when ¢ = 1) and we say
that this process has a unit root. Unit root processes are non-stationary not because of the
presence of a linear deterministic trend but because they are driven by a stochastic trend
which makes their variance time dependent and are called Difference Stationary processes
as opposed to Trend Stationary processes and will be considered later.

18To prove convergence in mean square, consider

h—1

k h
Ty = Z¢ Ut—k + @ Ty,
k=0

then
h—1 2
hlLH;o E (azt — ; ¢kut—k> = hli_fgo |¢"2hE[$?—h] =0,

if and only if |¢| < 1 and x; has finite variance, which is again the case only for |¢| < 1. A similar reasoning applies
for the MA(1) case.

51



In both examples above we have an AR representation which is what we need for prediction,
and we say that x; is a solution of the difference equation implied by the AR if it can be written as
an MA, i.e. it has a Wold representation, thus it has to be (i) stationary and causal with (ii) square
summable MA coefficients. In the MA case this is trivial (it’s already an MA with a finite number
of coefficients), but in the AR case we need |¢| < 1 for stationarity and causality which implies
that "7 |#¥| < oo and therefore we have also square summability of the MA coefficients which
is a more general condition.

4.2 The AR(p) process
4.2.1 Stationary solutions

An AR(p) has realisations which follow the equation
(1 — 1L — ¢poL? — ... — ¢pLP)a; =y, ug ~ wn(0,02).

This can be seen as a stochastic difference equation (compare it with the stochastic differential
equations in continuos time), hence we look for a solution of this equation, which means looking
for a linear process (i.e. a moving average of u;) that solves the equation. For p = 1 we know that
if [¢1] < 1 the solution is
2
Ty = Up + ¢1Ut—1 + leut_g + ...
A quick way to derive it is by computing the inverse of (1 — ¢ L) as: 1?20
1

(1—¢12)

for any z € C and then write

=(1—g12) ' =141z + 322 + ...

zr=(1— L) tuy = (14 o1 L+ 2L + .. )uy.

The above expression converges if and only if |¢1| < 1, in which case we have a stationary
solution. We know that if |¢;| > 1 there is also another stationary solution but we need future
values of u;, while no stationary solution exists if |¢1| = 1 since in that case the variance will not
exist. We know want to generalise this result to p > 1.

We solve the equation of the AR(p) by factorizing the polynomial into first order factors.
Hereafter, when considering polynomials we write it as a function of a generic complex number z,
i.e. z € C since we know that roots of polynomial are complex numbers. The AR polynomial of

9The Taylor expansion we are using is

L :1+x+a:2+...
1—-=
which converges only if |z| < 1. In order to see that this applies also to the operator L applied to a stationary process
{X+} one has to recognise that since E[L.X;X;] = E[X,L ™' X,] (because of stationarity 7%, = ~{) then the adjoint
of Lis L* = L' and therefore L is a unitary operator and has spectrum on the unit circle and modulus the identity
|L| = (LL*)*/? = I, thus in the AR polynomial |¢y L*| < |px].
®Notice that this is indeed the inverse since

1—12)1—¢12) ' =1 —d12)(1+drz+¢12° +d12° +..) = (1 =12 +¢12° — 32" +¢12°+..) =1
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order p has coefficients ¢; € R and can always be written as (this is known as the “characteristic”
polynomial)

B(2) =1— 1z —paz? — ... —ppzf = (1 — B12)(1 — Baz) ... (1 — By2) 9)

for some coefficient 3; € C. Then if we denote the p roots as « . .. a; (not necessarily distinct)
we have

B(2)=1—1z—22® — ... =z = (1—12)(1 = f2z)...(1 - By2)
- (_1)1” (z - al)(jl;zo?). 'O;p. <Z - Odp), (10

this guarantees that the coefficient of order zero is equal to one also on the right hand side. There-
fore, by comparing (9) with (10) we have 3; = 1/«;.

We can then invert the AR(p) polynomial by inverting each (1 — 3;z) polynomial. Now recall
that, if | 3;| < 1 we can write

ZﬂkLk (1)

1—6]

And we have seen in the AR(1) case that this series converges if and only if |3;| < 1 which is
equivalent to ask for the roots of the polynomial ®(z), that is the a’s, to be such that ;| > 1.
This is our condition for stationarity and causality for an AR(p).

In general the roots might be complex numbers.?! Thus we require the roots to be outside the
unit circle. So we require the polynomial ®(z) to have roots in the complex plane and such that
|z| > 1, i.e. such that ®(z) = 0 only if |z| > 1. If some of the roots ¢; are in modulus smaller
than 1 then ®(z) can still be inverted but not using only the past, so that z; in this case will be a
two-sided moving average of u;.

But if at least one of the roots a; has unit modulus, in that case we say that the AR(p) polyno-
mial has unit roots, then the autoregressive equation has no stationary solution.

Hereafter, we assume that the AR(p) polynomial has no root inside or on the unit circle, that
is |aj| > 1 forall j or that |3;| < 1 for all j. In this case we say that the causality and stationarity
condition is fulfilled.

Finally, notice that we can either find the roots of the characteristic AR polynomial ®(z) = 0
and have them outside the unit circle or we can consider roots of the reciprocal polynomial defined
as (basically this means inverting the order of the coefficients)

D*(2) = 2PO(27 ) = 2P —p12P Tt — L —
Then from (10) we have
D*(2) = PD(27 ) = 2P~ Frz (A= Baz ™) ... (1= Bpz™ ) = (2= B1)(z—B2) ... (2— Bp)

which shows that now the roots are |3;| < 1, hence the condition for stationarity becomes that the
roots of the reciprocal of the characteristic polynomial are inside the unit circle.

21 A polynomial of order p has p roots in the complex plane and if z € C \ R then Z is also a root.
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Take as an example an AR(2), then the MA(oo) representation reads

z=1—¢1L— L)'y = (1= L)' (1= BoL) My

(L+BiL+ B +..) A+ BoL + B30 + .. wy
= (14 (Bi+Bo)L+ (Bf + BrBa+ B3)L* +...) us

[e's) k ' 4
= > | XA |

k=0 \j=0

Pk

which is stationary if and only if the coefficients i, are square summable. In particular, we have

Y1 =B1+ B2, to=Pi+Bs+ BiBe, 3= B+ B3+ BiB2+ 153

and in general we have |¢| < (|81] + |B2|)*. Then, the condition |31] + |B2| < 1 is sufficient
to have a stationary and causal process since the MA(co) decay exponentially and are therefore
absolute summable which implies they are also square summable. Similarly for any AR(p) the
condition Y %_, |$;| < 1 is sufficient for stationary.

Still about the AR(2) we can write
D(2) =1— 12— ¢o2° = (1 - B12)(1 — foz) = 1 — (B1 + B2)z + B1522”

which shows that ¢1 = 1 + (2 and ¢o = — 3152 and therefore we have the necessary conditions
for stationarity and causality |¢2| < |B1||B2| < 1. Moreover, consider the reciprocal of the
characteristic polynomial in this case,

P*(2) = 2°B(2) = 2% — 12 — ¢y

then the solutions are
IRV
z212 = 5

Now if the roots are real g[)% + 4¢2 > 0 and to have stationarity we must have

244
Zl:¢1+\/;§1+ ¢2<1:>¢1+¢2<1

S h2
¢1 §1+4¢2>_1:>¢2_¢1<1

zZ9 =

which are other two necessary conditions for stationarity.??

4.2.2 Autocovariance function

The autocovariance function of an AR(p) process can be obtained similarly to the AR(1) case.
Assume that p = 2:

Tt = Q1041 + P2x4—2 + Uy, w ~ wn(0,02), (12)

221f the roots are complex then z; = Z» and we must have

d1+ i/ D3 +dda 1 — i/ PT + 4 _ 3
2 2

— 1
5 + @2 <

|Z1|2 =2z212z21 =
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or
T = up + Prug—1 + Youp2 + ..., u ~ wn(0,07). (13)

Multiplying both sides of (12) by x;_p = us—p + V1us—p—1 + . . ., for h > 1, taking expectations,
using (13) and the fact that u; is a white noise (thus E[u;z;—5] = 0 for h > 1), we obtain
Vh = P1Vh—1 T P2Vh—2

which are the Yule-Walker equations and look like (12). The first two equations, for h = 1 and
h = 2, are

o= o1+ d2vE = oo + b2
% = A+ dv

Moreover, multiplying both sides of (12) by x¢, taking expectations, and using (13), we have (we
have E[u;z¢] = 02)

W = ¢t + é25 + oy
Then we have a system of three equations and three unknowns which can be used to determine
5,715 (see next Chapter). We can also continue to compute acvs for h > 3:

V5 = ¢173 + d27
and so on.

For an AR(1) we have (see Chapter 2)

W o= i +on
Moo= 9%
Moo= A
which gives
7§:=43ﬁz§, Vh = ¢?Uz
1 — ¢f 1 — o7

which shows that the acvs decay exponentially. This is always the case even when we have an
AR(p). Compare it with the acvs of an MA(q) which is exactly zero at lags |h| > g.

There is an easy way to compute acvs of stationary AR processes. Let’s consider an example
with an AR(2). Consider
Tt = 1.3£Ct_1 - 0.413t_2 + Ut

which in L notation is
(1—1.3L 4 0.4L%2; = uy

the roots of the polynomial are both outside the unite circle and are equal to z = 2 and z = 5/4
(see example 2 at the end of next section) and we can factorize it as

L 4
0—13L+04ﬁﬁ3:<1—)(1—L>m:ﬂ“

and we can invert to write
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which gives

Collecting the terms, we get

13 129
= (1+=L+—=-17
N 13 N 129 N
= U — Ut — Ut —
ET 0 T 100 R

Truncating this expansion at a sufficiently large lag, we then proceed in the same way as in calcu-
lating the acvs of an MA process.

4.3 The ARMAC(p, q) process

Let

O(L) = 1—¢1L—pol? — ... — ¢,LP
O(L) = 1+4+6,L+6,L%+...+6,L7

then an ARMA(p, q) process has realisations such that
O(L)z; = O(L)uy, ug ~ w.n.(0,02).

We assume without loss of generality that the polynomials ®(z) and O(z) have no common
roots.??

Moreover, if ®(z) has no roots inside the unit circle, we know that we can invert the AR
polynomial

zi = (L) 'O(L)ur = [®(L) '+ 01 (L) 'L+ 02®(L) ' L? + ... + 0,2(L) ' L] wy

which is MA of infinite order since in general ®(L)~! has an infinite order (cfr with the AR(p)
case). Thus, we have a MA representation which is stationary when the AR polynomial has no
roots inside the unit circle, which is then the condition also for stationarity and causality, we then
say that the ARMA is causal. With this definition it should be clear that E[X;] = 0. If instead
E[X{| = 1 then we write

zy = ®(L)'O(L)uy + .
Everything we say about ARMA is for the zero mean case, otherwise everything hold for the

process { X; — u}.

Notice that no requirement is made for the roots of the MA polynomial. Take for example the
two models
Ty = (1 + O5L)ut Ty = (1 + 2L)’U,t

23 Assume that there is a common root in say 1/8, then we can write ®(L) = (1 — §L)®*(L) where ®*(L) has
degree p — 1, and similarly ©(L) = (1 — 6L)©*(L) where © (L) has degree ¢ — 1. The ARMA model then reads

(1 = 6L)®*(L)a: = (1 — 6L)O" (L)us

and the terms (1 — J L) cancel out, so we in fact have an ARMA(p — 1,q — 1).
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These two polynomials have roots in -2 and -0.5 respectively, but both are stationary and we know
that have the same acvs. In general if all the roots of O(z) are outside the unit circle we say that
the MA satisfies the invertibility condition, i.e there exists the inverse polynomial ©(z)~! such
that

O(L) ' ®(L)xy = uy

which is the infinite AR representation. We then say that the ARMA is invertible. To be more
precise we say that the MA is invertible in the past as the polynomial ©(L) will have only positive
power of L. When the roots of ©(z) are inside the unit circle an inverse exists but will involve
negative powers of L thus we have invertibility but in the future a case which we will not consider
as we usually do not consider stationary but non-causal processes. When ©(z) has a root on the
unit circle the MA is never invertible.

Summing up we have the following.

AR(p) MA(q) ARMA(p, q)

Stationarity | roots of ®(z) | always roots of ®(z)

and causality

outside |z| <1

outside |z| <1

Invertibility
in the past

always

roots of ©(z)
outside |z| < 1

roots of ©(z)
outside |z| <1

Why are stationarity and invertibility desirable?

1. Stationarity — because it assumes that the joint distribution of x; (or second—order prop-
erties) does not change over time. Therefore, we can average over time to obtain better
estimates of the characteristics of the process.

2. Invertibility — because it permits us to represent our process as AR, and AR processes are

often “easy” to estimate and forecast.

From the ARMA(p, ¢) if it is causal we can write

zy = (L) 'O(L)uy = U(L)uy, ug ~ wn(0,02), (14)

where W(L) = >°%  1; L7 and it can be proved that since the ARMA is causal then >0l <
oo. This is because the coefficients have a geometric decrease (think of the AR(1) case where
(I Jl and see also the ARMA(1,1) below). Moreover, if the ARMA is invertible then u; is the
innovation of { X} and the MA(c0) is the Wold decomposition of an ARMA.

The coefficients 1; can be computed as follows. Start from ¥(2) = ®(2)~1O(z) then

(1—g1z—...—p2P) (Vo +V1z+...) =1+ 012+ ...+ 6,29

57



which shows that

1 = 4o
th = Y1 — Yo
b = P2 — 101 — Yod2

or equivalently
P
O =v;—> otk §=0,1,...
k=1

where 0y = 1, 0; = 0if j > g and ¢»; = 01if j < 0. Thus, we have written a causal ARMA(p, q)
as an MA(00).

For an ARMAC(1,1) we have

(1-— ¢1Z)(w0 +irz+...) = (1 + 912)

which shows that**

Yo = 1
Y1 = ¢1+060;
vy = (¢ +01)

v o= (d1+00)¢]
(15)
which implies

ze=u+ (1 +01) > u (16)
j=1

In this case causality implies |¢1| < 1 and therefore Y22 [1;| < oc.
Below are some examples to study invertibility and stationarity of ARMA
1. Consider the following process
xy = up — 1.3us—1 + 0.4us_o
this is an MA(2) thus it is stationary. Writing this in L notation:
xy = (1 — 1.3L + 0.4L%)uy = O(L)uy

to check if invertible, find roots of ©(z) = 1 — 1.3z + 0.422,

1-132+0422 =
422 —132+10 =
4z =5)(z—2) =

*Use the fact that (1 — ¢12) " =14 1z + @72 + ...
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the roots of ©(z) are z = 2 and z = 5/4, which are both outside the unit circle hence the
process is invertible.?

2. Determine whether the following model is stationary and/or invertible,
ry = 1.3x4-1 — 0.4x4_o + up — 1.5us_1.
Writing in L notation
(1—-1.3L+04L%x; = (1 — 1.5L)uy

we have
®(z) =1 —1.32 + 0.42>

with roots z = 2 and 5/4 (from previous example), so the roots of ®(z) = 0 both lie outside
the unit circle, therefore model is stationary, and

O(z)) =1—-15z=1- gz,

so the root of ©(z) = 0 is given by z = 2/3 which lies inside the unit circle and the model
is not invertible (at least in the past). Notice that there is an inverse of ©(z) also in this case

1 —2,1 2 2 2\ 2
-1 3 -1 -1 —2
O(z) =1 %z_l %2_1——32 (1+3z —|—<3> z +)

and when applied to z; (assume for simplicity that the AR part is not present) we have
(substitute z with L)

O(L) 'ar = _§L71 (1 + gLil + <3> L2+ ) Ty = 3 <$t+1 + §$t+2 + <3> Ti43 + - )

the inverse of an MA exists but requires future values of x;.

4.3.1 Autocovariance function

The following are three ways of computing acvs of an ARMA(p, q).

1. Start from the MA(o0) representation (14). Then, using the formula for acvs of MA we have

fyfgf = E[Xt+hXt] = 03 Z ijjﬂh‘
=0

Consider an ARMAC(1,1)

2
T — P1T4—1 = U + Orug—1, ug ~wn(0,07),

The roots of a polynomial of order 2 as az? + bz + ¢ are given by

L —b+ Vb2 — 4ac
o 2a
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with |¢1| < 1. Then, using (16),
W o= ony 3
3=0
o .12
- i E oot |
(p1 +61) Z¢2] }

A
= { (¢1+61)° 2 ¢2f}
3

(1 + 61) }

1
L

= U

o0
Vo= 0wy din

J=0

= { 1+Z%%+1}
= {¢1+91+Z ¢+ 01)20) lﬁbj}

= o, {¢1+01+ (p1 + 61) (¢1+¢1¢2+¢1¢3 )}

= {¢1+91+ (p1+61) 525129252]}

7=0

(1 + 61)? ¢1}

= 0'{(;51+9+ 1_¢2
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o0
o= on > Uit
§=0
oo
= UZ 2+Z¢j¢j+2

(o1 +61)p1 + Z (61 +61)207 )

7j=1

=y {(d1+01)61 + (61 + 01)* (8101 + 610f + ool +...)}

(¢1+61)¢1 + (1 + 01)? Z¢

2
= o2 ¢1+91)¢1+(¢1+91) <Z51}

- ¢
= ¢1’71
and in general v} = ¢}f—1fyf for h > 2.

. Multiply each side of the ARMA equation by x;_j, and take expectations. For an ARMA(1,1)
we have

Elzy (vt — ¢170-1)] = E[re—pn(ur + O1ui—1)]

which implies

— o1y = E[W(L)ur(ur + 01uz—1)]

= E[(ut + Yr1ue—1 + ... )(ug + Orui—1)]
UZ + UZ¢191
o2(1+ (61 + ¢1)6h)

and

-1 = E[W(L)ug—1(us + Orug—1)]
= E[(w—1 +v1ug—o+...)(us + Orup—1)]
= o2

The previous expression are found using these two relations.
Consider as an example the ARMA(2,1)

T = Qxy—o + Qug_1 + ug, ug ~ w.n.(0, 02)

Then we can compute the acvs by multiplying each side of the ARMA equation by z;_p
and taking expectations. Notice that

E[ziu] = o2, Elziui—1] = 002, E[xi_pu] =0 for h # 0.

Therefore we have the equations

Elz24] = 70 = 72 + 020> + o
Elzi2i-1] = 71 = ¢71 + 00
Elzizi—2] = v2 = ¢
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Then by using the first three equations we obtain

o1+ 62
Yo =0 1= 2
m=o’ o

1—¢
Y2 = 70,

and the acs are pg = 1, p; = 9&;‘5), p2 = @, and p3 = ¢p1 and so on.

3. The third way uses the roots of the AR polynomial. Let us consider the example with AR(2)
before and let’s add also an invertible MA component

Tt = 1-31:15—1 - 0.4.13,5_2 + up — 0.25ut_1.

The AR part is stationary with roots in z = 2 and z = 5/4 and the MA part is invertible
with root in z = 4 then
(1-%)

(1-3) (1=35L)
and using Taylor expansion and collecting terms we have

13 129 L

= (1+=rL+=71?+...)(1=-=
ot < AT T >< 4)“t

13 1 129 13 ,

Truncating this expansion at a sufficiently large lag, we then proceed in the same way as in
calculating the acvs of an MA process.

Ty = Ut

4.4 Partial autocorrelation

In the section on MA processes, we saw that the acvs sequence cuts off after some lag h. Also, we
saw that for an AR(1) process, it never cut off to zero, but decayed exponentially. The same result
can be proved for a general AR process. For purposes of model identification, it would be useful
to have a quantity which did cut off to zero for a general autoregressive process AR(p). One such
quantity is the partial autocorrelation function (or sequence), pacf. For a process xy, it is defined
by

71'% = COI’I‘(XQ,Xl)
71'% = COI‘I‘(Xg —E{Xg‘XQLXl —E[X1|X2])
7I'§j = COI‘I‘(X4*E[X4‘X3,X2],X1 *E[leXg,XQ])

The interpretation is that E[X4| X3, X5]| is the part of X that is explained by X3, X5 (or more
formally, it is the prediction of X, based on X3, Xs). Thus X, — E[X4| X3, X5] is the part of Xy
that is unexplained (un—predicted) by Xo, X3. Thus the partial autocorrelation at lag h

7y, = Cort( Xy h—E[ Xy n | Xevn—1, Xegn—2, - -, Xeg1], Xe—E[Xe| Xypn—1, Xegn—2, ..., X))

is the correlation of those portions of Xy, X;,; which are unexplained by the intermediate vari-
ables Xt+1, . ,XtJrh,l.
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In a non time series setting, a partial correlation can be seen in a linear regression framework.
Assume to have n random variables variables X7 ... X, all with the same variance and zero mean
and to have m observations for each. Consider the regression

xli:BQ{E%+53$3i+--~+5nvxni+vlia Z.:]'?“Wm

where we also assume conditional mean independence E[v1|X}] = 0 for k£ # 1. Then the partial
correlation of X7 with X, given all the other variables is 5,,. Indeed, take the case n = 3, we have

X1 — E[X1]Xo] = X1 — B2 X2 — B3E[X3|X2] = B3(X3 — E[X3|X2]) + v1,

then using the fact that E[v;|X2] = E[v1|X3] = 0, the partial correlation of X; with X3 is given
by

COI‘I'(Xl — E[X1|X2],X3 — E[X3|X2D = ﬁgCOIT(Xg — E[X3|X2], X3 — E[XS‘XQ]) = ,83.

In a time series the pacf sequence is defined as 7y = 1 and 77 = ¢pp, for h > 1, where ¢p),
is the last coefficient in the regression

Tt = Qp1Ti—1 + Pp2Ti—2 + ... + GppTep + et (17)
Therefore, for an AR(p)
Ty = ¢1$t_1 +...+ ¢p$t—p + Uy, Ug ~ w.n.(O,oz),

from (19) we have m; = ¢;,. And we immediately see that for & > p the pacfis 7;; = 0. However,
at lags h < pin general Wz = ¢p. If however, the u’s are i.i.d. Gaussian, then it can be shown that
7y = ¢p, forany h < p.

Usually in AR(p) models we say that the error is white noise, therefore we always have
Cov(u, X¢—p) = 0for h > 0. However, in the above definition of pacf we are implicitly assuming
that for ARMA processes we have E[u;| X1, X;—2...] = 0 which a stronger requirement than
no-correlation but weaker than independence. Intuitively this is a reasonable assumption since u;
is the innovation so it should not contain relevant information about x; (at least from a linear point
of view).

If the process is an MA or an ARMA and we want an analytical formula for the pacfs, it is not
an easy task in general. A simple case is an MA(1) for which we have

Tt =ur + ext—lv Ug ~ wn(ov 0-3,)5
we find
—(—0)"
1462 +... 4020

Ty =

See the next Chapter for a proof.

5 Estimation of ARMA processes

We have seen in Chapter 3 the sample acvs estimator. Now we will use these to estimate the
coefficients of a generic ARMA(p, q¢) model. Before however we focus on the AR(p) model which
is easier to estimate and general enough to cover most cases:

Ty = Q1041 + P2Ti—2 + ... + OpTi—p + Ug, ug ~ wn(0, UZ)
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It is possible to prove using spectral theory that any time series sufficiently regular can be approx-
imated well by an AR(p) model if p is large enough. Later we use the estimator of an AR as a
pre-estimator for an ARMA.

We always suppose that E[X;] = 0 unless stated otherwise. If E[X;] = p # 0 then everything
that follows applies to { X; — uu} or if we deal with estimated quantities estimation must be applied
to {X; — z} where Z is the sample mean studied in Chapter 3.

We also assume to observe a time series for 7" periods thus we observe (z1, z2, ..., z7).

5.1 Yule Walker estimator

We start by multiplying the defining equation of an AR(p) by x;_p

p
TyTp_p = E Qi T+ UL py
i=1

Taking expectations, for h > 0 and recalling E[u; X; 5] = 0:

P
T = Z ¢j7ﬁ—j
j=1

Leth =1,2,...,pand remember that v*, = v} then

o= 1+ e+
Ye = G Pt PpYpa
7; = Qsl'}/g_l + CbQ'Yg_Q + .+ P

these are the Yule Walker equations and in matrix notation they read

Yy =10
where v; = (7F15 ---75)s @ = (1 ¢2... #,) and
% oM - Ypa
X X X
pro | 070 T
Yp-1 Tp2 - W

Notice that this is a symmetric Toeplitz matrix which we have met already (see Chapter 2). All
elements on a given diagonal are the same.

Given that z; has zero mean we have the estimated acvs, forh =0,1,...,p
1 T—|h|
L
Th = ; Tt T4 |n| (18)

and substitute these for the 7}, v, and I'; to obtain '75 and fg from which we estimate ¢ as
—~ A
¢ = (Fp> p
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Notice that existence of the inverse matrix is crucial therefore we must define an estimator of acvs
such that f‘; is positive definite, which is indeed the case for the one used here (see the discussion
in Chapter 3). If we estimate the Yule Walker equations for any time series and we truncate at
lag h we are actually estimating the pacf at lag  (see Chapter 4). So in the AR(p) case we have

Pp =T,
We have the following central limit theorem for qAS
VT(h—¢) 5 N0,62(T5)7),  asT — oo.
So for example, for an AR(1) we have just one parameter and
VT(d1 — 1) % N(0,02(78)Y),  asT — oo,
which gives the asymptotic variance of qubl as

SR s (-d)

AV = =
ar(é1) = = 02T T
A 95% confidence interval for the AR(1) parameter is then given by
~ 1 — &2
¢1 £1.96 <T¢1)

In general, however, in order to compute confidence intervals we then need to estimate the asymp—
totic variance in particular (I‘x) I (see (18) above) and the variance of the innovations a . To
estimate the latter, we multiply the defining equation by z; and take expectations to obtain

(J)E: ZQSJVJ +EUtXt ZQS]'YJ +U

7j=1

so that as an estimator for o2 we take
p ~
=T
0~ Z ¢j’7j
j=1

The estimators ¢ and 72 are called Yule Walker estimators.26

5.1.1 Yule Walker estimator for partial autocorrelation functions

From the previous Chapter we know that, for a stationary process, given the linear predictor

Tt = Pp1Tt—1 + Pr2Ty—2 + ... + GrnTy—p + €4, (19)
the partial autocorrelation at lag h is m; = ¢pp,. Since (19) looks like an AR(h) model it can be

estimated by solving the Yule Walker equations up to lag h to get the estimated gghh which is the
last entry of the vector ¢, solution of the equation

~ ~ -1
on=(T5) % (20)
Thus once we estimate an AR(p) via Yule Waker equations the last estimated coefficient is also the

lag p estimated pacf: 7?1“; = ¢p,. However, unless z; is Gaussian, at lags h < p in general 71}, # ¢y,
and we have to solve (20) for every lag.?’

26 Alternative methods to estimate the coefficients of an AR are given by the Durbin Levinson algorithm which is a
recursion bypassing the inversion of a Toeplitz matrix and the Burg algorithm which estimates the pacf from which the
AR coefficients can be computed (see below).

2"For pacf sometimes the equation (20) is written using acs, i.e. by multiplying and dividing the right hand side by
the variance g .
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If we have to estimate pacf for a generic ARMA, we still have to solve equation (20) for any
h using the acvs of the process written as functions of the parameters of the model and then we
express the solutions, i.e. the pacf, as function of the parameters. Given estimates of the ARMA
coefficients (obtained using the methods outlined below), we have estimates of the pacf. In the
last Chapter we saw a formula for the MA(1) case. As an example let us compute the pacf of an
MA(1) at lag 3. We have 7& = o2(1 + 62) and 3 = o26. Then we have to solve (no need to
invert the matrix)

T3¢ =3
which is equivalent to
1+ 62 0 0 31 0
o2 6 1+62 6 $32 | =02 | 0
0 0 1+ 62 P33 0

this is a system of three equations with three unknowns and by solving it we get

6
14624604 + 66

T3 = (33 =

But notice that for the pacf at lag 2 75 # ¢35 and we have to solve another system of equations.

5.2 Least Squares estimator

Start from the defining equation

2
Ty = Q1T4—1 + G2Ty—2 + ... + OpTi—p + Ug, ug ~ wn(0,07)
then we can formulate an appropriate least squares model in terms of data z, zs, ...,z as fol-
lows:
x=Fo¢+ u,

where x = (Zpt1 Tpr2...27), @ = (P1¢2...¢p), u = (Upt1 Upy2 ... ur) and

Tp Tp—1 - T
p+1 P 2
F =
rr—-1 Tr—-2 ... ITT—p

which is a (T' — p) x p matrix, thus we use 7" — p observations and p regressors, so once again we
need p << T Notice that if E[X;] = p # 0 we have to add a constant to the regression, thus we
add one parameter and a regressor equal to 1, i.e. we add a column of ones to the matrix F.

We can then estimate ¢ by finding that ¢ such that it minimises (least squares estimation)

2

T p
SS(@)= > |2-) ¢z | =(x—Fo)(x—Fo).
t=p+1 j=1

Notice that SS(¢) = Z?:p 1 uf is the sum of squared residuals. If we denote the vector that

minimizes S.S(¢) as (;AS, standard least squares theory tells us that it is given by
¢ = (FF) 'Fx.
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As an example in the AR(1) case, i.e. p = 1, if we make explicit the matrix products above

we have
T Loy
>~ 2
o1 = E Ti_q E Tt—1T¢
t=2 t=2

and by rewriting as

1 <& A o
~ (1 ) 1 W
p1 = T ;xt—l T ;xt—lﬂvt = %”

SO once again to compute estimators we need to estimate acvs. We also see that as 7" — oo by the
Law of Large Numbers we have

~ X
$ B
Y0
Notice however that ;51 is biased. Indeed,
1< Tz 1 & Tz
> 2 2
o=\gria] \Fromw)=|Fle) (g2 mm@we )
t=2 t=2 t=2 t=2
1 & Tz
= ¢1 + (th_;.f?l th_;mt_lut

Now, while w; is not correlated to z;_; because it is a white noise and therefore E[z;_ju;| = 0,
in general u; is not uncorrelated with Zthz x7_, since this term contains (1 ...27_1) which is
correlated with u; fort = 2, ... ,T.28 Indeed, if ¢; is positive, then a positive shock to u; raises
current and future values of x; , all of which are in the th , 7_;. This means there is a negative

correlation between u; and Zt 9 2“71 SO E[¢1] < ¢1.

The estimated coefficients are also asymptotically normal, and in order to show this we need to
use a particular Central Limit Theorem for martingale difference sequences and we must assume
that v, is a martingale difference sequence: E[uy|z;_1, ¢ o, ...] = 0.2 For example, in the AR(1)
case z; = uzxi—1 1S such that

Elzt|zi—1] = Elugwi—1|xi—1] = 24— 1E[ug|zi—1] = 0.

Then, it is possible to prove that

1
T fo_l LE? =9, as T — oo,

2 For proving unbiasedness we should compute

E[(gl ~il=E |:Z Z:Ctz_xt 1 :| |:ZE |:Zt 2 xt 1 .

t=2 t=2
T
l'tflE[utL’ETfl e 1‘1}:|
=E £0 Q1)
T
[; p x7,
since E[u¢|zr—1...21] # 0 in an AR model. To have the condition E[u¢|xr—1...2z1] = 0 we would need strong

exogeneity of the regressors, which is impossible in time series. Notice that strong exogeneity is stronger than asking
for the martingale difference property E[u¢|z:—1 . ..x1] = 0 which is called weak exogeneity and could be assumed.
21If this is true then we are actually estimating the conditional mean of 2 as E[x¢|z:—1] = d12¢—1.
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because z; is ergodic since its MA(oco) representation has summable coefficients, and that

£l

T
th 1ut—>NOV) as T — oo,
t=2

with V' = E[z2_,u?], because of a Central Limit Theorem for martingale difference sequences
and since

1
T Z Ty 1Ut RN 0, as T — oo,

again because of ergodicity and since E[z;_ju;] = 0. For these results we also need E[z}] < oo
to use the ergodic theorem for the squares.

Therefore,
VT($1 — ¢1) 5 N(0,Q72V), as T — 00,

by Slutsky’s theorem.?* Consistency follows since for any Z ~ N(0,1), we can apply Slutsky’s
theorem again and

1 1
L Jray 4 Jim ———7 =0,
VT2V (&1 = 61) o VT2V

and convergence in distribution to a point is equivalent to convergence in probability.

(61— ¢1) =

Moreover, if we also assume independence of u; and z¢—1 then V' = E[z?_;u?] = E[z?_,]E[u?]
Qo? and we have that the asymptotic variance is the usual Gauss-Markov lower bound found in
OLS, i.e. AVar(¢) = 02/(QT). Everything can be generalised to an AR(p).

Summing up, the OLS estimator of AR models is biased, but consistent, is asymptotically
normal only if the errors are a martingale difference sequence and is efficient (lowest possible
variance) if the errors are an independent sequence. We can estimate o2 using the sample variance
of the residuals of the regression

o2 (x—F¢)(x—F¢) = u'u Z“
u T —2p T—2p T-— 2ptp+1 &

where fort = p+ 1,...,T the residuals are given by
U = T4 — P1Tp—1 — P2Ty—2 — ... — PpT_p.

Notice the degrees of freedom correction at the denominator which is given by the number of
observations 7' — p minus the number of estimated parameters p. However, as 7' — oo also
dividing by T yields consistency.

The estimator of ¢ obtained by Least Squares is the Maximum Likelihood estimator of an

AR(p) process when the innovations u; are Normally distributed.

If we have an ARMA process the Least Squares estimator can still be used if we have a
preliminary estimate of the innovations. The following is the Hannan Rissanen algorithm for
estimating an ARMA(p, ¢) by Least Squares.

1. Fit a high order éR(m) Xvith m > max(p, q) using Yule Walker method and obtain the
estimated vector @, = (G1m - - - D)’

0 X, % X and Yy, B aasn — oo then X, Y, % aX.
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2. Compute the residuals of the AR(m) model estimated
ﬁt:wt—qﬁlmxt,l—...—qﬁmmmt,m, t=m+1,...,T.

3. The vector of all parameters of the ARMA(p, q) is estimated by Least Squares regression
Ty = Q1T 1+ ...+ qbpzt,p + 01051+ ...+ Hqi)\tfq -+ U

this is done in the way described above but now we have p + ¢ regressors. Call these
parameters (¢, 0).

4. The residuals of the regression are

~
~

Ut = Tt — (Z)l.’l,’t_l — ... ¢pxt—p — 01vt_1 — ... qut_q

and their variance is estimated as

T

1
~2 ~2
Ow=m Uy .
T—m— >
m q t=m+1+q

Notice that it can shown that while for Yule-Walker the resulting estimated AR polynomial Cf(z)
with coefficients ¢ is stable in the sense that all its roots are outside the unit circle, this is general
not guaranteed for OLS estimates. However the Yule-Walker estimator is also biased and typically
performs worse than the OLS.

5.3 Maximum Likelihood estimator

Consider an ARMA(p, g) model
O(L)xy = O(L)uy, ug ~ wn(0,02)

and suppose the vector xp = (x1...x7) is a multivariate Gaussian vector with zero mean and
variance covariance matrix given by the Toepliz matrix I'}, = E[X7X/.] which is 7" x T and
contain in each diagonal the same elements which are the acvs. If the data generating process is
an ARMA(p, ¢) then the matrix is function of the parameters ¢ = (¢1...¢p), 0 = (61...6,),
ie.

T4 = T%(6,0).

Under Gaussianity the likelihood of the data is

1
det(T7 (9, 0)) (2m) /2

1 _
f(xT;¢70705): exXp _ix’/]"r%((pvo) 1XT .

Once a sample xp = (21 ...x7) is observed this function depends only on the parameters ¢ and
6. Typically we work with the log-likelihood

Lr(x7;¢,0,02) = log f(x7; ¢,0,02) (22)

and the Maximum Likelihood estimator of the parameters is the value of the parameters that max-
imizes this function:

~~ 9

(¢,0,5%) = argmax Lr(x7; ¢, 0,02).
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It can be proved that the estimator is consistent
(0,0) > (¢,0), asT — oo
and is asymptotically Normal
VT |(6,0) — (6,0)| 2 N(0,%),  asT — oo,

where the form of 32 is complex and depends on the derivatives of L7 and on the parameters too.

Such maximisation is in general not easy (unless we have an AR model (¢ = 0) in which
case the solution is the Least Squares estimator). The first order conditions are non-linear in the
parameters and they have no analytical solutions. Second when T’ is large writing the T' x T’
matrix I'; as function of the parameters is not easy (and we need also its inverse an its determi-
nant). Moreover, the maximisation often depends on the starting values of the parameters used as
starting point for the maximisation algorithm. For this reason we need preliminary estimators of
the parameters. We have seen the Yule Walker as an example for ¢ (and we mentioned other).3!
For the MA part there are also preliminary estimators which are given for example by the Innova-
tion algorithm which starts from the Wold representation of the process. Or the Hannan Rissanen
algorithm which provides preliminary estimates for all parameters.

Any preliminary estimator is in general less efficient than the Maximum Likelihood estimator,
therefore once we have an initial estimate of the parameters we can plug it into the maximisation
of the log-likelihood to obtain a more efficient estimator. Saying that an estimator is more efficient
means that its asymptotic variance is smaller.

The most efficient estimator is the Maximum Likelihood estimator if the data are Gaussian.
But if data are not Gaussian is Maximum Likelihood still a “good” estimator?

It can be proved that if x; is distributed according to a distribution of the Exponential family3?
and the ARMA(p, q) is the true underlying model then the Maximum Likelihood estimator is still
consistent and asymptotically Normal, but it will have a larger variance, i.e. is no more the most
efficient estimator.

5.4 The relation between OLS and ML

For an AR(p) model there is a clear relation between OLS and ML estimation. This can be seen by
rewriting the likelhood of (x; ... x7) as a product of conditional likelihoods, where at each point
in time we condition on the past:3?

T
f(xr) = Hth|X1...Xt_1(xt‘$17---axt—l)- (23)
t=1

31t can be generalised for ARMA models too as the Hannan Rissanen generalises the Least Squares procedure.

32 Distributions of this family are the Gaussian, Exponential, Gamma, Chi-squared, and even Binomial or Poisson,
but for example the Student-¢ does not belong to this family.

33For a pdf of two random variables we have

fxv (@) = frix (ylo) fx (@) = Fx)v (2ly) fr (y)

and for three random variables we have

fxvz(x,y,2) = fxivz(@ly, 2) fyz(y, 2) = fyrixzWlz, 2) fxz(x, 2) = fz1xv (2|2, ) fxv (z, ).
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Now for any ARMA model with errors that are also Gaussian we can write the linear prediction
equation as (see Chapter 3)

Ty = Pt_l.CCt + e = E[It‘dft_l .. .l‘l] + e

therefore the conditional distribution of x; given (x7 ...x;—1) is the same as the distribution of
the one-step-ahead prediction error e; (notice that due to Gaussianity e; do not depend on the past
values and therefore we can use their unconditional distribution). In particular, for an AR(p) we
have

T =cCc+ P1wi1+ ..+ PpTyp + Uy,

where we assume u; to be a Gaussian zero mean white noise with variance O' , then
2
xt]xl R I e N(C + P11+ ...+ (bpmt—py O'u).

Notice that actually the conditioning set is just given by x;_, ... ;1. Now consider an AR(1),
then the parameters are ¢, ¢; and UZ. Using (23) we can write the joint log-likelihood (22) as

T
Lr(x7sc, ¢1,00) =log fx, (x1) + Y _10g fx, x,_, (@elwi—1)
=2

T
= log fx,(z1) + Zlog fug ()

t=1
T
1 —c— )2
=log fx, (1) — 5 > [log(27r) +logo? + (2 —c 02¢1$t 1) ]
t=1 2
1 2
= log fx, (1) 52 [log (27) +log o2 + ]

Notice that we cannot write the first term as function of X since we don’t have any realisation at
t = 0. If the first term were zero then the above would be a Gaussian log-likelihood for a linear
model with dependent variable x; and explanatory variable z;_; plus an intercept and residual
u¢. We know that for those models the ML estimator coincides with the OLS, therefore we could
simply use OLS to estimate the parameters if it were not for the first term. However, for large 71" the
weight of the first term become negligible. Then OLS estimates tend to ML estimates as 1" — co
and they inherit the asymptotic properties.>* The same reasoning applies for AR(p) models where
the first term will be log fx, .. x,(z1 ... 7p).

If we have an invertible MA process we still know that the white noise leading the model u,
can be expressed as xy — P_1x4, i.e. it is also the one-step-ahead prediction error. Thus if we
assume that x|z ... x;—; has a Gaussian distribution, then at each point in time we can compute
the prediction of x; given its past and compute the prediction error as u; = xy — P,_12; given
by the model (see also next Chapter for forecasting MA models). Then the log-likelihood can be
written using the sequence of prediction errors computed in this way.

5.5 Order selection

Once we have transformed a given process to a stationary one, how do we determine the AR and
MA orders?
3*Moreover, if u; is a martingale difference sequence, the OLS estimator is consistent even if the residual ; is not

Gaussian and in this case it is not correct to see the OLS as asymptotically equivalent to the Gaussian ML estimator.
We can of course specify other distributions and the maximising the corresponding likelihood.
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It might seem that adding more lags can approximate better the AR(co) or MA(c0) representa-
tions, thus reducing the variance of the white noise. However, the more parameters we include in
the model the more likely we are to make estimation errors. Moreover, we know that the number
of parameters p 4+ ¢ must be smaller than the number of observations used which is T' — p — ¢ (cfr.
the linear regression case).

There are two main approaches.

1. Information criteria. The original one was proposed by Akaike. The basic idea is to compare
the true likelihood of the model (which is unknown) with the likelihood of the data. We
should use a the distance between these two distributions and minimise it. As a result we
have to select p and ¢ such that they minimise the Akaike Information Criterion

T
AIC(p,q) = —2Lr(x7; $,0,00) +2(p+ ¢+ 1) = > G +2(p+q+1).
t=1
The first term decreases as p, ¢ increase, but the second term is the one that avoids over-
parametrization as indeed it grows when p, ¢ increase, for this reason this term is called
penalty. Alternatively we can minimise the Bayes (or Schwarz) Information Criterion

T
BIC(p,q) = —2L7(x1;¢,0,02) +2(p+q+1)logT = Z u; +2(p+q+1)logT.
t=1
Thus for each choice of p and ¢ we have to estimate the model, compute the log-likelihood
and then choose the couple (p, ¢) that minimises AIC or BIC. The BIC is a consistent cri-
terion in the sense that if the data were truly generated by an ARMA(p, ¢) the estimated
orders that minimise BIC will converge with probability 1 to the true orders as 7' — co. On
the other hand minimising AIC for AR processes selects a model with the smallest one step
ahead prediction error among all possible AR models. In general BIC is more parsimonious
than AIC.

2. Box and Jenkins methodology. By inspection of the autocorrelation (acs) and partial auto-
correlation (pacs) we can make assumptions of the AR and MA orders. The acs of an MA(q)
is zero at lags h > ¢. For an AR(1) the acs is exponentially decreasing, but for an AR(p)
the acs decreases in a less regular way. However, the pacs of an AR(p) is zero at lags h > p.
With real data the acs and pacs will not become exactly zero but we can plot them together
with their confidence intervals (see Chapter 3 for acs). Approximately the 95% confidence
interval for acs and pacs is =1.96/+/T (cfr the acs plots in Chapter 2).

5.6 Diagnostics

The main steps of model building for a time series are four:

1. check for trends and seasonality and remove them by means of suitable differences;
2. model specification: formulate an ARMA(p, q) with suitable lags;
3. estimation: find values and standard errors for the parameters of the model;

4. checking: verify that the specified model provides an adequate description of the data.

The first three steps have been already considered. Here we focus on model checking or diagnostic
checking. This is done by analysing the residuals of an estimated ARMA(p, q).
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5.6.1 Residuals of an AR process

We know that from the Wold representation (which is an MA(oco)) we can always write an AR(co)
model and that we can approximate it as an ARMA(p, q). Here we simplify the model to an
AR(p) as indeed AR models are the most useful for forecasting which is our ultimate aim. After
estimating an AR(p) (via Yule Walker or Least Squares) we can use the estimated parameters to
build the predicted value

Bt = prai_1 + ati_a + . + GpTi_p. (24)
We then define the residuals of the model as
U = o — (P14-1 + oo + ... + Ppr_p).
Using the notation of Chapter 3 we can write
To= PPy, =3 PP,

where ]3tp_1 is the estimated predictor (or projector) of x; when using estimated coefficients, p
lags, and data up to time ¢ — 1. In the same way we can write the innovations of the AR(p) process
as

up =z — (pr14e-1 + Gaxy 2+ ...+ Gpr_p) = T — PP 34
Because of consistency of the estimated coefficients we have

E[(PP z;— PP 2)% =0, T— o

and therefore
P P pp
Pz = P xy, T — oo.

If model (24) is well specified, the residuals u; should approximate the errors of an AR(p) which
by definition are white noise, or more rigorously we would like to have

E[(U; —u)?] =0, T — oo.

This, is a goodness of fit measure which however we cannot compute since we do not know ;.
So a good measure is the Root Mean Squared Prediction Error (RMSPE)

which can be computed for any AR(p) model and the smaller it is the better is the fit of the model.
Notice however, that by definition the model with the largest p has the smallest RM SPE thus a
penalization as in the Information criteria above is necessary and this is the rationale behind those
criteria.

5.6.2 Testing for white noise

Depending on the hypothesis we made on u; before estimation, we might need to check for

1. uncorrelated residuals, if u; ~ wn(0,02);
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2. independent residuals, if u; ~ iid(0, 02);

3. normality of residuals, if u; ~ N(0,02).

Notice that if 1 and 3 hold then 2 is automatically satisfied. For a general AR model to be correctly
specified 1 is enough, but if we are using Maximum Likelihood with a Gaussian distribution then
we might want to check also for 3. Here, we discuss only testing for white noise.

In order to test for white noise we can do three things.

1. Plot the residuals and check for outliers which deviate from a purely random behaviour (this
is done also in regression analysis);

2. Compute the sample acs of u; and verify that they are zero. We denote the acs as ,5;; Here
we have the errors coming from the estimation of the model, i.e. of %, and the estimation
of the acs that play an important role. Indeed, while the true acs of the true ARMA error
would be exactly zero, ﬁ# is not exactly zero even if the model were correctly specified.
We then need to compute confidence intervals for ﬁ;j A general rule (which is exact for
h > p where p is the AR order) is that the 95% confidence interval is given by +1.96/v/T.
Although for A < p the interval is smaller, it is often approximated using the same value. If
we find values of ﬁ,? which are outside the above interval then we reject at 5% level the null
hypothesis that the acs is zero and we say that the model is misspecified.?

3. We can also test for all acs being jointly zero up to a given lag K. This is done by computing
the portmanteau-test statistics

K
Q=T> ()
h=1

where we typically choose K between 15 and 30. If the model is correctly specified, i.e. all
acs are zero, then @) ~ X%(_p- A corrected version for small 7" is the Ljung Box statistics

5~ P
T(T+2)

Another possible test is the one by Durbin and Watson

i S — Ty—y)?
_ e
thl uf

which tests only for the first acs to be zero, and if this is the case we expect to have d ~ 2.

~ 2(1 - pf)

5.6.3 Residuals and innovations

If we compare the above expression for the predicted value Igtp_la:t with the AR(c0) given for the
general linear predictor in Chapter 2 and we recall that if p is large enough the predictor with p
lags is a good approximation of the one with infinite lags, then

E[(PP  x; — Pr_134)%] = 0, T,p — o0o.

3Equivalently we reject the null hypothesis if {0} ¢ {5/ £ 1.96/v/T}.
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and this implies that for p large enough w; is the innovation of x; which we denoted as e; and the
residuals u; should approximate in mean square the innovations. Now from Chapter 3 we have

e = xy — Pr_qa4,

where e; is the innovation of x;, which is the unpredictable part of x; and it is a white noise. Thus,
once again we would like to have the residuals ; to be white noise. That is to say that if the model
is correctly specified then the prediction of x; is the best we can do (among all linear models)
since what is left is a white noise, thus it is unpredictable as it contains no useful information
about future values of z;.

In general for ARMA a similar reasoning can be followed once we notice that u, is the inno-
vation of x; also in this case. Indeed, consider a stationary causal and invertible ARMA(p, q)

&(L)zy = O(L)uy, ug ~ wn(0,02)
then we can write it as MA(co)
T = @(L)_lé)(L)ut = Ut + Y1us_1 + Pour_o+ ...

so that x; is a linear combination of w;, u;—1,.... This implies that for & > 1, E[u;X;_x] = 0
because u; is a white noise. Under invertibility we have

ug = O(L) ' ®(L)xy

so that u; is a linear combination of x4, x4_1, . ... Thus both u; and its past and z; and its past are
in the same space. In that case the projection equation defined in Chapter 3 is

Tt = Pt—lwt + e = [¢1xt_1 + ...+ ¢pxt—p -+ 91ut_1 + ...+ 9qut_q] + Ug.

In conclusion, if the stationarity and invertibility conditions are satisfied, wu; is the innovation of
the ARMA process as it is white noise and uncorrelated with all predictors.

6 Forecasting of ARMA processes

6.1 One-step-ahead forecast

In Chapter 3, we have seen the general definition of linear predictor P,_1x; (now we set ag = 0
for simplicity, i.e. E[X;] = 0)

T = 01Ti—1+...+e = P12t + e 25)

where e; is a zero mean white noise and it is called innovation of x;. If we forecast a series at time
T + 1 and we have just T" observations we have the prediction equation

xry1 = Prapyy +eryr.
We have seen that for a stationary and invertible ARMA(p, q) process we have

Ty = Pi_1xi + e = [¢1xt_1 + ...+ ¢pxt—p 4+ Or1up_1 + ...+ QqUt_q] + Uy,
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and then w, is the innovation of z; and we can write a forecast equation also in this case

Try1 = Preogi+ urpn = grer+.o + Gprr_pi1 +01ur +. o+ Ogur_gy1 +urg, (26)
—_——

forecast forecast error

where we see that in practice only a finite number of lags p and ¢ can be used as we must ensure
that T —p+1>0and T — g+ 1 > 0 since we have a finite number of observations. The first
term on the right hand side of (26) is the one-step-ahead forecast and we denote it as

zpr = Proery.

The second term on the right hand side of (26) is the one-step-ahead forecast error defined as
erq1r = ur41 = o7 — Praorga,

which is a white noise process by construction. In other words the best linear predictor is such
that the one-step-ahead forecast error (or prediction error) is a white noise (see the derivation in
Chapter 3). Both for the forecast and its error we denote in the index the fact that they are obtained
when using information up to time 7'.

6.2 Two-step-ahead forecast

If in (26) we replace 7 with its definition we have an equation for x74 1 given observations only
until 7" — 1:

rr41 = O1(d1xr—1+ ...+ dpxr_p +ur +bur—1 + ...+ 0ur—_g) + ...+ dprr_pi1
+our + ...+ Ogur—g41 + U1
= (1 + d2)rr_1+ ... d1dprT_p + (P11 + O2)ur—1 + ... + P10gur_g11
+(urg1 + (o1 + 61)ur).

Since the forecast is made using only data until x7_; the last term is the two-step-ahead forecast
error

erp1r—1 = urt1 + (¢1 + O1)ur.
By shifting one step ahead the previous two equations we get
eryoir = Urt2 + (91 + 01)ur 1,

where it is clear that this part is unpredictable if we have observations only up to time 7". We can
then write

TT42 = Tpyor + €rqoT-

Notice that the two-step-ahead forecast error is no longer a white noise, indeed for example its lag
1 autocovariance is

Eler oreri1yr] = El(uria + (¢1 + 01)uri1)uri1] = on(d1 + 61).
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6.3 The h-step-ahead forecast

By iterating the previous reasoning we can compute a generic h-step-ahead forecast error defined
as ey and in general for the h-step-ahead case we have

TT+h = TT4h|T + €T+h|T-
How do we derive the properties of the forecast and the forecast error in this case?

Let us consider the MA(co) representation, which is valid for a stationary and invertible
ARMA (it is the Wold representation in this case as there are no deterministic components)

o0
Ty = Z?/)Icut—k: = W(L)uy, o = 1.
k=0

Then,
o0
erin = Y kurinok = U(L)urip. 27)
k=0
Now from (27) we have a decomposition of the observation at time 1" + h into an unpredictable
and a predictable part:

[o¢]
Tren = Y UkUTihA-k
k=0
h—1 00
= > Yrurihok+ Y Yrurnok (28)
k=0 k=h

= €74n|T T TT4R|T,

where the first term on the right hand side is the h-step-ahead forecast error which is unpredictable
since it depends on observations at time after 7" and is not a white noise. The second term is
predictable as it depends only on information up to time 7', this is the h-step-ahead forecast.

On the other hand, if we start from the AR(co) representation (25), which in the case of a
stationary and invertible ARMA implies e; = u, we have

o0

TTART = ) ORTT ki1 (29)
k=1

Therefore, from (27) and (29), the h-step-ahead forecast is given by
oo o
Crinr = YT ki1 = Y apP(L)ur_gi1 = AL)P(L)ur
k=1 k=1
o0
= B(L)ur =Y bjur_j, (30)
§=0
which shows again that the h-step-ahead forecast can be written as a MA(oo) using data only up

to time 7". We now want to find the coefficients b;.
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As we have seen in Chapter 3, the best linear forecast is obtained by minimising the one-step-
ahead mean squared forecast error (the distance between the true value and the forecasted one).
Thus, following the same approach for the best linear h-step-ahead forecast, we have to minimise

r 2
E[(X74n — Xppnr)?] = E <Z VkUT+h—k + Z VKU 4h—k — Z brur— k)

| \k=0
- 2
= E YruT 4 h—k +Z Yjrn — bj)ur—;
L k=0 7=0
h—1 00
= o, Zw%+2wg+h—b
k=0 7=0

where we used the fact that u; is a white noise. Notice that we are minimising the variance of the
forecast error. The first term is independent of the choice of the b;’s and the second term is clearly
minimised by choosing b; = 9;p, j = 0,1,2,.... Therefore, from (30) by setting k = j + h, we
have that the forecast is

o o o
TTipT = E bjur—; = E Yrurph—f = § Yjppur—;.
§=0 k=h §=0
As a consequence the h-step-forecast error is

h—1

ETLh|T = TT+h — LT4h|T = E Yrurth—r,
k=0

and these are the same expressions derived in (28) for a stationary invertible ARMA. In other
words, given an ARMA the forecasts computed using the intuitive formulas (28) are such that
they minimise the variance of the forecast error.

6.4 Variance of the forecast error

Now, since E[ep . h|T] = 0, the minimised mean squared h-step-ahead forecast error is the variance
of the h-step-ahead forecast error which we denote by cr% Fh|T Indeed,

U;2p+h|T = E[(X74h — Xrgnr)?] = E[6T+h\T Z i

That is to say that computing the best linear forecast is equivalent to minimising the variance of the
forecast error. Of course there might be non-linear forecasts for which the variance of the forecast
error can be even smaller (see Section 6.6).

For example, when h = 1 we have b; = ;1 and the forecast is

Tryyr = Yrur + Pour—1 + ...

while
Ty = Yours1 + Yrur + Your_q + ...
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and, since 1y = 1, the one-step-ahead forecast error is

ET 1T = TT+1 — TT41T = POUTH1 = UT+1,

: 2 _ _ 2
as derived before and 07 = Var(upi1) = 0.

Recall that
h—1 0
Tryh = Y VRUTfhk Y VRUT ek = €7 hT + TThT
k=0 k=h

and we see that as h — oo the second term disappears while the first dominates. More rigorously,
since E[6T+h|TXT+h|T] = 0 (because u; is white noise) we can write

E[XF,4) = E[X%+h|T] + E[62T+h\T]- 3D

By stationarity, the above result depends only on h (it holds for any ¢) and we can also write
(everything has zero mean)

Var(Xy) = Var(Xyyp)) + Var(eppe)-

Then, as h — oo, we can prove two main results.

1. The variance of the forecast tends to zero, and therefore the forecast tends to the mean of
the process.

Indeed, from the definition of h-step-ahead forecast we have
oo
Var( X7 p1) = E[X%+h|T] = o, Z Ui =0, h — oo,
k=h

and since the mean of the forecast is zero we have also that (Chebychev inequality)
Xrypr 20, h— o0,

i.e. in the long run the best prediction is the mean (which is zero in this case). If E[X;] =
p # 0, then we would have X7 p,1 2 W as h — oo.

2. The variance of the forecast error tends to the variance of the process which is its upper
bound.

Indeed, we have

h—1 o0
2 —nr2 2 2 2 2
Or4nT = E[6T+h|T} =0y Zl/’k — Oy Zwk = Var(Xy), h — oc.
k=0 k=0

Moreover, since for any h we have
h—1 [e's)
2 2
D VRS Uk
k=0 k=0
then a% Ah|T < Var(X), and the variance of the process is the upper bound of the variance
of the forecast error. Therefore, as h increases the variance of the forecast error increases:

the longer the forecasting horizon, the higher the uncertainty (see the examples at the end
of the Chapter).
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Finally, we have seen that the h-step-ahead forecast error is not a white noise. We can compute
its lag m acvs

€
Yo = Cov( 6T+h|T75T+h+m|T) Eleqn| 7€+ htm|T]
h+m—1

= E ZWUT% k> > urinim-;
=0

h—1
2
= Uuzwkwk+m'

k=0
For example the acvs of the one-step-ahead forecast error is
2

This could be quite large and should the forecast for a series wander off target, it is possible for it
to remain there in the short run since forecast errors can be quite highly correlated. Hence, when
x74+1 becomes available we should update the forecast.

6.5 Computing forecasts

Some examples.

1. AR(1)
Tt = G1xp_1 + Uy, Up ~ wn(O,ai), lp1] < 1.

There are three main ways to compute the forecast.

(a) Using the MA(o0) representation

1
Tt = mUtZUt+¢1Ut_1+¢%Ut_2+...
SO
V() =1+ 12+ 722 +... =t + 1z + oz + ...

which implies 1, = ¢¥. Hence, the h-step-ahead forecast is

o0 o0
Tripr = § kaT—kZE Yk hUT—k
k=0

= Z S ur g = @Y dur i
k=0
= ¢§L$T'

(b) We can write the h-step-ahead forecast as function of past values of the process. We

have -
vranr = Y Gipnur—; = VP (Lyur
=0
Moreover,
Tt = \I’(L)’U,t
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and if the polynomial is invertible we have
ug = U H(L)zy
and thus
erpr = W (Lur = V(D)UY (L)2r = GW(L)ar,

where G (L) is a new polynomial. And for h fixed we have defined a new process
of all h-step-ahead forecasts x4, = G (M) (L)ay.

Using the polynomial G (L). From the previous approach we see that (") (z) =
SO00 o @2k Alternatively using G (L) = U (L)W~ (L) we have

xT—l—h\T = G(h) (L)I'T = (Z QSIerth) (1 — ¢1L)ZL‘T = qbfllZL'T
k=0

as before.
(c) We can consider the AR equations in the future when setting the innovations to zero

Tryyr = ¢y +0
Tryor = ¢1@pyqr +0
Trinr = P1&ryp-1r +0

so that again Z7 7 = qﬁ?mT.

Using the MA approach, the variance of the forecast error is then

h—1 h—1
2 _ 2 2 _ 2 2k
OrynT = Uuzi/fk—%zqﬁ

21— ¢ 2
= o — 0o = Var(Xy), h — o0
Using the explicit expression for the forecast we have the same result
oFypr = BlUXrin — Xrinr)?] = Bl(Xrgn — ¢4 X7)?]

= E[X7,4] + ¢7"B[XF] — 2¢"E[ X145 X7]
= Var(X;) + ¢2"Var(X;) — 20"F — Var(X;),  h — oo.

We have demonstrated that for the AR(1) model the linear least squares predictor of x|
depends only on the most recent observation, x7, and does not involve x7_1, x7_2, .. ., in
this case we say that x; is a Markov process. An example is in Figure 39.

. AR(p). The forecast x 7 depends only on the last p observed values of z¢, and may
be obtained by solving the AR(p) difference equation with the future u; set to zero. For
example for an AR(p) process and h = 1,

Trpir = Q17 + -+ PpTTpi1-
while for an AR(2) and generic i we have the iterative formulas
Tryr = 127 + G271
Tryor = Q1T741 T + G207

TTynT = Q1T 1h—T + Q2T 4H—2)T, h > 2.
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Figure 39: Forecast of an AR(1) model with ¢; = 0.5 up to lag 10.

. ARMA(1,1)
(1—¢1L)xy = (1 — 0 L)ug,  ug ~wn(0,02) |o1| <1 |61 <1
Once again we can compute the forecast by taking the ARMA(1,1) equation at 7"+ h
Trin = ¢Tryn—1 — OUuryp_1 — uryp

and setting future innovations to zero, i.e. uryp = 0 for h > 0 and replacing forecasts for
the unknown values of x;. Hence

Tryyr = ¢xr —Our
Tryor = QTT4UT
Trypr = QTTip-1T

The MA coefficient is useful only for forecasting one-step-ahead. This is intuitive as the
MA component is responsible only for acvs up to lag 1. An example is in Figure 40.

Alternatively, take ¢1 = ¢ and ; = 6 then

Ty = i:iiut = \IJ(L)’UJt
SO
U(z) = (1—-02)1+¢z+¢%22+..)

= 1+ (p—0)z+¢(d—0)22+...+¢" (¢p—0)"+...
= 7/)0"‘#)124—77[)222-}-...

s0 1o = 1 and 15, = ¢" (¢ — 0) for h > 1. The variance of the forecast error is then

h—1 h—1
2 2 2 2 2
Chinr = ou) Uk =0n (1 +2. wk)

k=0 k=1

h—1
S XD
k=1

1__ ¢2h72
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Figure 40: Forecast of an ARMA(1,1) model with ¢; = 0.5 and ; = —0.6 up to lag 10.

Now to find the forecast we need the polynomial G®) (L) = ¥®(L)¥~1(L). So
oo
v (2) = Z Uryn?”
k=0

= " Ho—0)) ¢"F

k=0
¢" (¢ —0)
1— ¢z
and -
Tl(z) = — 22
(2) 1—-0z
which give
h—1 —0
rrspr = G (L)ar = ¢1£¢0L)$T
Take h =1
_ (¢-0)
Tragr = 7 HLJUT
= (¢—0)(A+0L+0*L*+.. )y
= (¢—0)ar+ (¢ —0)0xr_ 1 + (¢ —0)0?xp o+ ...
= o¢xp—0(xp — (¢ —0)xp—1 — (¢ — 0)0xp_9—...)
but
1—¢L
ur = \Iffl(L)xT = 1= Z)L:L’T =x7T — (¢ — 9).CCT_1 — ((b — 9)9$T—2 — ...
therefore
Ty = ¢rr — Our
4. MA(1)

xy = (1 —601L)uy, up ~wn(0,02) 161 < 1
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then at 7" + h we have
Tryp = Urp — OUurip—1

and again by setting to zero future innovations we see that the only non-zero forecast is the
one-step-ahead (h = 1) when we have

Ty = —Our

So in general for an MA(q) we non zero forecast only up to h = ¢. Take the MA(2), we
have

Ty = —O1ur — O2ur—
LTr42|T = —0O2ur
TT4pT = 0, h>2

An example is in Figure 41.

Alternatively we have the MA(oc0) representation of an MA(1)
\IJ(Z) = 1*912:¢0+1/}1Z+w222+...

hence ¢g = 1 and ¢; = —#1, all other coefficients being zero. The variance of the forecast
error is then

g,
Ao =R ={ B ) b
k=0 u -

The h-step-ahead forecast is

oo
Trpnr = Z Yl hUT—
k=0
= Ypur + Ypprur—1 + ...
Now to find the forecast we need the polynomial G(®) (L) = W(")(L)¥T~1(L). So

= —6, h=1
‘P(h)(z)zz¢k+hzk=¢h={ .
k=0 -

and

0 h=1
G (z) = oM () l(z) = { A

which shows that for the MA(1) the only non-zero forecast is the one-step-ahead forecast

(consistently with what we found in the ARMA case):

TrT = G(l)(L)J}T = —91(1 +6,L + Q%LQ —+ .. .)xT = — Z 9]f+liL‘T_k.
k=0
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Figure 41: Forecast of an MA(1) model with #; = —0.6 up to lag 10.

6.6 Forecasting and conditional expectations

In general a forecast is a function of X ... Xp. In particular, the function f(X; ... X7) that min-
imises the variance of the forecast error or (mean squared forecast error) E[( X7, — f(X7 ... X7))?]
is always the conditional expectation of X7, given X; ... Xp. For simplicity of notation denote
by Zr the past history X7 ... X7. Then, we have

B(Xr4n — f(Zr)*1Ir] = E[X7,|Tr] — 2E[X1 | Zr) f(Zr) + £2(Zr),

by denoting by ¢ = f(Zr) and minimising with respect to ¢ we find that the previous equation
attains a minimum for f(Z7) = E[X714|Zr]. By using the law of iterated expectations we have

E [E[(X74n — f(Zr))*|Zr]] = B(X74n — [(Zr))?].
Then, also E[(X7,4 — f(Zr))?] is minimised by f(Zr) = E[X7.41|Z7].3¢
As a consequence, the best h-step-ahead forecast is the conditional expectation of X7 p
XT—‘,—h‘T - E[XT+h|X1 PN XT]

Thus given an observed history of the process z1 . ..xz7, i.e. a realisation of { Xy, t =1,...,T},
we have
rripr = B[X7 | X1 =21 X7 = o7].

When we restrict to linear functions such an AR(p) model

Tr41 = Qrxr + ... + GpTr_pi1 + ur,

the the best forecast, which is the conditional mean, coincides with the best linear forecast com-
puted in the previous section only if we make the assumption that u; is a martingale difference
sequence, that is E[ug|z¢—1,...2¢—p] = 0 for any ¢, or alternatively if we assume Gaussian or
independent errors u; which implies E[u¢|x;—1 ... z¢—,] = E[u] = 0 for any ¢.

3Given the random variable ¢ = f(Zr), then define g(c) = E[(X741r — ¢)?|Zr] and we have to minimize E[g(c)]

SeElae] = 5 [ 9enrio = [ fa@ari =0

where F,(c) is the cdf of ¢ and the function in the integral is zero when ¢ = E[X74|Zr], then since the function
g(c)dF.(c) is always positive also the integral is minimised for ¢ = E[ X114 |Z7].
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We can then use conditional expectations to compute forecasts, which is a useful approach for
the AR case. So for example in the AR(1) case and assuming E[up | X7, ... X1] = 0 we have

rropr = E[Xryu|Xr=27,... X1 = 21]

E[p1 X7rin—1 +ursn| Xe = xp, ... X1 = 21]

M EXrin—1|Xr =27,... X1 = 21]

A E[p1 X1 in—2 +urin1|Xr =27, ... X1 = 1]

_ 2
= QITTyn-2T

h h
= ¢ixrr = P17

6.7 Forecast intervals

In practice the coefficients of an ARMA model must be estimated (see previous Chapter) and so the
h-step-ahead forecast will contain also the estimation error. We denote the forecast obtained with
estimated coefficients as Zp 7. So for example for an AR(1) we have an estimated coefficient

¢1 and the forecast is
= “h
Tpypr = O1T.
The forecast error is now defined as
gT+h|T = TT+h — EU\T+h|T
and will also depend on the error made in estimating the parameters. For example in the AR(1)
case the one-step-ahead forecast error is
€rpir = Tre1— Q1T
P17 + uryr — P17
= urs1+ (o1 — d1)ar.

While the h-step-ahead forecast error of the AR(1) is

-~ Ah
ET4hT = TT+h — O1TT

h
= €rynT T TTinT — P12T

= €ryprt+ (¢} — o).
The variance of the h-step-ahead estimated forecast error is then
G ynr =Blerynr] = El@rin — dler)’] (32)
= Eleq 0] + B¢} — &1)%a7]

= ofuur +E¢] — )77
R,—/ ~"

~estimation error variance

forecast error variance

The quantity above is also called h-step-ahead Mean Squared Forecast Error (MSFE). As we see
as T' — oo the estimation error variance (second term) tends to zero and the MSFE approaches
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the forecast error variance defined in previous sections.>’ Moreover, the MSFE has the variance
of the process as its upper limit

E%JFMT — Var(Xy), T,h — .

The quantity , /8% R|T is of particular interest and it is called Root Mean Squared Forecast Error
(RMSEE).

6.7.1 Analytical formulas

For a given ARMA model, we usually have an analytical expression of the forecast error, hence,
if data are Gaussian, we can compute the 95% forecast interval defined as

Trinr £1.964/5F -

A 68% forecast interval is given by
T + /02, o
T+h|T T+h|T

This is a measure of the uncertainty associated with the forecast of a given model. Some examples
follow.

1. AR(1). From (32), we have for h = 1

o717 = Blé7 17) = El(@r41 — ¢or)?] = E[u7] ~ 77,

where u7 is the residual of the estimated AR(1). The last equality is not exact as we have
estimation errors, but if 7' is large we have

and$£>¢,asT—>oo.

For h = 2 we have the estimated model
_ 7 ~ _ 72 e ~
TT42 = QX741 + UTy2 = QT + QU1 + U2
thus the estimated forecast error is
€rqo|r = QuT+1 + Urt2

which gives the MSFE

~2 2 o ~ 2 9\ A2
074or = El6r o] = E[(@Ur41 + Uri2)”] = (14 ¢7)0y,

where we assumed that u; is white noise (it should if the model is correctly specified).

37Clearly since the estimated coefficients are mean square consistent then we have (using Cauchy Schwarz inequality)

El@rnr — arinr)’] = EI@) — 61)%a%] < \EI@! — ¢0)?Ela3] 50, T = oc.
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Figure 42: Forecasts of an AR(1) model with ¢; = 0.9 up to lag 20 with 68% confidence intervals.
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Figure 43: Series of 7 = 20 one-step-ahead forecast of an AR(1) model with ¢; = 0.9 with 68%
confidence intervals.

Iteratively we can compute 3% Lh|T for any h. But when h is large enough we can also
use the limit result that is we can approximate the h-step-ahead MSFE with the estimated
variance of the process

~2
~2 o2 Oy
OT+nT = T2 = o2
One example is in Figure 42 when using the analytical formulas above. We compute one
forecast for each h = 1,...,20 and the relative confidence interval. We see how the confi-

dence interval increases as h increases, as the longer is the forecasting horizon, the more the
uncertainty. Indeed, the variance of the forecast error is always smaller than the variance of
the process thus reaching its limit from below which means it increases as h increases.

We often also report a series of forecasts with relative errors, when fixing an horizon h. An
example is in Figure 43 where we fix h = 1 and we compute 20 one-step-ahead forecasts
with their confidence intervals.

2. AR(2). For h = 1 we have the estimated model

Tr41 = Q17 + Gaxr_1 + U
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therefore the MSFE is
~2

3%+1|T = E[azTH] =0y

For h = 2 we have the estimated model

Trye = 1741 + Goxr + U2
= 127 + P10277—1 + P27 + PrUTL1 + U2 (33)
hence the MSFE is
63 o = El(Gurss + Uri2)?] = (1+ ¢3)52,

where we assumed that u; is white noise (it should if the model is correctly specified).

Iteratively we can compute 8% FhIT for any h. But when h is large enough we can also
use the limit result that is we can approximate the h-step-ahead MSFE with the estimated
variance of the process

9 G

~2 u
g >0, = —= —=_.
T+h|T T ~ ~

1—¢f — ¢

6.7.2 Numerical approach

In practice models can be evaluated according to their performance in forecasting real data rather
than by computing analytically the forecast intervals. In this case, we should have a record of
observed values z7, to compare our forecasts with. This is typically done by not using all
available data to estimate the model and leaving the last observations as pseudo out of sample
values. For example, suppose we are able to compute a series of length 7 of h-step-ahead forecasts
/:E\TJFHMTH fort =0...7 — 1, then we define the h-step-ahead estimated MSFE as

T7—1

~ 1 N
§%(h) = = Z($T+h+t\T+t — Tpnet)’
t=0

where the forecast 7, j, 44|71 is computed by estimating the model using all data up to time 7'+t.

For example, for an AR(1) we have

T—1

N 1 N
5*(1) = - z_:(ébleth —Tri14)%
N 1=
S%(h) = - > (Slari — vr4na)’
=0
Notice that we have
S*(h) B Bl@rsnr — vr40)?) = Blepyprl = 0Fupr T — 00,

So in this sense S’ 2(h) is an approximated (estimated) measure of the MSFE and for large 7 is
an alternative estimator of the MSFE. This measure is built using observed data and comparing
them with realised data without computing the MSFE analytically. Moreover, if also 7' — oo and
h — oo we know that 5. thr Var(X}) (see previous section). Hence,

S%(h) B Var(Xy), 7, h,T — .
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Under the assumption that the forecast error is normally distributed, and therefore the innovations
uy are also normally distributed, a 95% forecast interval is given by

Frineqro £1.96 \/S2(h),  t=0...7—1.

Sometimes also the 68% confidence interval is used

fT+h+t|T+ti \/§2(h)7 t:OT—].

Notice that for a series of forecasts, indexed by ¢, we have a series of upper and lower bounds for
any fixed h as in Figure 43.

7 Models for heteroscedastic time series

7.1 Financial returns

The main variable of interest in financial analysis of time series is an asset return. Since stock
prices usually exhibit trends and are therefore are non-stationary we work with first differences
which are the so-called returns. Given a price time series p;, there are two types of return defini-
tions: simple and log returns (we have seen these already in Chapter 1).

1. Simple returns
_ Pt —Pt—1
Pi—1
In other words, r; is the gross return generated by holding the asset for one period.

Tt

2. Log returns.
bt

e = logpy — logpr—1 = logp = log(1 + r¢).

t—1

Notice that ¢; € (—o0, +00), thus it is possible to have negative returns lower than —100%.

If price variations are small, then log and simple returns are very close to each other. This can be
seen via a Taylor expansion. If r; is close to 0, then

ey = log(l+ 1) ~logl+

Tt = T¢.
147

re=0

In both cases we are taking the first difference of a non-stationary variable and we then have a
stationary variable. In practice, it is customary to work with log returns and to express them as a
percentage:

gy = 100 x (logp; — logpi—1).

7.2 Financial data

The models we are going to study here are used for the analysis of

1. (US) Common Stocks: IBM, Apple, General Motors, Goldman Saches, ...
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2. Stock Indices: S&P 500 index, Dow Jones Industrial average, FTSE 100, CAC 40, DAX, ...

3. ETFs: Index ETFs, Commodity ETFs, ...
Exchange Traded Funds are investment fund which can be traded on an exchange. ETFs are
designed to track the performance of specific types of investment such as investing on an
index, a country, a commodity and so forth

4. ...but the models considered are also useful for: exchange rates, inflation, interest rates

Typically financial time series are recorded at high frequency as monthly, daily, or even intradaily.
In the latter case observations might not even be equally spaced.

7.3 Stylized Facts
Mandelbrot (1956) lists the following styled facts for financial time series:

1. non-stationarity of prices p; (random walk), stationarity of returns r; or €;;
2. absence of autocorrelation of returns &, i.e. they can be modelled as a white noise process;
3. non-zero autocorrelation of €7 or ||, i.e. returns are not independent;

4. volatility clustering, i.e. large returns (in absolute value) tend to be followed by large returns
(in absolute value), and vice versa;

5. fat-tailed distribution of returns with kurtosis k. > 3, i.e. non—Gaussian (leptokurtic);

6. leverage effects, i.e. negative returns (decrease in prices) tend to increase volatility by a
larger amount than positive returns.

In Figures 44, 45 and 46 we see that returns appear to have weak or no serial dependence but
squared returns appear to have strong serial dependence.

These stylised facts have been documented starting from at least the 1960’s but the first mod-
els able to capture volatility clustering were proposed starting from the 1980’s. We are going
to analyse volatility clustering and introduce non-linear dynamic models called Generalised Au-
toregressive Conditional Heteroscedastic (GARCH) models which are able to capture most of the
above facts. We will not consider here models to capture leverage effects that can be obtained by
generalising the GARCH.

7.4 Volatility Models

The strong evidence of serial dependence in absolute and square returns suggest that the scale of
returns changes in time. In other words, the variance of the process is time varying. In order to
capture volatility clustering, we need to introduce appropriate time series processes able to model
this behavior.

Consider a stationary process {X;}, i.e. with E[X;] = 0 and Var[X;] = o2 which do not
depend on time. We are interested in the conditional moments of {X;} when we condition on the
set Z;—1 = (X¢—1, X¢—2,...). We define conditional mean p; of the process as

pe = B[X4|Zy 1]
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Figure 44: Series of daily returns of S&P500.
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Figure 45: Series of daily squared returns of S&P500.
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Figure 46: Autocorrelations of returns (left) and squared returns (right) of S&P500.

and conditional variance o7 as

o? = Var[y|Z;—1] = E[(y: — p1¢)?| Ty 1]

Hereafter, we use the shorthand notation E;_; [-] in place of E[-|Z;_] for simplicity.

Consider a stationary and causal ARMA(1,1) model (notice that now the errors are indepen-
dent not just uncorrelated)

T = pr13-1 + ¢+ bhem, e ~i.0.d.(0,02)

We then have
pe =Ei [ Xy = drap—1 + brec
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and
o} = Var_[X{]
= Ei1 (Xt E, 1[X4))?

= B a[(Xe — )]
= E;i1[(X
= E;i

A similar result holds for a generic ARMAC(p, q). Thus, while the conditional mean of an ARMA
is time varying, the conditional variance of an ARMA is constant. In general, an ARMA(p, q) is
not able to capture time varying conditional variance. This is true if the errors are i.i.d. or if they
are white noise but Normal.

Otherwise &; could in principle depend non-linearly on Z; ;. For example €7 could depend on
Z¢—1. So a more general model could be an ARMA(1,1) but with a different specification for the
errors

e = G171+ e+ 0161, et ~ wn(0, 03)
Et = Otzt, Zt ~ zzd(O, 1),

where the volatility o; > 0 is a measurable function of Z;_1, i.e. oy = f(24—1,2¢—2,...) and {Z;}
is the process of innovations of { X;} which are independent of Z;_;. In this model we have

Var—1[X¢] = Ei[ef] = Bii[07 Z7] = B [07|E[ZF] = of,
which is time varying.

Since financial returns have (nearly) zero autocorrelation we can model them as white noise,
i.e. we can assume y; = 0. Then, the general model that is able to capture a time varying
conditional variance (called conditional heteroscedastic model) is given by

Ty = € = Oz, 2t ~ i.i.d.(0,1). (34)

The innovations are assumed to be independent (which is a stronger assumption than being
just white noise), i.e. for any h # 0,

E[g1(21)g2(ze-1)] = E[g1(2¢)|E[g2(2¢-n)],
and are also independent of past returns, i.e. for any A > 0

E[g1(2t)92(g1-n)] = E[g1(2¢)|E[g2(c¢-n)],
for any function g1, go.

In particular, the consequences of the above assumptions on the innovations are that

E[2} Zt W = BB L, h#0
Elzfef 1] E[:JE[e} ),  h>0
[ZtEt h] = E[Zt]E[Et_h], h>0
E[zi0¢] = E[z]E[o4],
[Zt Ut] = E[ztz]E[at]

Using the above assumptions, we can compute the moments of a generic conditional het-
eroskedastic model as (34).
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1. Mean
w = E[ey] = E[oy2] = E[oy]E[z] = 0.

2. Variance
0?2 = E[e}] = E[07{] = E[0{]E[2{] = E[o7].

3. Conditional mean
Et—l[Et] = Et—l[UtZt] = UtEt—l[Zt] =0.

4. Conditional variance

Ei_1[e}] = Bi1[o72f] = Bi1[07]Ei1[27] = o}

5. Autocovariance

’)/]i = COV(EtEt_h) = E[€t€t_h] — E[Et]E[Et_h] = E[5t5t—h]
= E[O'tZtEt_h] = E[Zt]E[O'tEt_h] = 0,

thus ¢; is a white noise process. However, in general

722 = COV(€§€§_}1) = E[&%e?_h] - E[&?]E[cff_h]

= Elojzie}_ ] — 02 = Bl&{|E[ojei )] — 02 #0,

thus &, is not an independent process.

6. Kurtosis
_ E[Y  Elod
YT EE)? T (B0
E0{JEzd] E(o})

(E[0?)2(E[:2))> " (E[07])?

therefore k. > K, so even if z; ~ N(0,1), i.e. kK, = 3 we still have that &; has kurtosis
ke > 3 thus with tails that are fatter than the Gaussian case. This reflects the fact that
extreme events are more likely to happen in financial data.

In order to model volatility, the literature has proposed specific types of time series models. There

are two main approaches in modelling the conditional variance o7:

1. ARCH Approach: o7 is a deterministic equation

2. Stochastic Volatility Approach: o7 is a stochastic equation

In practice, the ARCH approach is more popular while Stochastic Volatility models are typically
harder to work with and we are not considering them here.
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7.5 The ARCH model

In order to capture volatility clustering, in 1982 Robert Engle proposed the AutoRegressive Condi-
tional Heteroskedasticity (ARCH) model. This simple model has started the literature on nonlinear
quantitative modelling of financial time series.

The ARCH(1) model is defined as

& = A/ O'tQZt Zt zzd(O, 1)

2 _ 2
oy = wtag_

where w > 0 and o > 0 in order to have always o, > 0. The current conditional variance of
returns is proportional to the past squared return.

We can check for stationarity of €;. Since €; is a white noise, the process is stationary if its
variance is finite and independent of time. We have

0? = Var(er) = E[ej] = E[o}]
= Elw+oaef ] =w+aE[ef 4]
7l

If & is stationary then we must have E[e7] = E[e? ;] = o2 and by substituting above we get

Since the variance must be positive this requires the constraint o < 1.
The kurtosis can be computed from the formula in previous section

WMﬁ}:“hH#)

%:“P+@ww EWW}

where k. = E[z{]/(E[2?])? = E[z}]. Then, we have

Elof] = o+ a’Elel ]+ 2waE[o} ]

w? + &E[o} 4]k + 2waE[o? ]

If we assume strong stationarity of ; then E[o#] = E[o} ] and we have

2 2
w” 4 2waE|o
E[Of] [ : l]

1— o2k,

" - S :C
TOERYT (- a2 (BRAY

Using E[0?] = E[¢7] = 02 = w/(1 — a) we get

1—a?
Fe = ————K,.
1 — a2k,

If the innovations are Gaussian, z; ~ 7.i.d.N(0, 1) then k, = 3 and k. is defined only for 0 <
2
a® < 1/3.
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More generally, we can define an ARCH(gq) model as

er = \Jotxu 2z ~i..d.(0,1)

af = w+ oqsf_l +...+ aqsf_q
where w > 0 and «; > 0 in order to have always o, > 0. Following the same reasoning as before
we can prove that the variance is

2 w

O¢

B l—a1—...—ay
and in order to have a well defined variance we need Y ¢, a; < 1.

An ARCH(qg) is equivalent to an AR(q) for the squared returns. Indeed (if the model is sta-
tionary) we can define the innovations of squared returns as usual as the observed series minus its

conditional expectation:

2 2 2 2

then 07 = ¢? — v; and the ARCH(q) becomes

q
2 2
& — 1 =w+ E QGiEr_i,

=1

which is an AR(q)
q

2 § 2
Et =w + aist—i + V.

i=1
Now 14 is a white noise as we can write it as
2.2 2 2 2
v =0;2 —o; = (3 — 1)o7,
and its acs is

v = Cov(v,vi—p) = E[is_p]
= E[w(z), — 1)oiy)]
= Eluoi 1JB[z7, —1] =0,

since z;_y, is independent of atz_ ;, and of v, and E[ztz_ h] = 1. However, v is not an i.i.d. process.
The AR representation allows for computing easily the acs of 2. Recall that for an AR(1)
Ty = Qri—1 + wy
we have pj = #". An ARCH(1) is equivalent to an AR(1) for the squared returns, thus

2
gl = Corr(el,e2,) = o,

Notice that pff > (0 for any h.

For higher order ARCH we have to solve Yule Walker difference equations
2 1 2
o=,
i=1
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So for example, for an ARCH(2) we have

62 52 62
py = aipp +aepg,
2 2 2 2 2
p1 = aipy +ogpty =opp +azpf
Then,
82 52
P2 Po Qa2
ot g =t o
P1 P1 P1

Thus in general we do not have ,032 < pﬁQ and the acs do not decrease to zero monotonically.

An alternative parameterization, sometimes useful for forecasting, is the exponential weighted
moving average. Using the result of the variance of the ARCH(1) we can reparameterize the
conditional variance equation as

2
9% = l—«
. w —ow ~+ (1 — a)ae; 4
 1l-a l1—a
= @ —a + ae?
o 1l-« —« =1

_ 2 2 2
= 0. —Qao; +ag;_

2 2 2
o; + O‘(515—1 - Us)

— (1-a)o?+act

Therefore, the ARCH(1) specification shows that the conditional variance is made of two compo-
nents: its mean which is E[o?] = Var(g;) = o2, and an error that is mean reverting since o < 1.
Equivalently we see that in the ARCH(1) model the conditional variance is a weighted average of
the unconditional variance and the squared returns.

7.5.1 Forecasting with ARCH

Using the AR representation, forecast formulas of the variance of the ARCH(1) are analogous to
those of the AR(1). Suppose to have observations €1 . .. e7. We define the one-step-ahead forecast
of the conditional variance as the conditional expectation of future values of o given its past®®

2 2 2 2
O T = Er[o7,1] = Er[w + aet] = w + aer.

The 2-step-ahead forecast of the conditional variance is

U%+2|T = Erlw+acty ] =w+aBrlef ] = w + aBrlof]

= wHoawtasr) =w(l +a)+ o’

3 Notice that here the theory of linear prediction does not apply as the model is non-linear.
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Figure 47: Forecast of an ARCH(1) model with = 0.8 up to lag 20. The blue line is the

unconditional variance o2.

The h-step-ahead forecast of the variance is

Opinr = Erlw+agti, i)

52T+h 1

U%HL 1272“+h 1
U%+h 1]ET[ZT+h 1

UT+h71]
= w+aBrlw+ aghyy,_)

= W+ aw + Erfery o)

(i)

w(l —ah)
= o, ol
where the last step comes from the sums of geometric series. Thus, the h-steps-ahead forecast of
an ARCH(1) depends only on the returns at time 7" which is the Markovian property of an AR(1)
model. Notice also that if w were zero then we would have exactly the formulas we had for the
AR(1) of a zero mean process. Generalisations to the ARCH(q) case will be based on the AR(q)
forecasts.

Moreover, as h — oo, we have (recall that o < 1)

h—1 00 w
U%+h|T:w Zak +ah€¢2p—>w2ak:71_a:ag.
k=0

k=0

As in the ARMA case, the h-steps-ahead forecasts converges to its expected value which in the
ARCH case is the unconditional variance of the process o2. An example is in Figure 47.

Now let us consider the forecast error denoted as vy, 7 and its variance. In the simple case
h = 1 we have

_ 2 > _ 2 2 _
VP17 = 0741 — Opyqp =W +aep —w —aep =0

98



indeed the ARCH equation has no error in it, thus if we know the observation at time 7" we know
everything about the conditional variance at time 7" + 1. If A = 2 we have

VT s2fT = OF 4 = J%Jr?\T = a (et — (Wtaeh)) = a(ofu (#hy — 1) = avrn

which is a white noise (see above). If h — oo we find the same results as for ARMA, i.e. the
variance of the forecast error tends to the variance of the process we are forecasting which in this
case is Var(o?). Indeed, the h-step-ahead forecast error is

h—1
_ 2 _ 42 —w+ 2 _ k +
UT+h|T = OT+h Or4nT = W aEpip_q w « a ET
k=0

E[vT+h|T]—w+ao ( <Za>+aa>.

Notice that the expectation of the forecast error is not zero. Then the variance of the forecast error
is

hence

Var(vrypr) = E[(vpgnr — E[UTJrh\T])Q]
= E[(a"e} — a0 — agtyyq + a0?)?]
E[(a h(gT -0 ) (5T+h—1 - 0’?))2]
= E[0®(e7 — 02)*] + E[0* (741 — 02)7)]

—2a"E[(e7 — 02)(eFpy — 02)]
= o*"Var(c%) + a®Var(eh 1) — 2ah+1722,1
Moreover,
Var(o?) = Var(w + ag? ) = a*Var(e?).

Therefore, if 5? is stationary, from the expression above we have, as h — oo, and since o < 1,
2 2\ _ 2
Var(vpp 1) — o~ Var(e;) = Var(oy).

The same results can be derived using the exponential weighted average parametrisation of previ-
ous Section.

7.5.2 Detecting ARCH effects

We can use a simple test to detect the presence of ARCH effects using the AR representation.
First, estimate the coefficients of the following autoregression by Least Squares

8? =g+ alef_l +...+ ozqaf_q + 1,
Then the null hypothesis of no ARCH effects is formulated as Hy : a1 = 0,09 = 0,..., 4 = 0.
The test statistic for Hy is then

LM =T-R?

where R? is the usual “R-squared” coefficient of the linear regression. Under the null of no ARCH
effects the test statistic LM is asymptotically distributed as a X?I.

3This is an example of Lagrange Multiplier LM test.
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7.6 GARCH

In practice, only rather rich ARCH(q) parameterizations, i.e. with large g, are able to fit financial
series adequately. However, largely parameterised models can be unstable in forecasting and hard
to estimate because we need to estimate many parameters. In order to overcome the shortcomings
of the ARCH, Bollerslev (1986) proposed the generalised ARCH model called GARCH. The
model allows to fit financial returns adequately while keeping the number of parameters small.
The GARCH model is indeed one of the most successfully employed volatility models.

The GARCH(1,1) model is defined as

e = /ot 2 ~i.i.d.(0,1)

2 2 2
o = w+tag_;+ B0y,

where w > 0, « > 0 and S > 0 in order to have a positive variance. If we compute the variance
of the process (as for the ARCH case) we have
02 = Var(e;) = E[¢}] = E[o?]
= E[w+aegl | + foi 1] = w + aE[e}_] + PE[o7 ]
= w+aE[ej ] + PE[e]_4]
where the last step is because E[¢?] = E[0?] = o2. If & is stationary then we must have E[¢7] =
E[e? ;] = o2 and by substituting above we get

2 w
O, = 71 o B .
Since the variance must be positive this requires the constraint o 4+ 8 < 1.
The GARCH(p, ¢) model is*°

gt = \/G’%Zt, ZtNZ’Ld(O,l)

2 2 2 2 2
o = whaigi g+ FagEi+ o .+ Bpoiy,

where w > 0, a; > 0 and 3; > 0 and by competing the variance and following the same reasoning
as before we have the constraint
q p
Z o + Z Bj < 1.
i=1 j=1

This condition is necessary and sufficient for having weak stationarity of £;,.*! Therefore, for a
GARCH(p, ¢) the variance is given by
2 CL)

RV ETIESY ST

The sum of all GARCH coefficients «;s and f;s is called persistence of the volatility process.
Typically, we get very high values for this measure, i.e. very close to one, which implies high
variance.

g

“ONotice that an ARCH(q) is a GARCH(0, ¢) but a GARCH(p, 0) does not make sense as the equation of the condi-
tional variance will not depend on any observed variable.
#IChecking for strong stationarity of GARCH(1,1) is more complicated and we do not do it here.
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Again by assuming strong stationarity, it can be proved that the kurtosis for GARCH(1,1) is

B 1—(a+p)?
N 1—(a+3)2—a2(/§z—1)/€2

Re

thus even if z.3.i.d.N (0, 1), i.e. kK, = 3 we have

3(1—(a+8)?)

e a4 B —2a2 "

Therefore, the GARCH model can capture fat tails, i.e. tails that have more mass than those of a
Gaussian distribution.

As for ARCH we have two alternative parameterisations. The exponential weighted mov-
ing average representation is based on representing a GARCH as an ARCH(co) model. So for
example, for a GARCH(1,1) we have

of = wHagi g+ Plw+tagiy+ Blw+agi 5+ fop ;)]
. (z ﬁz) vad g,
=0 i=0
w S
= 1-3 +a Z Blel i
=0

This representation shows how a GARCH(1,1) is a parsimonious way of characterizing ARCH
dynamics. The conditional variance of a GARCH(1,1) can be seen as a weighted average of recent
returns such that the weight given to past information decreases exponentially fast, since 5 < 1.

Equivalently the GARCH(p, ¢) can be seen as an ARMA for squared returns. As before, we
define the innovations v; = 5% — 0t2. Then, in case of the GARCH(1,1) we get:

5? =w+ (a+ B)E?,l + v — Bri_1,

which is an ARMA(1,1). In general for a GARCH(p, ¢) we get:

T p
& =w+ Z(ai +Bi)ei i + vt — Z Bivi-j

i=1 j=1

where r = max(p, ¢) and this is an ARMA(r, p). As before we can prove that 14 is a white noise
but it is not independent.

The ARMA representation allows for computing the acvs of 2. For a GARCH(1,1) we can
use the results for ARMA(1,1) for the squared returns (see Chapter 3)

2 Cov(e?, z-:?_h)

- h—1
Pn = Var(a%) = P1 (Oé_‘_ﬁ)

where
2 afl = Bla+B)
T (et A2+ a2

Notice that pf > () always and in this case acvs are decreasing monotonically.
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Figure 48: Forecast of a GARCH(1,1) model with & = 0.1 and 8 = 0.8 up to lag 100. The blue

line is the unconditional variance o2.

7.6.1 Forecasting with GARCH

The one-step-ahead forecast of the conditional variance in a GARCH(1,1) model is
U%+1|T = ET[U%H] = w + aer + Bor
which shows that the one-step-ahead forecast error is zero. The 2-step-ahead forecast is
7 = Erlofyo] =w+ aBrletyq] + fo7
OT4o|T T|OT42] = W T QBT|ET OT41|T
= w+aot, i+ Bw+ agt + for)
= w+t(a+ B)U%+1|T = 02 + (o + ﬁ)(o'?m-uT - U?)

2

since w = 02 — 02(a + 3). In the same way we can find the h-step-ahead forecast as

2 _ 2 h—1(,2 2
OT4hr = 0z T (a+p) (UT+1|T —0Z),
. . . 2 2 .
and we immediately see that since a + < 1, as h — oo, we have o7, i~ O An example is

in Figure 48 where we see that the reversion to the mean is very slow as in this case o+ 5 = 0.9.

7.7 Limitations of GARCH

The simple GARCH(p, ¢) has some limitations

The most important is that it cannot take into account the dependence between volatility and
the sign of past returns

e Standard GARCH models assume that positive and negative error terms have a symmetric
effect on the volatility, i.e. good and bad news have the same effect on the volatility

e In many real situations the volatility reacts asymmetrically to the sign of the shocks. In
particular negative past returns have a bigger effect on o than positive returns of the same
size
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o This dependence is due to the leverage effect, i.e. a negative shock to returns would increase
the debt to equity ratio which in turn will increase uncertainty of future returns

S&P500 absolute returns |e;| vs lagged returns e

e Consider the model for returns

€& = Oz
p q
2 Z 2 Z 2
Ut = W + aiftii + Bjo'tij
i=1 j=1
e Then we can re-write the volatility as
P q
2 2 2 2
o =w+ E iz i0p_; + E Bioi—;
i=1

J=1

which is invariant to changes in the sign of z;

In GARCH models the volatility o, is an even function of €;_;, ¢ > 0. For example in a simple
ARCH(1) we can write o¢ = h(€?_;) and, if the density of z; is symmetric, we have

Cov(or, 11) = Elorer1] = / W€ Ver1 fo(z)dz = 0
and in general it can be proved that for GARCH models
Cov(oy, i) =0, h>0.
which is equivalent to
Cov(ef,ei_p) = Cov(e; ,e-p) =0, h>0,

with
6 = max(e;, 0), € = min(e;,0).

e Empirically we find that
Cort(es, €4_p,) ~ 0, Corr(e?, €2 ) >0, Corr(|e, les—n|) >0,

which are properties reproduced by GARCH models
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e But we also find Corr(e;L ,€—n) < 0. When ¢; = 0424, with oy a positive function of €; as in
GARCH, we have
Corr(e/, e;_p) = KCov(ay, ;1) <0,

for some constant X > 0
e This is the leverage effect that GARCH models cannot reproduce

o GARCH models with leverage (asymmetric) effects are the subject of next lectures

Sample Cross Correlation Function
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Sample Cross Correlation
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Corr(e;", ;1)

7.8 Estimation of GARCH models

ARCH models are typically estimated by Maximum Likelihood and the estimator has no closed
form expression and needs to be found numerically. Moreover, if we have a general model with
a conditional mean specified as an ARMA, then the ARMA parametes also depend on the ARCH
parameters

Consider the ARMA(1, 1)-GARCH(1, 1) model for a zero mean time series

Tt = [t + €t
e = ¢ri—1+ 01,

€& = 4/ O'?Zt, Zt ~ zzd(O, 1)

2 2 2
o; = w4+ o + Poiq,

where wyp > 0, « > 0, f > 0 and |¢| < 1, @« + 5 < 1. We then have the vectors of parameters to
be estimated m = (¢ 0)’, s = (wa f)".

Assume to observe T realizations (z; ...z7) of {X;}. We know that the likelihood is given
by the joint density of the observations

1~

[y v1) = f(wo) H f(@|Zi—1).

1 t=1

flxy...xp) = f(zp|zr...xp_1) f(z1 ... zp—1) = f(x0)
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So we need to find f(z¢|Z;—1) which is the conditional density. For the model above we have

Ty — e Ty — dm — 05

o o
t t \/w + oze%fl + ﬁat{l

Zt =

thus z; and its density will depend on the parameters of the model. If the pdf of z; is know then

we can write )
= fz(zt)*

Ot

8zt

ﬁxt

notice that the density of z; is not conditional as the process is i.i.d.

f(@|Zi—1) = fo(2t)

Usually we assume that z; ~ i.i.d.N (0, 1) and we have the likelihood for the observed data*?

1 22 1 (fUt*Mt)Q
Ti 1) = ) = _ TRt
Tt = o eXp( 2) 2o eXp( 207

from which we see that the conditional distribution of z; given information up to time ¢ — 1 is
Gaussian with mean the conditional mean given by the ARMA part and variance the conditional
variance given by the GARCH part.

By taking logs we have the log-likelihood for all observations

T
Ly(xr,m,s) = _log f(x1,m, s[T; 1)
t=1

and the Maximum Likelihood (ML) estimator of the parameters m and s is defined as

(m,8) = argmax Lp(xp, m,s).
m, s

As for all ML estimators this estimator is consistent
(m,3) B (m,s), T — o
and is asymptotically normal
VT [(m,3) — (m,s)] 3 N(0,%), T - oo

The form of 3 is complex and depends on derivatives of Lr and on the parameters too. The
diagonal elements of the matrix ¥ can be used to build confidence intervals for the parameters
of the model. For an ARMA(1,1)-GARCH(1,1) the matrix is 5 x 5. If the distribution of z; is
symmetric (as in the Gaussian case) we have that the matrix has a block diagonal structure

Xn O
2= (% s )
We have asymptotic independence between estimated ARMA and GARCH coefficients. However,
the distribution of the estimators of the ARMA coefficients depends on the GARCH coefficients,
while on the other hand the asymptotic accuracy in the estimated GARCH coefficients is not
affected by the ARMA part. Therefore if we are interested only in the GARCH parameters but we

have also an ARMA component, we can first estimate an ARMA with heteroskedastic errors and
then take the residuals and estimate a GARCH. This two step procedure is simpler and fast.

“2Gaussian distribution is the typical choice (see the discussion in Chapter 4 for ARMA) but in financial data also
the Student-¢ distribution is a popular model.
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7.9 Diagnostics

Once we have estimated a GARCH(1,1) model we can check for model adequacy by inspection
of the so called “standardized residuals”, defined as

~ &t Et

Zt = - = =
ot \/ &+ ae?_| + oz,

where @ and @, and B , are obtained by ML under a given distribution D (e.g. a Gaussian). If the
specification is correct, standardised residuals should

1. be approximately distributed according to distribution D;

2. do not exhibit dependence in levels, absolute levels, square levels, etc... i.e. they must be
i.i.d. We can test for acvs of 2z; and Z? to be zero as we did for the errors of an ARMA
model.

8 Non-stationary processes

8.1 Trend and difference stationary processes

We have seen two kinds of non-stationarity.

1. The presence of a linear trend
ye=a-+bt+z

where {X;} is stationary. The linear trend makes the mean time varying. By taking first
differences we have a stationary process

(1-=L)yr=b+ (1 - L)z

Or alternatively we can regress {Y;} on a constant and a linear trend and the residual would
be {X;} which is stationary. In this case {Y;} is called Trend Stationary (TS). Generaliza-
tions to trends of higher order (as quadratic trend) are also possible (see Chapter 2).

2. The presence of a unit root in the AR polynomial of an ARMA. So for example the AR(1)
with unit coefficient (also known as random walk)

Yt = Yr—1 + Uy, ug ~ wn(0, 03)

or equivalently using the MA representation

o0

2

Yt = E Ut—k;, ug ~ wn(0,0y,)
k=0

or
t—1

Yt =yo + Zutfky
k=0
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for which the mean is zero but the variance is infinite
o0
Var(Y;) = Var Zut_k = 00.
k=0

or if we treat yg as given

t—1
Var(Y;) = Var | yo + Zut,k = to? — oo.
k=0

By taking first differences we have a stationary process
(1= L)yt =yt — yr—1 = s,

which is a white noise by assumption. In this case {Y;} is Difference Stationary (DS) and
the general case is considered below.

Let us consider the two cases more in detail.*?

8.2 Trend stationary processes

Consider the process
Yyt = a+ bt + x4

where {X;} is zero mean and stationary. Analysis of the TS process is elementary and we also
refer to Chapter 2. Here the source of non stationarity is a deterministic function of time which has
no relationship with the stationary component. The process has time varying mean E[Y;] = a + bt
but the variance is

Var(Y;) = Var(X;)

which is not time varying since { X;} is stationary.

The prediction of the TS process is
Yrinr = a+ (T + h) + 217

Since we know that xp 17 — E[X;] = 0 as h — oo, the long-run prediction of yp, is just the
trend, i.e. for h large we have
Yrnr = a+b(T + h).

In the TS case the influence of yr on the predicted values tends to zero as h increases and exactly
as in the stationary case we have mean reversion, where now the mean is a linear deterministic
trend.

As an example consider the case in which { X;} is an AR(1)

Ty = Qxe—1 + uy, uy ~ wn(0, 03).

“’Remember that non-stationarity does not mean necessarily that the process has a trend or a unit root. So the process

_ Tt if tST
Yo = 14ax: if t>71

represents a regime-change (the mean and the variance suddenly change at t = 7).
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Figure 49: Forecast of a TS process with trend (1 + 0.2¢) (dashed blue line) and underlying AR(1)
with parameter ¢ = 0.8 joint with 68% confidence interval.

Then,

o
Ty = Z Pup_p = up + pup_1 + H*up_o + ...
k=0

and the h-step-ahead forecast error is
_ _ h _ h—1
ETLhT = YT+h — YT+h|T = TT+h — @ T = Upyh + Quryh—1 + ... + ¢ urps
which has variance (i.e. mean squared forecast error)

g

1— ¢

2
u

MSFE(h) = E[€%+h|T] — 0—5(1 + ¢2 .+ ¢2(h—1)) N

i.e. it converges to the variance of z; as h — o0, as in the stationary case.

In Figure 49 we see that the forecast of {Y;} tends to its trend and is driven by the AR(1)
forecast with 68% confidence bands are given by

Yrnr \/05(1 + @2+ ...+ p2(h=1)
Hence the intervals revert to
a+b(T+h)++/o2/(1—¢?)

as h increases.

8.3 Difference stationary processes - Random walk with drift

The DS case is much more complicated. Here the source of non-stationarity is not a deterministic
component, we say there is a stochastic trend. In the simple case we have an AR(1) model with a
unit root and we say that the process is a random walk. If we include a linear deterministic trend,
we have the random walk

Yt =b+yi—1+w, ug ~ wn(0,07)
or using the MA representation

ye=yo+bt +ur+ ...+
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Usually we assume that the process starts at £ = 1 and that g is a given non-stochastic value.
Then, conditional on g, we have

E[Y;] = yo + bt, Var(Y;) = Var(uy + ... +wu;) = to?

Thus both mean and variance are time varying and in particular the variance explodes (unlike the
TS case). The deterministic trend yg + bt has little importance. Indeed if we had b = 0, we would
have a simple random walk, and the variance would still be exploding.

Compare the random walk with drift with a simple stationary AR(1) with non-zero mean
Y =b+ oY1+ w

where |¢| < 1. If we write the MA representation of this process (as we did for the random walk)
we get
= (¢tllo + b(l + ¢ + ...+ (ﬁtil)) —+ (ut + ¢Ut—1 4+ ...+ ¢t71u1)

while the random walk will explode when ¢ — oo, in this case we have
Yy —— + Z P up_ .

The second term is known, while the first is due to the non-zero mean of the AR(1) we are consid-
ering. We also know that the variance of a stationary AR(1) is finite Var(Y;) = 02 /(1 — ¢?).

The T" + h observation of a random walk with drift can be written as (imagine that the initial
condition is not at time O but at time 7" and use the MA representation)

Yr+h =Yy +Oh +ursr + .. uryp.

Then the h-step-ahead forecast and the related forecast error and its variance are

YrinT = Yr+bh

ET4nT = UTHL T ... T UTyp
2 _ 2 _ 2

orsnr = Eleripr] =hoy

In the TS case the influence of yr on the predicted values tends to zero as h increases exactly
and as in the stationary case we had mean reversion. Now for a DS process, the effect of yr
on the predicted values never vanishes. Moreover, the prediction error variance tends to infinity
as h — oo. The properties we had for stationary processes do not hold here. Figure 50 shows
forecasts for a random walk with drift. By comparing with the TS case in Figure 49, we see that the
size of the confidence interval increases with v/A. Finally, in Figure 51 we consider two forecasts
of the same random walk with drift but made at 7" and at 7" — 10. We see that the effect of the last
used observation is persistent and never vanishes, the forecast being a linear extrapolation from
last observation Y7 or Y7 _1g never reverting to anything.

8.4 Difference stationary processes - General case with autocorrelated errors (ARIMA)

The general model is
Y =b+y—1+x
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Figure 50: Forecast of a DS process (random walk with drift) with trend b = 0.2 joint with 68%
confidence interval.

140

Figure 51: Two forecasts of a DS process (random walk with drift) with trend b = 0.2 when
forecasting at 7" (red) and at 7" — 10 (blue).

where {X;} is zero mean stationary with non-zero autocorrelations, as an ARMA process. First
of all notice that { AY} } is stationary, therefore also in this case {Y;} is DS. We have

y1 = b+yo+ a2
y2 = b4y + a2
= b4+b+yo+x1+ a2

= b+...4+b
Yt + —|—+yo—|—x1+x2t +
t times t—1 terms
Then*
t—1 1-r

The Wold representation of an ARMA stationary process is such that

xy = c(L)uy, ug ~ wn(0, 05),

447 1 _ oo k t—1 ¢t _ 1—q*
Using — = Yo ¢ and >3 " q" = T=q-
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where 220:0 cz < oo and ¢y = 1. Notice that this requires ¢, — 0 as k — oco. The coefficient
¢y, contains the effect of u;_j on x;, which is therefore vanishing in the long-run, u; is a transitory
shock for z;.

By substituting, we have
t

1-L
Now, suppose first that ¢(L) = (1 — L)d(L), which implies that ¢(1) = >~ ¢ = 0 and we
must have also ZZOZO dz < oo which implies d;, — 0 as k — oo. Then, from (35) we have

yr = yo + bt +

o(L)ug (35)

1- Lt
Yt = yo + bt + 1 _Lc(L)ut
=yo+bt+ (1 —LYd(L)uy
= (yo — d(L)ug) + bt + d(L)w

= a+ bt +d(L)u

with d(L)uy stationary since it is an MA(oco) with square summable coefficients. But then {Y;}
would be TS. And the effect of w;_j on y; is given by dj, thus as k grows the effect becomes
smaller (it tends to zero as kK — oo) and we say that the effect is only temporary. This proves that
the effect of innovations on stationary or TS processes is just transitory.

However, since we assumed that {Y;} is DS then we have that for a DS process we must
always have ¢(1) # 0 and from (35) we have

1=t
e =yo+o+ T c(L)uy

o

=a+bt+c(L) Zut_k

=a+bt+ i enL" (i utk>

h=0
:a+bt+zch (Zut k— h)
h=0

=a+bt+ Z ch (Up—p +Up—p1 +Up—p—o+...)
h=0

Ut

>+bt+

where we set cg = 1 as usual. Then in this case the effect of u;_j on y; is ZZ:() cp, thus it never
vanishes (it tends to ¢(1) as k — oo) and we say the effect is permanent. The simple random walk
case corresponds to ¢(L) = 1 which implies ¢(1) = 1.
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The forecasts of ypp, given T and given T' — 1 are (use the forecast of an MA process)
Yrenr = bhtyr+arir+.. +Troyr

(o] [o¢]
= bh+yr+ Z CRUT1—k + - F Z CRUT+h—k

k=1 k=h
= bh+yr+(cr+co+...+cp)ur+(ca+cs+ ...+ cpp1)ur—1 + ...
Yr+hr-1 = b(h + 1) +yr—1+ TT|T-1 + ...+ TP4h|T—1

oo )
= bh+1)+yr—1+ Z crur—g + ...+ Z CLUT+h—k
k=1 k=h+1

= bh+yr+ (a1 +co+...+cpp)ur—1+(c2+c3+ ...+ cpia)ur—o+ ...

The difference between the two forecasts is then

YT+ T — YT+hT—1 = Yr —yr—1 —b+(c1+ca+ ... +ep)ur — crur—1 — cour—2 — . ..
= :BT—|—(01+62+...+Ch)uT—cluT_1—czuT_Q—...
(o)
= Z crup—i + (1 + e+ ...+ ep)ur — crup—1 — coup—9 — . ..
k=0

= (1+61+02—|—...+0h)uT

and in the limit A — oo we have

o0

Y7+h|T = YT+hT—1 — (Z Ck) up = c(1)ur

k=0

and the quantity c(1) is called measure of persistence of the process {Y;}. It is the change in the
long-run prediction due to a shock w7, divided by ur. Equivalently it is the change in long-run
prediction due to a shock ur of unitary value. Since it is a constant non-zero number the effect of
a shock at time 7' is persistent at any future point in time. In Figure 52 we show the forecasts of
the same random walk with drift made at 7" and at 7" — 1 and with

2y = 0.814_1 + uy, up ~ w.n.(0,1)

i.e. with a unitary shock, i.e. 02 = 1. In this case ¢; = 0.8" and the distance between the blue
and red lines is then the persistence

(o ¢] (o] 1
c(1)=> =) 08" = o5 =0
k=0 k=0

Notice that the persistence of a TS process is zero. That is, the long-run prediction does not
change with the last observation used. If y; is TS, y; = a + bt + x;, with { X, } stationary and zero
mean, then as h — oo

Yrinr — Yrinr-1 = (@+ (T +h)+zrpr) — (@+ (T +h) + 21 187-1)
= X74h|T — TT4+h|T-1
o o0
= Z CKUT+h—k — Z Crur+h—k = cpur — 0
k=h k=h+1
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Figure 52: Two forecasts of a DS process (random walk with drift) with trend b = 0.2 and z; is an
AR(1) with parameter ¢ = 0.8, when forecasting at T’ (red) and at 7' — 1 (blue).

since to have ¢(1) = 0 we must have ¢, — 0 as h — oo. For example if {X;} is a stationary
AR(1) we have ¢, = ¢" — 0as h — oo. Obviously, in a TS process if b = 0 then {Y;} is
stationary and again the persistence is zero.

Summing up, while the shock u; of a DS process has a permanent effect, namely the change
in the long-run prediction, the shock of a stationary or TS process has only a transitory effect.

A DS process {Y;} has a unit root, indeed

(1= L)ye=b+ (1~ L)e(L)us
= (b — c(L)ug) + c(L)us
=k+ C(L)Ut
which is an ARMA with AR polynomial given by (1 — L) that is with a root in z = 1. We also say

that {Y;} is an integrated process of order 1 denoted as Y; ~ I(1), that is we must differentiate it
once to have a stationary process. As a consequence we have that AY; ~ I(0).

Now since the last term is the Wold representation of z; = ¢(L)u;, we can assume a causal
and invertible ARMA(p, ¢) model for z; = ¢(L)uy, such that we have ®(L)z; = O(L)u,, then

(1—L)®(L)y: =k +O(L)us, u ~w.n.(0,02)

where ®(L) is of order p (with no roots inside or on the unit circle) and ©(L) is of order ¢ (with no
roots inside or on the unit circle) then we say that {Y;} is a casual and invertible ARIMA(p, 1, q)
to highlight the unit root.*> The constant term & accounts for the possible non-zero mean of {Y;}.

8.5 Beveridge-Nelson decomposition

Now, let us assume that b = 0 as we have seen that its effect is just to introduce a linear trend.
We now show that any (1) process can be written as a random walk process {P;} which is a
permanent component of {Y;}, i.e. itis I(1), plus a zero-mean stationary process {7} } which is
the transitory component of {Y;} and therefore is 1(0):

ye = P+ T}

*1f we need d differences of {Y;} to have a stationary process then Y; ~ I(d) and if {X;} is an ARMA(p, ¢) then
{Y:} is an ARIMA(p, d, ).
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This decomposition is called Beveridge-Nelson decomposition (BN).

Notice first that for any polynomial ¢(z) of order ¢ we can always find a polynomial ¢*(z) of
order ¢ — 1 such that*®
c(z) =c(1) +c*(2)(1 — 2).

Now, since by definition we have that { AY;} is stationary then it has a Wold representation
Ay = e(L)uy, ug ~ wn(0,02),

where Y27, 2 < oo and ¢ = 1. Recall from above that for an (1) process we always have
¢(1) # 0. Using the above decomposition of ¢(L) we have

Ay = c(Duy + ¢*(L)(1 — L)y

and we see that we must have Y 72 022 < oo because Ay is stationary, so that the long run effect
of uy on y; is only through ¢(1).

Then, define the random walk iy = p—1 + u, or equivalently Ay, = u,, then

t—1

po + Z Ut—F

k=0

yr = c(Dpe + ¢ (L)up = ¢(1) + ¢ (L)uy

and therefore P, = ¢(1)p; which is arandom walk, and T; = ¢*(L)u; which is a stationary process
(it is an MA(o0) with square summable coefficients). Given a time series we can decompose it
into a cycle and a trend by first fitting an ARMA on first differences and then computing the BN
decomposition using the estimated parameters. This is not the only possibility of decomposing
a series into a permanent and transitory component and a common critique is that the permanent
component might not be just a pure random walk.

Example: consider Y; ~ I(1) such that
Ay; = up 4+ 0.5u4—1 = (1 4+ 0.5L)uy, ug ~ w.n.(0,1).
Then, ¢(1) = 1.5 and ¢*(L) = —0.5, indeed
[e(1) + ¢ (L)(1 — L)|ug = 1.5us — 0.5us + 0.5u—1 = us + 0.5u—1 = c(L)uy

and P, = 1.50; = 1.5 up—g and Ty = —0.5u.

8.6 Testing for unit roots

There are many ways to test for the presence of a unit root, here we just go through the main one
and its underlying idea. Consider the AR(1)

Yt = OYp—1 + Uy,

“The new polynomial is the remainder of the quotient ¢* (L) = “2=¢() such that

oo q
c(z) = E A, ¢ =- E Ci-
Jj=0

i=j+1
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where u; ~ wn(0,0?). Then consider its first differences
Ay =y — yt—1 = (¢ — D1 + we = pye—1 + s,

where p = (¢ — 1). Thus {Y;} has a unit root when p = 0. We might hope then to test this
hypothesis by means of a t-test as in usual linear regressions. Given the least squares estimator of
the above AR model we have the statistics

p

t= ——
Var(p)

where Var(p) is the variance of the estimator (see Chapter 5). That is indeed correct however there
are some observations that we must make

1. The asymptotic distribution of ¢ is not a Student-¢ nor asymptotically is Gaussian. It has
a particular shape and its called Dickey-Fuller distribution and its critical value have been
computed numerically. The statistic has zero mean under the null of unit root. When testing
we have to look at its left tail only (negative values) because under the alternative of no unit
root we want stationarity thus |¢| < 1,i.e. p < 0.

2. In the above model we are testing for {Y;} to be a random walk (when ¢ = 1) but that might
not be the case as u; might not be a white noise but an ARMA process. For example

Yt = P1Yt—1 + - + OpYi—p + €
where €; ~ wn(0, 0?). Using the fact that y;_p = y;_1 — Efz_ll Ay we get
Ay = pyi—1 + 1AY—1 + .. + Y1 Ayppr1 + €

where p = (p1+...+¢p) —1ley; = —(diy1+ ...+ ¢p). Also in this case we have a unit
root if p = 0, indeed in that case we have

Ayr =nAy—1+ ..o+ -1 AY—pr1 + &

which shows that Ay, is stationary and therefore y; ~ I(1). A test based on the least squares
estimator of p can be run as before. This is called the Augmented Dickey-Fuller test. The
right number of lags to be included can be determined as usual by means of information
criteria. The rule is that we must add as many lags as those necessary to have ¢; white noise,
i.e. no serial dependence is left.

3. We might have as a starting model a random walk with drift, then the model to be considered
for the test is
Ay =a+ pyr—1 + NAY—1 + ... + WAY—pt1 + €

and yet another distribution for the test p = 0 has to be used. Notice that under the null a is
the slope of a linear trend.

An alternative derivation of these formulation are obtained using the polynomials in L, then
for the Augmented Dickey-Fuller we have

‘I’(L>yt =€
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thus we have a unit root if (1) = 0. Then, we can write $(L) = 1 — B(L)L where B(L)L =
22:1 ¢kLk, therefore when we have a unit root we must have B(1) = 1. Now, the following are
all equivalent

P(L)y: = &
Q(L)ys —yr—1 = —Ys—1 + €&
(1=BL)L)yt — yt—1 = —Yt—1+ &
Ay — B(L)yt—1 = —yt—1 + €&
Ay = [B(L) = 1yr—1 + €

by applying the Beveridge-Nelson decomposition to H(L) = B(L) — 1 we have
Ay, = [B(1) = yi—1 + (1 = L)B*(L)ys—1 + s,

where B(1) = S°P_ ¢y, and B*(L) = Y01 4, L¥ with 5, = — > ki1 @k We see that when
we have unit root in {Y;} the first term disappears.

8.7 Spurious regression

Consider two I (1) processes such that

Yt = Ye—1 + Nt
Tt = Te—1 + €

where 7; and e; are two white noises mutually independent. The two processes are random walk
and they are not dependent on each other. Therefore we might be tempted to consider the regres-
sion

Yt = o+ Bay + uy

and test if 8 = 0. It can however be proved that in this case the usual asymptotic theory of OLS
does not apply and indeed we reject the null-hypothesis too often. As a consequence one might
think that actually y; and x; are related to each other even if they are not, when this happens we
are in presence of a spurious regression.

As an explanation consider the case in which 5 = 0, then we have y; = « + u; and therefore
if y ~ I(1) either u; ~ I(0) but then we have a contradiction or if u; ~ I(1) then the whole
asymptotic theory of linear regression does not apply, since we would have autocorrelated residu-
als.*” In other words, if y; is not related to x; then only u; can take into account the unit root in

Yt.-

A possible solution is to add lags of y; and of x; to the regression as for example

Yt = a+ ¢yi—1 + Boxs + Sroe—1 + ug

in such a way that the lags of y; capture the persistence in y; thus making the errors less autocor-
related (they should be white noise). A case in which we can test for 5 = 0 in the usual way is
in presence of cointegration when indeed by hypothesis y; and x; are correlated and u; is a white
noise (see Chapter 11).

“TIn this case we would have ”
Doimg WTt
T 2
Zt:l Ty

but when u; ~ I(1) as T — oo both terms grow as 7 and we cannot have consistency.

B-p=
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9 Spectral analysis of time series

The aim of this Chapter is to be able to represent a stationary stochastic process {X;} as a sum
(possibly infinite) of sinusoidal components, in order to highlight the periodicities present in the
data.

9.1 Fourier analysis

Let us start with a periodic deterministic real function of time g(¢) with period 27, i.e. g(t) =
g(t + 27), then due to periodicity such function can be considered only for ¢ € [—7, 7] and we
assume g € L?([—m, 7)), i.e. such that

/W 19(6)[2d6 < oo.

—T

Then g(t) can be represented as a sum of (possibly infinite) sinusoids. Define the sum of & sinu-
soids as

k
gr(t) =Y _(aj cos(jt) + b;sin(jt)),
=0

where a; = L [T g(t) cos(jt)dt and b; = L [ g(t)sin(jt)dt are the Fourier coefficients ob-

T
tained by projecting g(¢) onto the orthonormal basis of the space made of cosine and sine func-
tions, and obviously by = 0. Then we can prove that

/7r [gx(t) — g(®)]?dt = 0 &k — oco.

—T
So every function of period 27 which is also in L? can be written with an infinite Fourier series.
Assume now the periodicity of g(t) is 27 for some T therefore g € L?([—T,T)), then define
a new function h(t) = g¢(tT/x), then h(t) is periodic with period 27 and has again a Fourier
series representation. In this way we can map any periodic fucntion to functions on the space

L?([—m,7]) where now for g(t) we use the basis cos(rjt/T) and sin(mjt/T), that is functions
with period 27/5.

A period of a signal is also called wavelength and its inverse is called frequency which is
measured in number of cycles per unit of time. Therefore, a period of 27'/j corresponds to a
frequency f; = j/(2T') therefore the basis functions read also as cos(27 f;t) and sin(27 f;t).
Another possibility is to use the angular frequency defined as 6; = 27 f;.

If we then consider non-periodic functions, for an arbitrary 1" we can define a new function
g (t) = g(t), g (t+2kT) = g*(t) fork=1,2,3,...

which is certainly periodic, therefore, it has a Fourier series

o0

g*(t) = > (ajcos(2mf;t) + bjsin(2w fit)), by =0,

j==o0

and using the orthonormal basis {¢>"7i*} in L?([—T, TY) it can be written also as

o0

g* (t) — Z Cj6i27rfjt

j=—o00

117



where i is the imaginary unit with
1 [T

o7 | 9 (t)e

Cj

are known as the Fourier coefficients. Since g(t) = ¢g*(¢) over the interval [T, T] we also have
(I’GC&H fj = j/QT hence fj — fj—l = 1/2T)

o0

T . .
=gt=3 UT 9*<t>e‘ﬂ“’””dt] eI (fy — fi1)

j=—o0

by letting 7" — oo (that is allowing for no periodicities), we have the Fourier integral (or Inverse
Fourier transform)

o) = [ ()t

and the Fourier transform -
it = [ gt rat
— 0o
We say that g(¢) and g(f) are a Fourier pair. Notice that we have written g(¢) as a sum of infinite
sinusoids defined over a continuum of frequencies.

Now notice that if £ € Z, i.e. g is defined on a discrete time scale (as it will be for our time
series), then the maximum sampling frequency, is f = 1/2, indeed in one interval of time At
we can have maximum 1/2 cycle (otherwise the process will not change). This is called Nyquist
frequency and in real unit of measures is given by fx = 1/(2At) where At is the smallest interval
of time over which we collect observations. In this case the Fourier integral of our signal will be
defined as

/
o= [ apetay, vez

~1/2
while the Fourier transform becomes
OO .
gy =Y gwe ez,
t=—o00

which is called Discrete Fourier transform. This is the formula we want now to generalise for the
case in which g(¢) is the stochastic time series { X, }.

9.2 Spectral representation
9.2.1 Real valued processes

Start considering a stationary real valued time series process {X;} which contains a periodic
sinusoidal component with a known frequency f, then

xy = Reos(2mft + ¢) + 2z

where {Z;} is a stationary process (random), R is called amplitude and ¢ is called phase. The
angle (27 ft + ¢) is measured in radians such that 7 = 180°. Then 6 = 2 f is called the angular
frequency, while f is the number of cycles per unit of time. The period of a signal, called also
wavelength, is given by 1/f = 27 /6.
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In practice variation in time can be caused by k different frequencies, so we write

k

Ty = Z Rjcos(2m fit + ¢5) + 2 (36)
j=1

For example sales or signals with seasonality components of period 4 months have always a com-
ponent with frequency 1/4 superimposed on the variation given by the maximum sampling fre-
quency, that is f = 1/2.

Notice that (36) is not stationary since it has a time varying mean (all parameters are constant).
So it is customary to model time series using random coefficients I2; such that they are uncorre-
lated and have zero mean. In this way { X;} is stationary (but in general not ergodic). Using the
fact that cos(27 ft + ¢;) = cos(2n f;) cos(¢;) + sin(27 f;) sin(¢;) we write (36) as

k
Ty = Z(aj cos(2m f)) + bjsin(27 f;)) + 2

i=1
where a; = Rj cos(¢;) and b; = R; sin(¢;) are new random coefficients with zero mean and still

uncorrelated.

Actually as we have seen in the deterministic case the number of frequencies in {X;} might
be infinite and they might be continuos (and that would be the case of a generic stationary process
where z; is capturing the non purely periodic component). By letting £ — oo it can be proved that
any discrete time real valued stationary process can be written as

1/2 1/2
T4 :/0 cos(2m ft)du(f) —i—/o sin(27 ft)do(f),

where u(f) and v(f) are uncorrelated random variables defined on [0, 1/2] with values in R and
with random increments (see below). This is the spectral representation of the process { X;} and
it involves stochastic integrals. What is important here is to recognize that { X;} can be written as
linear combination of infinite orthogonal sinusoids defined on a continuum of frequencies.

9.2.2 Complex valued processes

The above result is a particular case of the general case obtained for complex valued stochastic
process. Recall that for two complex valued random variables X, Y we have

Cov(X,Y) =E[XY] — E[X]E[Y]
where Y is the complex conjugate of Y.

Start with {Z(f)} which is a stochastic process indexed by f € [—1/2,1/2] and with values
in C. Consider infinitely small jumps of {Z(f)}, defined as

_[ZU+dn-2(f) f<1/2
dZ(f)_{ 0 fF=1/2.

The properties of {Z(f)} are the following
1. E[dZ(f)] = 0forany |f| < 1/2;
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2. for any two frequencies f, f’ € [—1/2,1/2] such that f # f' Cov(dZ(f),dZ(f")) =
EldZ(f)dZ(f")] =0

3. define dST(f) = E[|dZ(f)|?] = E[dZ(f)dZ(f)] > O, this is called integrated spectrum.

Then if the intervals [f, f +d f] and [f’, f'+ d f’] are non-overlapping subintervals of [—1/2,1/2]
by property (2) above the process Z( f) is said to have orthogonal increments. Notice that dZ( f)
is a stochastic process that makes sense only if integrated.

Let { X} be a stationary zero mean (possibly complex-valued) stochastic process with index
t € 7. The spectral representation theorem states that there exists a process {Z(f)} with orthog-
onal increments defined on [—1/2,1/2] such that

/2
T = / eItz (f), teZ. (37)
—1/2

Using the polar form of a complex number dZ(f) = |dZ(f)|e?*&(d2(5)  this means that we can
represent any discrete complex-valued stationary process as an infinite sum of complex exponen-
tials at frequencies f with associated random amplitudes |dZ( f)| and random phases arg(dZ(f)):

/2 )
l't:/ / ez?ﬂft’dZ(f>‘ezarg(dZ(f))
—1/2

1/2 1/2
:/ cos(27rft—|—arg(dZ(f)))|dZ(f)|+i/ sin(2n7 ft + arg(dZ(f)))|dZ(f)|.
~1/2 ~1/2

9.3 Spectral density

Now in practical situation instead of working with u(f) and v(f) or Z(f) we introduce a new
function S?(f), called the power spectral distribution (or integrated spectrum). Then, we can
compute the acvs (recall that in general { X, } is complex valued)

/ / S
(/1 2 eiQWftdZ(f)> (/1 2 e—i%f’“—h)clz(f’))]
—1/2 -1/2

/2 r1/2 A7Z(f
/ / 2 (It ei2n g 7( £)AZ ()]

1/2 1/2

v = E[Xy X)) =E

S )
~1/2
12
- / e2mfhasl(f),  hel
1/2
Let us assume that S’ (f) is differentiable everywhere then there exists a function S(f) such that
E[[dZ(f)I") = dS"(f) = S(f)df

notice that this implies that S(f) > 0. Equivalently

ds’(f)

S0 = S
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which is called the spectral density function or simply spectrum. Hence the acvs are given by

12
h = / INS(F)df,  hel,
~1/2

and since 7yj, is deterministic (and discrete) we have that its Discrete Fourier transform is exactly
the spectral density

S(f)= > wme ™I fel-1/2,1/2).
h=—o0

The acvs and the spectral density are two equivalent ways of describing a stationary process.
Notice that for this definition to make sense we must have > ;2 |y| < c0.

If the spectral density exists, then S(f)d f represents the contribution to the total variance of
{X}} given by the components with frequency in [f, f + df]. Indeed,

1/2
Var(X;) = o = / S(f)df.

—-1/2
which is also called the power.

The following properties of the integrated spectrum can be derived using the spectral density

ST = [7) ), (s

2. 0 < S'(f) <o since S(f) > 0;
3. 81(=1/2) =0, 81(1/2) = ~0;
4. if f < f, then ST(f) < SI(f").

Given these properties it is clear that S?(f) represents the contribution to the total variance of { X;}
given by the components with frequency smaller than f. Moreover, S’ (f) has all the properties
of a cdf (up to a scale of ), thus it is also called spectral distribution and for this reason S(f) is
called spectral density (see the relation between cdf and pdf). Finally

o0

S(=f)= > e 2"

h=—00
0o

= 3 qulcos(—2mfh) —isin(~2rfh)), setk = —h

h=—o0

= Z Y_k(cos(2m fk) — isin(27 fk))

k=—o0
oo

= Z Yk (cos(2m fk) — isin(27 fk))

k=—o00

= > we PP =5(f)

k=—00

Therefore, the spectral density is symmetric about f = 0.
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Any ST(f) is usually decomposed as
S1(f) = S1(f) + 55(f)

where S](f) is a non-decreasing continuos function, and S () is a non-decreasing discrete step
function. This decomposition corresponds to the Wold decomposition of {X;} where S;(f) is
related to the purely non-deterministic components, while SI(f) is related to the deterministic
components. In particular,

1. S{(f) is absolutely continuous, i.e. its derivative exists for almost all f and is equal to the
spectral density. For a purely non-deterministic process we then have S?(f) = S{(f) and
the density S(f) is absolutely integrable, thus, we can prove that v, — 0 as |h| — oo (this
is an application of the Riemann-Lebesgue lemma). This result is a mixing condition for
stationary process with purely continuos spectrum.

2. SI(f) is a step function, as an example consider the case of one component of {X;} with
frequency fy > 0
xy = Rcos(2 fot)

where R has zero mean and variance 02.*8 Then,

vn = 0 cos(27 foh)
9 cos(27 foh) + isin(2w foh) + cos(—27 foh) + i sin(—27 foh)
=0

2
2
o;
= Y Terhh ez
j=—1,1
where 02 = 02 . = 0% and f; = —f_1 = fo. Then, since

J J

V2o fhyal 95 ionfh
,yh:/ et2m ds f — _J ei2nf;
~1/2 (7) Z 2

j=—1,1

we must have
(2) fel-1/2,—fo)
S'(f) = = f € [~fo, fo)

2
-1

L e (fo,1/2)

S1(f) has two jumps in — fy and fy which summed give the expected squared amplitude.

Hereafter we consider only the purely non-deterministic case Sé (f)=0.

As an example. Consider a speech signal of length 7" = 8000 as in Chapter 1 and shown in
Figure 53 corresponding to the syllable “ma” and sampled at a frequency of Hertz (Hz). Therefore,
since 1Hz = 1sec™!, the signal has a duration of 1 second. We see that is composed of many
wavelets each corresponding to a different periodicity. If we plot the acs of the signal we have a
periodic behavior with the main period of roughly h = 25, that is corresponding to a frequency
f =1/25 = 0.04. An estimator of the spectral density (the scaled periodogram introduced below)
has indeed a peak at f ~ 0.04.

We can also compute the spectral density of known processes.

“Recall that a deterministic component is such that Psd; = d; for any s,t and this is the case for terms like
R cos(2m fot), even if R is random.
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Figure 53: Top left: speech signal; top right: autocorrelation: bottom: scaled periodogram.

1. White noise {u}. Since v} = 0 for |h| # 0 we immediately have

o0
Su(f) = 3 A =,

h=—0o0

a white noise has a constant spectrum and for this reason is called white (the white light is
the sum of all colours, i.e. of all frequencies of light). The spectrum of a white noise is
therefore not informative.

2. MA(1) process
Ty = Up + Hut_l

where w; is a zero mean white noise with variance o2. Then, we have v¥ = 4%, = 002 and
Y& = (1+ 62)02, and ~y;, = 0 otherwise, then

S:E(f) = Z V}fe_iQth

h=—o0
= (14 6%y + fop (e + &™)
= (14 6%+ 20cos(2nf))o?, fe[-1/2,1/2]
Therefore, if § < 0 the spectral density is minimum at f = 0 and maximum at f = 1/2,
viceversa if § > 0 the spectral density is maximum at f = 0 and minimum at f = 1/2 (see

Figure 54). Notice that the true spectral density and the one estimated via the periodogram
differ substantially, we need a better estimation method (see next).

9.4 Linear filters
We need a general rule to compute spectra of ARMA processes. In order to this we use the notion

of linear digital filter £. A filter which transforms and input sequence {z; } into an output sequence
{y.} is called linear time-invariant (LTT) digital filter of it satisfies the properties
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Figure 54: Left: MA(1) with 8 = 0.5; right: MA(1) with § = —0.5. Red: true spectral density;
black: periodogram.

1. Scale preservation: L({ax;}) = aL({x});
2. Superposition: L({z1; + z2:}) = L({x1}) + L({z2t});
3. Time invariance: if L({z:}) = {y:} then L({zi+1n}) = {ys4n} forany h € Z and {x; 1}

is a sequence with ¢-th element x4 .

Suppose now that the input sequence is {&;;} = {€?™/*} and let {y;,} = L({&;,}) for
f € ]-1/2,1/2] (a frequency), then by properties (1) and (3) above
{ypeen} = LAE ian)) = LU }) = €2 y,,t,  heL
In particular, for ¢ = 0 we have yy; = et2mfh
we set h = ¢, we have

yt,0, the first element of the output sequence and if

27 ft

yre=e """ yro, teZ

which is a generic element of the output sequence. So when {¢;,} = {e??™/!} is the input of an
LTI digital filter, the output is the same function {{7,} but multiplied by a constant y¢ o which is
independent of time but depends on the frequency f.

The function G(f) = yy,0 is called transfer function or frequency response of L. Since this is
in general a complex valued function we can write it using its polar form as

G(f) = |G(f)eD),  0(f) = arg(G(f)).

The absolute value of the transfer function, |G(f)| is also called gain. Moreover, G(f) is a de-
terministic function and it is the Discrete Fourier transform of a discrete deterministic signal { g, }
(see Section 9.1) such that

1/2

G(f)= D gue ®",  gu= G(f)e®™df,  welZ, fe[-1/2,1/2], (38)
—1/2

U=—00

So G(f) and g, are a Fourier pair. Then we have

[e.o]

E({ei%rft}) _ {eiQﬂft}G(f) _ Z gu{ei27rf(t7u)}. (39)

U=—00

The result in (39) can be generalised to any stochastic sequence { X; } and any LTI digital filter

thus we can write
o0

LOXN = S gu{Ximu).

U=—00
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In this case the deterministic sequence {g, } is called impulse response sequence and its elements
are the coefficients of a polynomial in the lag operator

G(L)= ) gul", (40)

for this reason we sometime call these polynomials filters (see Chapter 3.1).
Now, for a generic LTI digital filter define the elements of the output sequence as
oo
> X =G(L)X, (41)
U=—00
and recall the spectral representation theorem
/2 /2
Xt — / ez?ﬂ'ftdZX(f)’ }/}/ _ / ez?ﬂ'ftdzy(f)’
—-1/2 —-1/2
then from (39) and (41) we have
/2
Y;f_/ ezZﬂ’ftdZ Z gu/ 127rft udZX(f)
~1/2

U=—00 1/2
/2
= / e G (f)dZx (f) 42)
1/2

so that
dZy(f) = G(f)dZx(f)
and the integrated spectrum of {Y;} is
E[ldZy ()] = IG(HPENAZx (HP] <= Sy(f) =GPk (F),

and if the spectral density of {X;} and {Y};} exists then we also have

Sy (f) = IG(f)*Sx(f)-

This relation gives us a rule to compute spectral densities of ARMA processes: once we have
the impulse response sequence, we can compute the gain (absolute value of the Discrete Fourier
transform of the impulse response) and we immediately have the spectral density of the filtered
process. Notice that G(f) is computed straightforwardly using (38) and comparing it with (40).
Indeed once we have the polynomial G(L) we just have to replace L with e =2/ i.e.

G(f) = G(e~271). (43)

Some examples follow.

1. MA(q)
xp = U + Orup—1 + ...+ Ogui—g,

where u; 1s zero mean white noise with variance a . Notice that the MA is obtained as a
LTI digital filter acting on {u;}:

{Xi} = Lava{ue}) = ZQk{ut k)
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Then G(f) is given by applying the filter £y 4 to {€?2™/*} (see (38))

ﬁMA( 127rft} Z@ {6127rft k} {eﬂﬂft}ze e —i2nfk

\—,_/
G(f)
Or more easily define
q
e
k=0
such that ; = ©(L)uy, then by using (43) we have
G(f) —7,27rf Z (9 6—127rfk

Then, since u; is a white noise S,,(f) = o2 and the spectral density of { X;} is given by

q 2

Z 7z27rfk

k=

Sx(f) =GP

Define z = ¢~*2"/, then z = 2z~ ! and*
G(f)I? = 8(2)8(z") = B(e*™)O (™).
So for example when ¢ = 1 we have the same result as in the previous section:
GAIP = (14 6012)(L+6127)
=14+602+0,(z+ 271
= 1407 + 01 (e 4 27
=14 6? + 6, (cos(2nf) + isin(2r f) + cos(2m f) — isin(27f))
=1+ 607 4 26, cos(27f).

Moreover, notice that if a is a root of ©(z) then a~! is a root of ©(z~!). Thus for an
invertible (in the past) MA we must have |«| > 1, but there exists also a non invertible MA
with polynomial ©(z~1) such that it has the same gain and the same spectral density. Take
as an example the MAs

1 1
Ty = (]. + iL)Ut = @1(_[/)1/45, Tt = (1 + 2L)§Ut = @2<L)7)t,

where Var(u;) = o2 and therefore Var(v;) = 73 The spectral densities are identical, indeed

Sx,(f) = alG1(f)I? = 0201 (2)8 (= 71)

— 021+ %z)(l + %z_ )= o2(1+ i + ;(z—&-z_l))
Salf) = 221G = 220,(:05(:7)
1 1 _ 1 1 _
:aZ(§+z)(§+z Y =¢?2 (F+1+5(E+z o)

We cannot distinguish from the spectrum if an MA is invertible or not, the same result we
had for acvs.

“Recall that for a complex number z € C we have |2|* = 2Z.
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2. AR(p)
Ty =U + Q171+ ...+ PpTyp,

where u; is zero mean white noise with variance o-2. Notice that the AR is obtained as a LTI
digital filter acting on { X }:

P
{w} = Lar({X0}) = {Xi} = > on{Xi}
k=1
Then G/(f) is given by applying the filter £4g to {e27/*} (see (38))

P P
£AR({ei2wft}) _ {6i271'ft} _ Z ¢k{ez’27rf(t—k)} — {6i27rft} <1 _ Z(bke—i%rfk)
k=1

k=1

G(f)

Equivalently, define the polynomial
P
(L) =1- ¢ LF
k=1
such that ®(L)z; = u;. Then, the associated G(f) is (using (43))
G(f) = B(e™2H) = 1= Y gpe 200,
k=1

and the spectral density is

2
u

GNP ™ 1= 3 gpe—i2mntk >

2
o o

Sx(f) =

Consider the case p = 1 and set z = e~*2"f, then

GNP =1 =d12)(1 —r27")
=1+¢i —di(z 427"
=1+ ¢% . ¢1(e—i27rf + ei27rf)
=1+ ¢3 — 2¢ cos(27f).

Notice that since |z| = 1 the inverse of the previous expression is always well defined unless
|¢| = 1, i.e in case of uint root, when the process is non-stationary (causality being a time
related concept is not required here) see Figure 55. The spectral density is

2
Oy

Sx(f) = 14+ (b% — 2¢1 cos(27rf).

Consider the an AR(2) with two complex roots and for a causal process which in polar form
can be written as 1
212 = 7e:|:i27rf/, 0<r<l1.
r
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Figure 55: Top left: AR(1) with ¢ = 0.5; top right: AR(1) with ¢ = —0.5; bottom left: AR(1)
with ¢ = 2; bottom right: AR(1) with ¢ = —2.

The characteristic polynomial of the AR(2) is written in terms of these roots as
2 _ z z _ —i27 f/ i2m f!
l—¢rz—¢oz"=——-1](——-1)=(rz—ce )(rz — e
21 22
_ 7422,2 N zr(efi%rf’ + 6i27rf’) +1

= 1222 — 2zrcos(2nf’) + 1. (44)
We can then write the AR(2) model as (replace z with L)
2y = 2rcos(2m f a1 — 2o + up

In this case { X;} has a periodic component of frequency f’ (this can happen only for com-
plex roots which come in pairs, therefore not for an AR(1) which has only one real root).
The spectrum is (replace z with e ~*27f)

2 2
Ou Ou

TN he-2nf _ poo—idnf|2  |pe—i2nf _ g—i2n] |2 |pe—i2nf _ gi2n ]’ |2
[1—¢n 2 . 1 |

Sx(f)

Then
\reiﬂﬂf — eii?ﬂf? =(r— eiQ’T(f/*f))(r — e*ﬂ’r(f/*f)) =72 -9 cos(2m(f — f)) +1
and this gives

2
Ou

(r2 —=2rcos(2n(f" — f)) + 1)(r2 — 2rcos(2n(f' + f)) + 1)

Sx(f) =

The maximum of the spectrum is when the denominator is minimum, which for r close to
1 occurs when f = =+ f’, the spectrum becoming larger as » — 1 (from below) an example
is in Figure 56. Generally speaking complex roots, which correspond to an oscillatory (or
cyclical or periodic) behaviour, induce a peak in the spectrum indicating the frequency f’ of
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Figure 56: Left: AR(2) spectra, solid: with » = 0.7 and f’ = 1/4; dashed: with » = 0.9 and
f/ = 1/4; Right: autocorrelation for the case r = 0.9 and f' = 1/4.

the cycle. The larger is r (the more persistent is the process, as is closer to non-stationarity)
the more dominant becomes the cycle. This is a pseudo-cyclical behaviour since a purely
deterministic behaviour would have a sharp spike, i.e. a line in the spectrum and acvs would
never decline to zero.

. ARMA(p, q)
&(L)z, = O(L)u,

where u; is zero mean white noise with variance ag. Define y; = ©(L)uy, then

IGs(f)I*Sx(f) = Sy (f)

and
Sy(f) = 1Ge(f)os
which gives
_ GO _ [ e

S — 21T
R A EI TR T

. Differencing. Let { X} be stationary with spectral density Sx (f), and letY; = X; — Xy
which defines a LTI digital filter £({X;}) = {Y}}, such that

£({ei27rft}> _ {ei27rft o ei27rf(t—1)} _ {ei27rft}(1 o €—i27rf) _ {eiQWft}G(f)

which is obviously an AR(1) filter with parameter ¢ = 1. The associated gain is (recall that
|e"™fk| = 1 for any k € 7Z)

IG(f))? = |1 — e 2 = e (e — 7|2 = |71 i sin(n f) |2 = 4sin’(n f).
The spectral density of {Y;} is then
Sy (f) = G(F)ISx(f) = 4sin® (7 f)Sx (f).

As an example consider the case in which { X} } is a white noise with mean zero and variance
o2, then

Sy (f) = 4sin®(r f)o?.

which is the spectral density of an MA(1) with parameter § = —1. Indeed, from the general
MA(1) formula we have>?

Sy (f) =14 6% +20cos(2nf) = 2(1 — cos(2nf)) = 2sin?(2nf) = 4sin®(7 f).

FUse the relation cos(2a) = cos?(a) — sin(a) = 1 — 2sin®(a) since sin®(a) + cos?(a) = 1.
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9.5 Estimation

9.5.1 Finding periodicity in the data
10 Multivariate stochastic processes

We extend all basic definitions and results of stationarity and of ARMA processes to vector pro-
cesses.

10.1 Vector stochastic process

Given a probability space ({2, F, P) an n-dimensional random vector X is a function
X: Q-8

where S is the state space, i.e. the space of the values taken by the random variables. For us it
will always be S = R"™. The choice of state space is specified by the physical situation being
described.

An n-dimensional stochastic process associates a random vector to each t € T
X:t— Xt.

where T is the set of values of the time index, and for us it will always be 7 = Z. We use the
notation {X;,¢ € Z} for the n-dimensional stochastic process. This process has n components
given by the processes { X;;,t € Z}, fori =1,...,n.

In principle for any integer s and t; < t9 < ... < t,, we need to specify the joint probability
distribution function of X, ... X, which takes values on a space of dimension ¢; X n. As for the
case n = 1 we will just consider a theory based only on second moments which in this case are a
more rich set of moments. In particular, we have the n-dimensional mean vector

E[X1¢]
E[Xt] = s t e Z,
E[X ]
and the n x n matrices of the second moments
E[X1: X1n] .. E[XuXnen)
E[Xt ;—&-h] = ) t,h €Z,
E[XntX1t+h] o E[XntXntJrh]
so out of the diagonal we have the dependencies among the different components of {X;}. The

matrix
T, = Cov(Xy, Xypn) = E[X¢ X}, ] — E[Xy] E[X}, 1]

is the lag h autocovariance matrix of {X;}.
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10.2 Weak stationarity

The n-dimensional vector process {X;} is weakly stationary if for any integer s and t; < to <
. < ts, and all integers k, all the joint moments of order 1 and 2 of {Xy, ... X, } exist, are
finite, and equal to the corresponding joint moments of {Xy, 1 ... X, 1% }. Thus,

1. E[X;] = p does not depend on ¢;

2. E[X;X], ] depends only on ||, therefore

E[X;X}, ;] = E[X,_xX}] = E[X;X} ],

andthen Ty, =T .

The stationarity of each of the components of {X;} does not imply stationarity of the vector {X;}.
On the other hand stationarity of the vector {X;} requires that the components of the vector are
also stationary and co-stationary.

Example of co-stationarity. Consider the two processes { X;} and {Y}}, formed from the sum
and difference of two successive values of a white noise process:

Ty =wp + w1, Yy =wp —wi—1, wp~w.n.(0,1).
We have, E[X;] = E[Y;] = 0, then

V5 = Bl(wy + wi—1)%] = 2 = 7.

Moreover
W = Cov(Xy, Xep1) = E[Xi Xy ]
= E[(w; +wi—1) (w1 +wy)] = Blwf] = 1 =72,
Similarly, we can show that 7/ = —1 = ~¥,. Also, we can define the cross-covariance at lag 1 as
N = Cov(Xiy1,Y:) = E[(wip1 + we)(wy — wi—1)] = Elwf] = 1
and
Y = Cov(Xi1,Y:) = E[(wi1 + wi—a)(w; —wi1)] = —E[w} 4] = —1

which illustrates the non-symmetric behavior about zero of the cross-autocovariance. Moreover
7! = Cov(Xy,Y:) = E[(w + wi—1)(wy — wi—1)] = 0.

So, we finally obtain:
—-1/2 if k=-1
pl =4 +1/2 if k=41
0 otherwise.

And for the 2-dimensional process Z; = (X¢, Y;)' we have

FZ:(S;))’ I‘Z=<_i}>=rﬂ
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10.3 Vector white noise
The n-dimensional stationary process {X;} is a white noise if E[X;] = p which does not depend
on time and T'y, = 0,,x,, for all k£ # 0. We denote the process as X; ~ w.n.(u, T'g).

A vector whose components are white noise is not necessarily a white noise. For example, let
uy be a scalar white noise with zero-mean and variance o2 as in previous chapters. Then consider
the bidimensional process X; = (u; u;—1)’. We have

2
(o2 0 (0 0
FO_(O Ug); Fl—(gg())v

which shows that { X} is not a white noise.

Consider for n = 2 the covariance matrix of a generic process {X;}

2
A 01 012
0 — 2 )
then the definition of vector white noise has no implications for this matrix since we are not

requiring that 012 = 0.

The definition of vector white noise does not imply that I'y has maximum rank either. This
however will be assumed in this chapter, if {X;} is a white noise then Iy is non-singular.

10.4 Vector moving average

Given an n-dimensional zero-mean vector white noise u; = (u1y . . . une) With covariance matrix
I'y, then a moving average of u; of order m is a process {X;} with realisations

m
Xy = Z Arw_p=Aous +Ajus 1 +...+ A u
k=0

where Ay, are n x n matrices of coefficients.’! Therefore, each component of {X;} depends on
all the components of uy.

We usually assume that Ay is non-singular and as a consequence the moving average can be
rewritten as

m
Xy = Vi + Z Biyvip=vi+Biw1+... +Brup
k=1

where vi = Agu; and B, = A Aq 1 'We can then prove that vy is also a vector white noise since
E[vivi_i] = AoE[usu;_,]Aj

which is zero unless k& = 0 because u; is a white noise.

Consider the lagged MA

X1 =Aow_ 1+ A w2+ . Ay

3ITwo-sided vector moving averages are also possible: z; = > Aru g
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Since by construction E[X;] = 0,,, for example the lag 1 acvs of {X;} is then computed as
Iy =E[XyX]_ ;] = A, THAL | +...+ A THAL + A THA.
As in the scalar case vector moving averages are always stationary.

Consider now a more general case of infinite vector moving averages
oo
Xt = E Apuy g, (45)
k=0

then each component of {X;} has realisations

o0 n
Tjt = Zzajh,kuh,t—k’ ] = 17 ceey N,

k=0 h=1
and in order for this process to have finite variance

o n n
Var(z ;) = Z Z Z ajn, k00, kCOV(Unt, Upt)

k=0 h=1 ¢=1
we need forany j =1,...,n
oo n 2 o n
2
D (2wmk) < DD < oo
k=0 \h=1 k=—o00 h=1
which is equivalent to asking
[ee]
> lIAR]? < oo
h=0

10.5 Vector autoregression - VAR
10.5.1 VARQ)

As in the scalar case the infinite vector moving average is equivalent to a vector autoregression of
order 1, VAR(1) which has realisations

xt = Axy 1 +uy,

where u; is an n-dimensional zero-mean vector white noise with covariance matrix I'fj. In the
case n = 2 the two components of {X;} have realisations

L1t = 11T1¢—1 + A12%2t—1 + U1e
Top = G21T1¢—1 + A22T2¢—1 + U2,
where a;; is the generic ¢, j-th entry of A. By iterating we have
X = Axi_1 +w
=AAx o+ wg]+wy
=A% oA +wy

=w+ A+ A%u o+ ...

oo
k
= E Aty g
k=0
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We now need to find the conditions for the above process to have a finite variance.

Given the square n x n matrix A, a vector v # 0,, is called an eigenvector of A if Av = A\v
where A is a real number, i.e. if v and the transformed vector Av are parallel. The number A,
which is uniquely determined by v is the eigenvalue associated with v. Alternatively, A is an
eigenvalue of A if

det(A — AI,) = 0. (46)

Since the matrix A — AL, is singular (it has zero determinant), there exists v # 0, such that
(A — A\I,)v = 0,, i.e. such that Av = Av. Equation (46) is an algebraic equation of degree n,
hence the matrix A has n eigenvalues and eigenvectors (they can be complex numbers).

Thus, for 5 = 1,...,n we have
AVj = )\jVj,

which can be rewritten as
AV = VA, V=(vi...vp), A=

that is
A =VAVL

This is known as diagonalization of a matrix. Every matrix A (we assume here that the eigenvalues
are distinct) is equivalent to a diagonal matrix, with the eigenvalues of A on the diagonal. Notice

that
A7 ...0

A*=VAVL A= o
o ... N
Now the infinite vector moving average can be written as
X = Uy + VAV_lllt_l + VA2V—11115_2 + ...
or defining y; = V~1x; and v, = V~lu; we have
Vi =vi+Avi1+ AP vi o+ ...
and each component of {Y,} is not dependent on the others indeed since A is diagonal we have
o0
Yit = Vit + Aivie—1 + Avieo + ... = Z Nvit—k = Nigie—1 + vir,
k=0

which is an AR(1) process and it is stationary and causal as long as |A;| < 1. Moreover, {X;} is
stationary if and only if {Y;} is stationary.>> Then we must have that all eigenvalues of the matrix
A must be inside the unit circle, i.e. such that |A\;| < 1. Diagonalization of A transforms a vector
problem into a collection of scalar problems.

Alternatively we can start from the equation

A(L)x; = (I, — AL)x; = w.

ndeed for any integer k we have I'Y = VI¥YV' since x; = Vyq.
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If we can invert the matrix A (L) then the process would be written as a Moving Average and
therefore it would be stationary. To A (L) we can associate det A (L) and the matrix A 4(L) is
the transposed of the cofactor matrix which in turn has in entry 4, j the determinant of A (L) when
removing row i and column j multiplied by (—1)**/ such that>3

A(L)A (L) = [det A(L)]L,.

Therefore, (48) becomes
[det A(L)]x; = Aga(L)uy. (47)

Consider the example withn =2andp =1

1—anlL —a2l T\ _ [ ue
—anl 11— axnl Tot Uy

T1t 1—axl a2l Uiy
det A(L - ,
[ (L) < Tot > ( anl  1—anlL ) < Uzt )

where det A(L) = (1 — a11L)(1 — agaL) — aj2a2; L2, That is we have two equations

which becomes

[det A(L)]x1s = u1s — agouii—1 + a12ug—1

[det A(L)]xor = ug — ar1u2—1 + @111

Again, the autoregressive matrix A (L) has been transformed into n = 2 autoregressive polyno-
mials det A (L) of order n = 2, therefore they have two roots.

Back to the general case, we know from Chapter 4 that a polynomial in z € C is invertible if
all its roots are outside the unit circle. Therefore, if all the roots of det A(z) = 0 lie outside the
unit circle, then det A (L) can be inverted backwards and (47) or equivalently (48) has solution

x; = [det A(L)] ' Agq(L)uy.

For p = 1, we have n roots of det A(z) = det(I,, — Az) = 0 which are the reciprocals of the
roots of det(A — AI,,) = 0, that is the eigenvalues of A. The latter lie within the unit circle if
and only if the former lie without, which is the result obtained before (the results obtained with
the different approaches are consistent).

10.5.2 VAR(p)

Consider now the generic VAR of order p
X = Aixp_1 +Agxp_o+ ...+ ApXt—p + uy

where u; is an n-dimensional zero-mean vector white noise with covariance matrix I'g. In order
to study stationarity we study the solutions of the equation

(I, — A1L — AgL? — ... — A IP)x; = A(L)x; = wy (48)

*In more detail, define as A;; the (¢, j) minor of A, i.e. the determinant of the (n — 1) x (n — 1) matrix that results
from deleting row ¢ and column j of A. Then the cofactor matrix of A is the n X n matrix C whose (%,7) entry is
Cij = (71)2+]A7;j. Then, (Aad)ij = le‘ = (*1)Z+JAJ'¢.
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The entries of the polynomial matrix A (L) are polynomials in L, for example
AH(L) =1- CL11,1L — a1172L2 — ... an’pr, A12(L) = —a12’1L - a1272L2 — ... a127pr.
We can always rewrite this as a VAR(1) of dimension np.
Start with an example. Suppose that n = p = 2
X =A1xi—1 + Aoxy o + iy
Define y; = x;—1. Then we have the system of two equations
xi=A1xi 1+ Agyr 1+ wy
Yt = Xt—1

If we define also

A-(T8) mmtiv) vi=ooy
2 2

we have the new VAR(1)
z; = Azy_1 + vy

where now p = 1 but n = 4. Moreover, notice that we have

I.- AL —-AyL

det(Iy — AL) = det << LL L

)> = det(12 — AlL — A.QLZ)

By studying the roots of the above equation we can study stationarity. Also we have that the
eigenvalues of A satisfy

det(A — AIy) = det Al Al A = det(IpA2 — A ) — Ay) = 0.
I, Y

Hence roots of det(Iy — AL — A2L2) = 0 are the reciprocals of eigenvalues.

In general given the VAR(p) in (48), we can define y1; = X¢—1, Yot = Y1,0-1 = X¢—2,
Y3t = Yy2,t-1 = X¢—3,and soonuntil y, 14 = yp—2+-1 = X¢_p+1 and we obtain

z; = Az 1+ vy

where
Al A A, A,
I, o0, 0, 0,
A = On I.n On On Ze = (X, Y1t Yp_1.4)s vi=(u; 00...0)
. ) n(p—1)times

In conclusion, (48), which has dimension n and order p, can be transformed into an equation of
dimension np and order 1. The VAR(1) equation in z; is called the companion equation and we
then know how to study stationarity of a VAR(1) by looking at the eigenvalues of the companion
matrix A. Or equivalently, as for the case n = 2 and p = 2 above, we can prove that det(I,, —
AL) =det(I, — A;L—...— A,LP) therefore we can also look at the roots of det(I,, — Az) =
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0. Notice also that v; is singular (many of its components are zero) but this does not affect
stationarity.

Summing up, as in the VAR(1) and VAR(2) cases, also for the VAR(p) the roots of
det(I,, — Az) =det(I, — Az —... — Ap_lzp_l —A2P)=0
are the reciprocals of the eigenvalues of the companion matrix defined by

det(A — AL,,) = det(T,\P — AN~ — ..~ A, 1A —A,)=0.

Example. Obviously an AR(2) can be written as a VAR(1) with n = 2. Take
yr = L.3yp—1 — 0.4yr—o + uy,

then we must find the roots of A(z) = 1—1.32+0.422, this gives 2; = 2 and z3 = 1.25, therefore
the model is stationary. Using the companion form we have

Yt—1 1 0 Yt—2 0 )
|
A
We can then compute the eigenvalues of A by solving det(A — Is\) = 0, which gives
—A(1.3—-X)+0.4=0,

hence we have the solutions A\; = 0.8 and A2 = 0.5, which implies that the process is stationary.

Notice that \; = zl_l and \y = z2_1.

10.6 VARMA

Vector ARMA processes (VARMA) are the stationary solutions of equations of the form
(I, — AL — AsL? — ... — A LP)x; = (I, + B1L + BoL? + ... + B, L),

Under the assumptions that the roots of det(I,, — A1z — Ayz? — . — A,2P) = 0 lie outside of
the unit circle, the stationary solution is

x; = C(L)u; = A(L) 'B(L)u; = [det A(L)] ' Anq(L)B(L)uy

Here C(L) = Y32, CL* and the coefficients of C(L) tend to zero (they must to have station-
arity and therefore the previous sum well defined) with a speed determined by the worst root of
det A (L), precisely like in the scalar case (see the example of an AR(1)).>* So, for a VAR(1) the
MA(c0) is given by C(L) = >3 AFL*.

If also the roots of det(I,, + B1z + Baz? + ... +B,29) = 0 are outside the unit circle we say
that the VARMA is invertible in the past. In that case

w, = B(L)'A(L)x,

so that uy is a linear combination of present and past values of x;. This implies, that u; is the
innovation of x; (see next section).

**More precisely we have 37 [|Ci||* < oo, where ||Cy|]> = 37, Z?:l[ck’]?j- This also implies ||C|| — 0
as k — oo.
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10.7 Prediction and the Wold decomposition

Now consider the vector (z1;22¢)’. We want to predict each of the variables by using the past of
both variables. We consider only linear prediction. Given what we have discussed in the scalar
n = 1 case, the solution of this problem is given by projecting xj;, 7 = 1,2, on 1 and x;;_p,
i=12k>0

x1r = [a10 + @11,1%14-1 + @121T24—1 + Q112T1 12 + Q122T24-2 + ... + €1

Tor = [a20 + 21,1141 + A221T2¢—1 + A212T1 1—2 + A222T2 42 + ... + €

In vector notation
xt=[Ag+A1xi—1 +Aoxs o+ ... ]+ e
where Agis a2 x 1 vector while Ay, fork > 1,is 2 x 2.

Using the same argument employed in the scalar case we obtain the result that e; is a vector
white noise, that is e is orthogonal to past values of both e;; and ey, and the same for es;. For,
e1¢ is orthogonal to 1, w1 41, T2 ¢—1,.... Butej ;1 and ez ;1 are linear combinations of 1, x1 ;_1,
L2 t—15ee

In general, if x; is n-dimensional the best linear prediction of the components of x; is obtained
by projecting each of them on 1 and past values of all the components of x;:

X =Ag+Ai1x_ 1 +AoXs o+ ...+ e

where Agisn x 1, A isn x n for k > 1. The result that e; is an n-dimensional white noise is
obtained by an obvious generalization of the argument used for n = 2. As in the scalar case we
then have the prediction equation for x;

xt = P_1x; + e

where P;_1x; is the projection of x; on its past and e, since it is a white noise is the innovation or
one step ahead prediction error. The only reason why the process x; is not completely determined
by its past values is the presence of the term e;.

Now project each component of x; on 1 and all components of e;_, k¥ > 0,
Xt = [B + e+ Blet—l + Bget_g +.. ] + Dt

where B is n x 1, By is n x n for K > 0. Moreover, the residual of the projection Dy is an
n-dimensional vector that is predictable without error given its past, that is P,_1D; = D, is a
deterministic process.

Examples.

1. Stationary VAR(1)
X = Axp_ 1 +uy

the best linear predictor is Ax;_1 and u; is the innovation.
2. A VMA(]) invertible in the past
xr =w + Bugg

this can be re-written as a VAR (0c0)
(o)
Xy = U + Z(—l)kilBkXt_k
k=1
and therefore the best linear predictor is B[x;—1 — Bx;_2 + ...] and u; is the innovation.
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3. VARMA(p, ¢) stationary and invertible in the past
Xp = [Alxtfl —+ ...+ ApXt,p] + [Blut,1 + ...+ Bqut,p] =+ uy

by using the arguments in the two previous examples we see that the innovation is uy.

Forecasting of VARs then follows straightforwardly as for the scalar AR case.

10.8 VAR estimation

A VAR can be estimated by OLS. In the scalar case we have seen that under Gaussianity this is also

asymptotically equivalent to Maximum Likelihood estimation. Consider for example a VAR(1),
X =Ax; 1 +wy

where u; is a white noise with zero mean and covariance I';,. We have the OLS estimator

T L,

N / /

A= E Xe—1Xy_q E X¢—1X} 49)
t=2 t=2

when seen as an ML estimator consistency and asymptotic normality are immediately given. In
general, if no Gaussianity is assumed, this estimator is consistent and asymptotically normal pro-
vided that uy is such that E[u;|X;_1, X;—2,...] = 0 (it is a martingale difference sequence).

The above estimator (49) corresponds to estimation of each of the n VAR equations by OLS,
and by looking at the first n equations of the companion form we see that any VAR(p) model can
also be estimated by OLS equation-by-equation. Consider a VAR(p) and the companion form

zt = Az 1 + vy
where z; 1 = (X}_; X} 5...X;_,). Then, for equation j we have the OLS estimator:

T -1 7

= / / .
a; = E Zi_1Z;_q E 2%y |, J= 1,...n.

=2 t=2
Then each a; contains the np estimated coefficient of the j-th equation of the VAR(p) that is of
Tjt = Aj11T1¢t—1---0jn1Tnt—1 + ...+ j1pT1t—p + ..+ QjnpTnt—p T Ujt, j=1,...n.

So 31 .. ,ﬁn contain estimates of all parameters Ay ... A,. The above is a system of seemingly
unrelated regression equations and OLS is in general consistent but not efficient even under Gaus-
sianity. However, since in a VAR the regressors are the same in each equation it can be proved
that OLS is also efficient provided Gaussianity or serial independence of u; are assumed (this is a
consequence of Kruskal’s theorem).>

The covariance matrix of u; in a VAR (p) is then estimated as

where U; = x; — Zi:l kat—k- It can be proved that also IA‘E)‘ is consistent when fourth moments
of u; exist.

S5Tf that were not the case then generalised least squares should be preferred using an estimator of the covariance of
the u;’s obtained by a first OLS estimation.
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10.9 Granger causality

We say that a process { X;} Granger Causes (GC) a process {Y;} if
E[Yi[Y;—1,Yi0,..., Xi1, Xyg,.. | #E[Y3]Y;1, Yio, .. ]

that is to say that the past observations of { X;} help in predicting {Y;}.

As an example consider a VAR with n = 2

( An(L) An(L) ) ( Yt ) _
Agl(L) AQQ(L) Tt
then {X;} does not Granger Causes {Y;} if and only if A;2(L) = 0. Therefore if the VAR is

stationary and we estimate it by OLS then we can just use the ordinary F'-test to test for Granger
causality. In the example above we have the first equation of the VAR

Yt = 01,11Yt—1 + a1,12T¢—1 + ... + Ap11Yt—p + Ap 12T¢t—p + U1t

then {X;} does not Granger Causes {Y;} if and only if aj 12 = O forany k = 1,...,p, whichis a
set of linear restriction that can be tested by means of the F'-test.

10.10 Systems of simultaneous equations and impulse response functions

A VAR is a system of simultaneous equations. These systems were usually employed by macroe-
conomists to study jointly many economic indicators. In general the models were written as

FYt = BXt + ug

where y, are the n endogenous variables, x; are k exogenous variables, and u, is a white noise with
mean zero and covariance the identity matrix, such that the elements of u; are uncorrelated and
are interpreted by macroeconomists as “structural shocks” hitting the economy. In order to have
an interpretation of the model we would like to estimate I and B but these cannot be consistently
estimated via OLS. Hence we reduce ourselves to the model

yve = IIxy + wy

where w; is still a white noise with mean zero but covariance ¥ and IT = T'"!B. This model
can be estimated by OLS but the coefficients in II do not have an economic interpretation. In
order to identify I' and B separately we should solve I'TI = B but there are more parameters
(n? + nk) than equations (n) thus no unique solution exists. Some economic restriction should
then be imposed on those matrices in order to achieve identification.

A VAR model can then also be seen as the reduced form of a structural model in which there
are no exogenous regressors but the regressors are the lags of the endogenous variables and we
have seen that OLS estimation is possible. The question is how do we then identify the parameters?
Traditional Structural VAR literature has focused on identifying the dynamic dependencies among
macroeconomic variables by identifying the so called impulse response functions (IRF) of the
variables to unexpected orthogonal (non-correlated) shocks which represent the new information
entering the economy at each point in time as the usual innovation process.

Given the VAR process
A(L)Xt = €,
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where e; is a white noise with zero mean and covariance matrix I'., the definition of IRF comes
from the equivalent VMA representation®®

x¢ =Y Crer_p = C(L)ey,
k=0

as usual we have Cy = I,,. We define the IRF as

h’(ihj? k) = = (Ck’)lj

0€jt—k
this is the response of the ith variable to the j-th shock after k periods. Notice that ey, is the one-
step-ahead prediction error which is the innovation in the sense that it is unpredictable and belongs
to the space of present and past values of x;. However, with respect to the scalar case we have
n prediction errors one for each series and we can try to disentangle the shocks trying to find the
prediction error for each single series. This can be done by working on their covariance matrix.
Formally, we assume that the prediction errors are a linear relation of the structural shocks, uy
which are also a white noise with zero mean but with covariance the identity matrix.

e = But

and we assume B to be n x n invertible, that is we have n distinct structural shocks.’” While e,
can be estimated as the residual of a VAR since it is an innovation, u; and B cannot be estimated
directly.

Let us start by assuming we knew B, then we would have the VAR
A(L)Xt = But,
which once inverted would give
o)
Xt = Z CyBu; ¢
k=0
and the structural IRF are defined as

IRF(i,j,k) = ——— = (C;B);;

Therefore, we have identification if we find a way to obtain B starting from the coefficient of an
estimated VAR A (L) and its innovations e;. In particular this is possible under the assumption
that the structural shocks u; like the innovations e; belong to the space of present and past values
of x;. In this case we say that u, is fundamental for x;. Economic models with non-fundamental
structural shocks are possible but cannot be identified using VAR (see the end of the section).

For ease of notation we will denote as D(L) = C(L)B the polynomial of structural IRF.
There are no general rules to identify IRF that and we review two examples.

*In order to invert a VAR(p) we can use the companion form and notice that for a VAR(1)
(IV,L — AL)Xt =€

the inverse of the VAR polynomial is given by

(I, — AL ' =1, + AL+ A’L*... =) A"LF,
k=0

thus Cy, = AF.
5"t could also be singular if there were fewer structural shocks than series.
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1. Recursive or Choleski identification. This is based on the covariance matrix of the VAR
residuals, e;, denoted as I'.. Notice that since u; have as covariance I,,, we must have
I'. = BB'. If we impose B to be lower triangular then the solution is given by the Choleski
factor of I, and its unique. Saying that B is lower triangular means that only the first shock
has a contemporaneous effect on all variables z;;, indeed take for example n = 2 then at
k = 0 the structural IRF would be (recall that Cy = I,, always)

by O
CoB=B =
0 <b21 522>

hence since b1o = 0 we have TRF'(1,2,0) = 0 that is the second shock does not have a
contemporaneous effect on the first variable. Or equivalently we have that the prediction
errors are given by

€1t b11 0 e 0 Ut bnult

et by b2 ... O (5 bo1u1s + bagugy
n

Ent bni b2 ... bun Unt Zk:l bpk Ukt

The first prediction error depends only on the first structural shock, the second prediction
error depends only on the first two structural shocks, and in general the ¢th prediction error
depends only on the first ¢ structural shocks. This implies that the ordering of the elements of
X; is not arbitrary. The structural shocks are then identified recursively from the prediction
erTors.

As an example consider the three series, GDP growth rate, CPI growth rate (inflation), and
Federal Funds Rate. They are all stationary. A monetary policy shock is identified as a shock
that has contemporaneous effect only on the Federal Funds Rate so we can use a Choleski
identification such that the effect of shocks on variables is given by

A log GD;Dt o] b11 0 0 U1t [e'e)
AlogCPIL, | =CoBu+» CiB=| by by 0 ugy |+ CyB
FFR; k=1 bs1 b3y b33 U3t k=1

so we see that at impact (k = 0) the third shock has effect only on the third variable and
we can define it as the monetary policy shock. The impulse responses implied by this
identification and using US data from 1954q3 to 200692 are in are in Figure 59.

2. Long run restrictions. These are based on the assumption that in the long run only some
shocks have an effect on the variables. First, notice that by definition of IRF we have that
on a stationary variable the lag k effect of a shock is given by Cy, thus the long run effect is
given by limy_,, Cy = 0, since because of stationarity we must have square summable IRF
limy,_,, Cy = 0. So this identification makes sense only if we work with I(1) variables
and we look at their response in the long run. Take y; ~ I(1), so that Ay; ~ I(0) and we
the structural VAR in first differences

A(L)Ayt = But

and then the structural MA representation reads

Ay; =) CiBuyy. (50)
k=0

3 For example take the stationary VAR(1) process then > reo AF = > ne, Ck converges, or in other words the MA
representation is well defined, and in order to have that we must have limy_, A* = 0 which is indeed the case since
because of stationarity A has the largest eigenvalue inside the unit circle.
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Figure 57: IRF to a monetary policy shock. Top left: GDP; top right: CPI; bottom left: Federal
Funds Rate.

If we are interested on the effect of u;_ on y;; we must compute the cumulated structural
IRF

k k

. Oyt OYit vk 82:5_0 Ayitte ..
CIRF k) = = = = :E IRF K:E C/B)...
(8,5, %) O, Oujt Ouj = (5,5, 4) e:o( B);;

The long run effect is then the cumulative response after infinite periods: » .~ IRF (i, j, k),
which is given by C(1)B = > ;7 , C;B. This series converges since Ayy is stationary but
it is in general not zero since y; ~ I(1) (see Chapter 8).

Example. Assume that Ayy; is the GDP growth rate and Ayso; is the unemployment rate.
Then n = 2 we have

Y o0 ChAl D he Chi12 > < bi1 b2 )
C(1)B = ( ZhzoCkll 2k=0Ck,
@ < D b0 Ch21 D he Ch,22 ba1 b2
_ ( Ci1(1)b11 4+ Cr2(1)b21 Ci1(1)biz + Ci2(1)ba2 >
C21(1)b11 + Ca2(1)b21 C21(1)b12 + Caa(1)ba2

Blanchard and Quah say that the second shock is a demand shock and therefore does not

have permanent effect on the first variable which is GDP. Then we must have C71(1)b12 +

C12(1)baa = 0, or by setting § = — gﬁg% we have

BB’ = < bi1 + 07055 biibar + Obao ) _T, = < 0l Oeres )

biibar + Obay b3 + b3y Ocres  Op,

which implies a system of three equations in three unknowns (b1, ba1, b22). The IRF implied
by this identification and using US data from 1950q1 to 2010g4 are in Figure 58 while when
using the sample 1950q1 to 1989qg4 are in Figure 59. The first permanent shock is called a
supply shock and the second non-permanent is called a demand shock.>®

*The same result is found by considering a rotation of the innovations such that Re; = u; with RR’ = I, which
in the case n = 2 has the simple form

R:( cosy - sme ) @ €10,2m]
—singp cosyp

solving for ¢ we get the same identification with ¢ = tan™" 6.
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Figure 58: IRF to a demand and supply shocks. Top left: GDP to supply; top right: GDP to
demand; bottom left: unemployment to supply; bottom right: unemployment to demand.
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Figure 59: IRF to a demand and supply shocks. Top left: GDP to supply; top right: GDP to
demand; bottom left: unemployment to supply; bottom right: unemployment to demand.

As we said the above methods are possible only under the assumption that the structural shocks
u, like the innovations e; belong to the space of present and past values of x;, that is when
u; is fundamental for x;. Notice that in practice economic theory starts from an MA model
where structural IRF are defined. Then the structural shocks are a linear combination of the VAR
innovations (which are those that we estimate) only if the MA can be written as a VAR that is only
if the MA is invertible in the past. Consider a VAR(p) then

e = Xt — AXt,1 — ... Apthp

hence the innovations are always fundamental. There are however economic examples in which
the MA is invertible only in the future and we say in that case that the shocks are non-fundamental.®

As an example consider the the permanent income Friedman-Muth model. Income y; is de-
composed in a permanent part y;; and a transitory part yo; which are independently affected by

%When the MA is not invertible because it has unit roots then we might still have fundamental shocks.
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uncorrelated shocks
(1 - L)ylt = U1t, Yot = Uot-

If consumption ¢; follows the permanent income hypothesis, we have: (1—L)c; = w1+ (1—5)ugy
where 3 € (0, 1) is the agent discount factor. Therefore, we have the structural MA model

_(Q-=Ly,\ (1 1-L U\
= < 0-Le )7\1 125 ) Lug ) =G0
In this case det C(z) = (z — ) and hence it has the only root in z = 3, which by definition lies
inside the unit circle. The above econometric model representing the permanent income model
is nonfundamental. Permanent and transitory components of income are not recoverable by con-

sidering only present and past values of income and consumption and VAR cannot be used as an
estimation tool.

11 Multivariate unit root processes

11.1 VAR for /(1) processes

We generalise the case of unit root processes to a process of dimension n. Consider a VAR(p)
model
A(L)Xt = Uy, ug ~ wn(On, I‘g),

which is stationary if the equation det(A(z)) = 0 has roots outside the unit circle. We now
consider the case in which some of the roots are such that |z| = 1. Notice that even in the
case p = 1 there are n roots to be considered, and therefore in general there are np roots to be
considered.®! So an important issue is not only whether there are unit roots but also knowing how
many unit roots are present.

Start with a VAR(2) model

(In — AlL — A2L2)Xt = Uy, ug ~ wn(On, ].-‘8),

- (A Ay
()

such that it has eigenvalues defined by

then the companion matrix is

det(A — AL,,,) = det(\*T,, — AA; — Ay) = 0.

If we have a unit root then by definition det(A (1)) = 0 where A(1) = I,, — A; — A,. But notice
also that }
det(A — L) = det(L, — A; — Ay) = det(A(1)) =0,

which shows that when we have unit roots at least one eigenvalue of the companion matrix is
A=1

There are two possible cases that give det(A (1)) = 0:

1. A(1) = 0,, thatis rank(A(1)) = 0;

6TRecall that the condition for stationarity can also be restated by looking at the eigenvalues of the companion matrix
which has dimension np x np.
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2. rank(A(1)) =7 < n.

Let us define rank(A (1)) = k with 0 < k < n, then to study the two cases it is useful to write the
matrix A (L) using its Smith McMillan form

A(L) =U(L) ( I""“% -5 Ii ) V(L) (51)

where U(L) and V(L) are n x n and have no unit root hence are invertible. Notice that if we had
k = n then the VAR is invertible since there are no unit roots.

1. A(1) = 0,, then £ = 0 and we immediately see from (51) that there are n unit roots, all
components of x; are non-stationary. It is useful then to consider the Beveridge-Nelson
decompositon for a polynomial matrix (see Chapter 8.5) which is given by®?

Az)=A1)+A"(2)(1 —=2)
which, since A (1) = 0,,, implies that
A*(L)(l — L)Xt = Ut

where from (51) we have A*(L) = U(L)V(L). Now A*(L) has no unit root, thus Ax; is
stationary and the process x; is 1(1).93 In this case we must carry on the empirical analysis
on Ax; rather than on x;. It can also be proved that the number of unitary eigenvalues of the
companion matrix is n (but the viceversa is in general not true). Moreover there is no Wold
representation for x; since it is non-stationary. However we have the Wold decomposition
for the first differences

AXt C(L )

(L
where C(L) = (A*(L))~! = V-Y(L)U~Y(L) (invertible since A*(L) has no unit root).
Thus, the IRFs are D(L) such that (1 — L)D(L) = C(L) and

Az i
[Dy] it i
ki (2 Z auj’t_h hgo(ch) J

and we see that in this case Dy, /4 0 hence are not square-summable. Identification can then
proceed as shown in the previous Chapter (see for example the case of long run restrictions).

As an example take again the VAR(2), then A*(L) must be of order 1 such that
A*(L)(1 - L)x; = (I, — AJL)(1 — L)x; = (I, — (I, + A} L + ATLY)x, = uy

Then A(1) = 0,, as expected and the companion matrix is

i (L.+A] —Aj
()

such that it has eigenvalues that satisfy det(A — AIo,,) = det(A\2L, — (I, + A})A+A%) = 0.
This last equation has a solution for A = 1. Now there are n unit roots for det(A (L)) = 0

21f A(L) is of order p then A* (L) is of order p — 1 with coefficients Ay = — > Ay
®1f A*(L) had a unit root then x; would be 1(2) and we have to take differences twice, we do not consider this case
further.
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which are also roots of det(A (L)) = 0. Hence since the eigenvalues of A are the reciprocal
of the roots of det(A (L)) = 0 we have n eigenvalues equal 1.

As it is seen the impulse response functions (top left block of the inverse companion matrix
S22 o AFLF) are of the type Dy, = (I, + A})* hence they never decrease to zero.5*

2. A(1) has reduced rank, say rank(A (1)) = r < n, thatis in (51) we have k = r, then we
still have det(A (1)) = 0. From (51) we see that there are n — r unit roots which imply
n — r unit eigenvalues in the companion matrix. In this case we have cointegration (see the
next Section).

11.2 Cointegration

We say that y; is cointegrated if there exists at least one vector 3 such that the linear combination
2zt = Byt = B1yit + - .- + Bnyne is such that z; ~ I(0). Then we say that 3 is a cointegration
vector. There might be more than one vector with this property and then all those vectors form
the columns of a cointegration matrix. The number of linearly independent cointegration vectors
(the rank of the cointegration matrix) is called cointegration rank. For a vector of dimension n the
maximum cointegration rank is 7 — 1.9 For macroeconomic variables the cointegration relations
B'y: = 0, give the long run equilibrium conditions.

Example. Take y; = (214, x2¢)’ such that

Tt =T1e—1 + €t
Tot = T1¢ + Ut
where e; and u; are white noise with zero mean and variance one. Then x1; ~ I(1) and zo; ~ I(1)

but z; = x9; — x1¢ = uy ~ I(1), therefore the cointegration rank is 1 and the cointegration vector
is (—1,1)".

Now consider a VAR(1)
Xt = AXt_l + Uy, uy ~ wn(O, Fu)
which can be rewritten as (define IT = A — I,,)

X —%—1= (A —-IL,)x1 +wy
Axy = IIxi 1 +wy (52)

Notice that IT = —A(1). Now we already considered the case in which IT = 0, in which case
there are n unit roots and we must use the model in first differences because all components of x;
are I(1) (see previous Section). In particular we see that (52) is an equation of an n-dimensional
random walk. If on the other hand det(II) # O then det(A(1)) # 0 and there are no unit roots,
therefore x; ~ 1(0).6

%The eigenvalues of Dy, are always greater than 1, this means that the norm of Dy, which is given by its largest
eigenvalue is always greater than 1.

1f we had n cointegration vectors then we would have a full-rank matrix B such that z; = By; ~ I(0) but since
B is invertible then also y; = B 'z, ~ I (0) which is a contradiction.

%1n this case IT is invertible and (52) is written also as

M 'Axy = x41 4 uy

and since the left hand side is 7(0) so must be the right hand side and in particular x;_1 ~ I(0).
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However, we also know that if rank(A (1)) = rank(II) = r for some 0 < r < n we have
n — r unit roots in the VAR(1), then we still have det(II) = det(A — I,,) = 0. In this case IT is
not zero but has reduced rank and we can always write IT = a3’ where a and 3 are n X 7:

/
Axy = af'xi 1 +wy

Now since the left hand side is stationary then z; 1 = 3'x;_1 must also be stationary and therefore
3 is the cointegration matrix having as columns the r cointegration vectors, so the cointegration
rank is nothing else but the rank of A (1). Cointegration arises when we have fewer unit roots than
processes.

The process z; represents the deviation from the cointegration relations defined by the equilib-
rium 3'x;_1 = 0,.. Then the dynamics of a cointegrated vector is described by two components:
the first one is the white noise u; (or more in general is random vector of shocks), the other one is
the magnitude at ¢ — 1 of the deviation z;_; from the long-run equilibrium. The matrix « is called
loading of z; and describes how the dynamic adjusts to revert to the long run equilibrium. This
mechanism of correction given by a3'x;_1 is called error correction mechanism (ECM) and (52)
is called Vector Error Correction Model (VECM).

Let us generalise the previous result to the VAR(p)
A(L)x; = wy, u; ~ w.n.(0,T,)
then define B(L)L = (I,, — A(L)) such that
x = B(L)xi—1 + w
By using the Beveridge-Nelson decomposition of B(L), we have
x;=[B(1)+T(L)(1— L)|x¢—1 + uy
and by subtracting x;_; from both sides we get (notice that B(1) = I, — A(1))
Ax; = [B(1) = L|xi—1 + T'(L)Ax¢—1 + uy
p—1
=—A(1)x¢—1 + Z T Ax; +wy
i=1
p—1
=IIx¢ 1 + Z LiAx ; +uy
i=1
p—1

= afx1+ ) Tibxe +u, (53)
=1

As for the VAR(1) case the cointegration rank is nothing else but the rank of A(1). Notice that
(53) is equivalent to the VAR(p) from which we started our derivation

A(L)Xt = U (54)
where Ag =1, A1 = (Fl — a@’ + I), Ay, =Ty —T, and Ap = _Fp—l-
Now, consider the matrices

o) = (P07 P M= (B %)
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then M(L)M(L) = I,(1 — L). Then, from (51) we can invert the VAR as follows:

(1-L)x; =V (LML) U N (L)u, = V(L) ( I”O—’“ IT(1O— L) ) U Y (L)w = C(L)w

From this MA representation we see that rank(C(1)) = n — r < n. As before, the IRFs are
defined by D(L) such that (1 — L)D(L) = C(L). Hence, for n — r shocks we have that the
IRFs are not summable that is the shocks have a permanent effect. While for the remaining r
shocks the IRFs are square summable so the long run effect is zero. This justifies the search
for Permanent Transitory decompositions of x; when there is cointegration. Notice also that if
x; were stationary (no unit roots) then » = n and rank(C(1)) = 0 and square summable IRFs
equal to D(L) = V~Y(L)U~Y(L). On the other hand if we had n unit roots then » = 0 and
rank(C(1)) = n and the IRFs D(L) of all shocks are never square summable (see previous
section).

When we have cointegration it means that we have n — r trends which are common to all
series. Since Ax; is stationary, then it admits a Wold decomposition which using the Beveridge
Nelson decomposition reads

AXt = C(L)ut = [C(l) + (1 — L)C*(L)]ut
or equivalently

x;=C(1) Y uy + C*(L)u
k=0

therefore the first component is driven by multivariate random walk which we denote as p;. More-
over, under the hypothesis of cointegration we have shown that C(1) has a reduced rank n — r,
thus we can always write

x; = ¢n'p + C*(L)w, (55)

where 1) and i) are n x (n — r). This is the common trend representation by Stock and Watson
which is nothing else but the multivariate Beveridge Nelson decomposition. It is also called the
common trend representation. In particular since 3'x; ~ I(0) it must happen that 3'C(1) = 0 to
achieve stationarity in (55). Moreover, the vector 7 = 7’ is a random walk of dimension n — 7,
so we can write (55) as

Xy = Y1+ C*(L)ut
Ty = Ty—1 + Uy, (56)

and the process is made of two components: 7, which are the so called common trends and are the
non-stationary component of x; and C*(L)u; which is stationary by definition.

The Granger Representation Theorem. A cointegrated vector can be expressed in two
equivalent ways, corresponding to the autoregressive and moving average representations. The
representation derived from a VAR is the VECM in (53), while the representation derived from
the moving average is the common trend representation in (55).

A last remark is about identification of the cointegration matrix. If 3'x; ~ I(0) then also
RA'x; ~ I(0) for any non-singular matrix R. If we call T = R/’ then we can always choose
R such that Tx; represents some economic meaningful long-run relations (e.g. money demand,
purchasing power parity, long-run consumption or investment as function of GDP). Typically we
set one entry of each column of 3 to be one. Or we can also choose T such that T/T = 1.
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time Xy

Figure 60: Stationary VAR(1). Left: time series; right: phase diagram (z14, z2;).

As an example to have an intuition of the meaning of cointegration consider a VAR(1) with
n = 2 and E[x;] = (3, 0) and with initial condition (19, x20) = (10, 2). In the case of stationarity,
the system quickly converges to its mean and it oscillates around it, this is seen in the phase
diagram too (see Figure 60). The consider the case of 2 unit roots, which implies that x; is a
random walk with mean equal to its initial condition, however the process never converge but
keeps fluctuating with very high dispersion around the mean, compare the dispersion of the phase
diagram of this case with the previous one. Notice that if in this case we run the regression

Tot = P121¢ + wy

we get 51 ~ 4 (quite different from zero) and we have a spurious regression indeed the acvs of w;
show that these are clearly non-stationary (see Figure 61).

Last consider the case of one unit root, thus of cointegration with rank 1, then the two processes
are random walks that co-move (one common trend), in the phase diagram this comovement is
around a line given by the cointegration vector 3'x; = SB121¢ + fS2x2 = 0. The elements of 3 can
be found for example by fixing $2 = 1 and by considering the linear regression

ot = P11 + et

and in this case we get 51 ~ 5. Notice that from the acvs of e; we see that this is now a stationary
process. In this sense we say there is an equilibrium condition (see Figure 62).

11.3 Estimation of cointegrated systems

In terms of estimation the matrices A, of the VAR the model in (54) can be consistently estimated
by OLS even when the data have unit roots, that is without accounting for the ECM, this is shown
by Sims, Stock, and Watson. However, the long run matrix A (1) would not be estimated con-
sistently and actually it would converge to a random variable (the errors of the OLS estimation
cumulate and do not vanish) as proved by Phillips. Indeed unless we add an ECM we cannot get
an estimate of A (1) with reduced rank and as a consequence the long run impulse response would
be estimated as having full-rank which is not correct. Therefore, the long run impulse response
functions entailed by the VECM cannot be recovered unless we take into account explicitly the
ECM, that is unless we estimate 3 and cx.

As for B the most common way is to estimate it via Maximum Likelihood as proposed by
Johansen (unless » = 1 and then we can use OLS). Once an estimator of 3 is given then we can
estimate the other VECM parameters by simple OLS. More precisely, if we have the VECM

/
Axy = afB'xi1 +wy
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Figure 61: Random walk. Left: time series; right: phase diagram (1, z9;) with regression line in

red; bottom: acvs of the regression errors.
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Figure 62: Cointegration. Left: time series; right: phase diagram (x1¢, x9;) with regression line
with slope (31 in red; bottom: acvs of the regression errors.

Then, define®’

T T T
1 ! ! 1 / ]' /
M11 = T tE 1 tht MIO = 01 = T tE - Xt—lAXt MOO = T tE - AXtAXt.

The cointegration matrix is estimated as

(My; — MloMaole)Bj = ,Ujﬁj,

S7If there are lags of Ax; in the VECM these matrices should become conditional covariances with respect to those

lags.
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where p; are the r-largest eigenvalues of the above matrix, that is the estimated cointegration
vectors 3; are the corresponding eigenvectors. Consistency of this estimator can be proved and it

is with rate 7', that is the estimator is super-consistent, thus justifying the second step in estimation
of the VECM.

11.4 Permanent and transitory decompositions

The Beveridge Nelson is just one possible PT decomposition. In this section we review the most
famous PT decompositions based on the parameter of the VECM. In what follows we adopt the
conventional assumption that u; = 0 for s < 0 and we allow x; to have a non-random initial
value, which by our assumptions is xg = 0.

The simplest and most used PT decomposition is the common trends representation by Stock
and Watson (1988) derived above. Define py = p;—1 + 14, a n — r-dimensional random walk.
Then

xe = [0’ ] + C*(L)uy, (57)

where 77 is . x n.—r and 4 is n x n—r such that C(1) = 11, while C*(L) = (1— L)~ }(C(L) —
C(1)) is a nxn infinite matrix polynomial with square summable coefficients.®® As a consequence
we must also have that 3'1p = 0,.»,,_, by definition of cointegration matrix. The first term on
the right hand side of (57) is driven by n — 7 common trends, 1’ pt;, which are all random walks,
while the second term on the right hand side is instead stationary by construction. Note that (57)
is the multivariate generalisation of the Beveridge Nelson (1981) decomposition in the case of
cointegrated processes. For an autoregressive representation of (57) see Proietti, 1997.

As pointed out by many authors (Lippi and Reichlin, 1994), the main limitation of (57) is that
the long-run component is made only of random walks, while permanent shocks might have an
effect which is only gradually absorbed into the economy, thus are associated to a more general
MA-type dynamics (e.g. technological diffusion). Depending on the assumed identification con-
straints on such dynamics, different decompositions with orthogonal shocks can be derived from
(57) (Lippi and Reichlin, 1994, Gonzalo and Ng, 2001). Any such decomposition can be written
starting from a form like

x; =¥ [n'ue] + C*(L)n(n'n) " [n'w] + C*(L)niL(n' n) " [nlw]. (58)

Any identifying restriction can then be imposed in (58), by multiplication by suitable invertible
matrices.®” The shocks n/u; generate the common trends of (57), therefore are called permanent
and drive the first and second term on the right hand side of (58). Those two terms define the
long-run component, which is more than just a random walk. The third term, driven only by the
transitory shocks 7, u, generates instead the short-run dynamics.

Based on the same concept of permanent and transitory components, Gonzalo and Granger
(1995) propose the decomposition’®

x¢ = B(a/ B1) 7 [ x¢] + a(Ba)”! [B'x] . (59)

Here, the long-run component, which is the first term on the right hand side of (59), is defined
as everything that is not the Error Correction term in the VECM, that is the only shocks that can

81f C}, are the coefficient of C(L) and Cj, those of C*(L), then C}, = — > i2ks1 Ci

%For example, transitory shocks can be identifed by means of an orthogonal d x d matrix R such that the identified
implies responses are C*(L)n, (n'.n’.) >R, while the identified shocks are R'n’, u,.

"This is obtained by inverting (o, 8’)'x; in order to get x; as the sum of two components.
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affect long run forecasts are the permanent ones since for these there is no mean reversion (in the
VECM there is mean reversion because of the ECM). As a consequence, the second term is driven
only by the cointegration relations. To illustrate the relation between (59) and (57), let us consider
the VECM in when p = 2. Then, the long-run component of (59) reads

o\ x—ad\xi 1= | w+ | T1A% . (60)

First, notice that if p = 1 the last term on the right hand side of (60) disappears and then the long-
run component looks exactly like the one in (57), i.e. it is generated by the n — r-dimensional
random walk a’th. However, when p = 2, and in general when p > 1, the long-run component,
has also a stationary part, and (59) is similar to (58), although in this case the two components are
in general not orthogonal.

Finally, an alternative orthogonal decomposition, is proposed by Johansen (1991) and Kasa
(1992):
x; = B1(8.8L) 7" [Bix] +B(BB) " [Bx] . (61)

Contrary to (59), here firstly the stationary component is defined as the part driven by the cointegra-
tion relations only, then the non-stationary term is obtained by simply considering the orthogonal
complement. Such a decomposition is not based on any economic assumption, but is based on a
purely geometric argument. In particular, it has to be noticed that shocks to the stationary term
might have permanent effects on the non-stationary one.

11.5 Cointegration and common factors

A cointegrated system always admits a factor representation, as shown, for example, by Escribano
and Pefia (1994):
x¢ = W11 + Yocy, (62)

where W1 isn xn—rand $yisn x r,sothat 73 isn —r X 1 and ¢; is r X 1. Model (62) is such
that 7; has 74 ~ I(1) forany j = 1,...n — r, while ¢; ~ I(0). A PT decomposition can then be
obtained by specifying ¥y, 7, ¥, and ¢;. The most common choices are based on the VECM
representation and where outlined in the previous section.

A non-parametric PT decomposition instead makes use only of unconditional second mo-
ments. Pefia and Poncela (1997, 2006) show that the space spanned by the columns of ¥, coin-
cides with the space spanned by the eigenvectors corresponding to the n — r non-zero eigenval-
ues of the n x n random matrix C(1) (fol W(u)W(u)’du) C(1)/, where W () is the n — r-

dimensional Brownian motion.”! The matrix ¥, is then given by the remaining r eigenvec-

tors. The PT decomposition obtained in this way has the following properties.

1. It is based just on the long-run second moments of x;, hence it is completely agnostic in
terms of economic assumptions and does not require to specify and estimate a VECM.

2. Since (¥1P¥() are an orthonormal basis, the two components in (62) are orthogonal and
Py=w,.

3. From orthonormality of eigenvectors we have

/1Xt = ‘I’ll‘I’th = T¢, \Il{)xt = \Ilf)\I!oct = Ct¢. (63)

T e o] 1T /
This matrix is estimated by means of =5 >, x¢x}.
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hence the PT reads
Xt = ‘IJl\Illlxt + ‘I’O‘I’loxt

4. The n — r non-stationary processes 7; are driven by n — r common trends in the sense of
Stock and Watson (1988), but 7, are not necessarily pure random walks. They generate the
trend or permanent component of x;.

5. The stationary processes c; are » common cycles in the sense of Vahid and Engle (1993).
They generate the cycle or transitory component of x;.

6. The cointegration matrix is given by the columns of W.

7. Xy is driven by n — r common factors which are I(1) and » common factors which are 1(0).

Such a geometric approach is similar to the one in (61) and as said above cannot be used if the
goal is identifying permanent and transitory shocks.

12 Unobserved component models and signal extraction
INCOMPLETE

The PT decompositions are based on the idea of a latent process driving the dynamics of observed
data. This is a particular case of the general problem of extracting a signal from a noisy observa-
tions. Assume to observe x; which is n dimensional and assume that it is driven by r unknown,
hence latent, signals (or states or factors) which we call F;. If x; is observed with noise then on
general we have

Xt = At(Ft, et), et ~ wn(O, R) (64)

where A; is a generic time varying possibly non-linear function. We also assume that the factors at
time ¢ = 0 are observed (possibly with a covariance matrix Pg), while the successive observations
are contaminated by a noise process:

Ft - At(thla Uy, P0)7 g ~ ’LUTL(O, Q) (65)

The system (64)-(65) is a state-space model where (64) is called measurement equation and (65)
is called state equation.

12.1 Linear time invariant state space models

We now make the assumptions that the function in (64)-(65) are linear and time invariant and the
noise is Gaussian,

x; = AF; + ey, e, ~wnN(0O,R), (66)
Ft = AFt_l + Hut, Uy ~ wn N(O, Q) (67)

we also assume E[eitUj s] = O for any 1, j, s, t. Notice that in general the number of shocks u; can
be different from the number of states F;. This model is very flexible and can accommodate many
models seen up to this point.

Examples of stationary ARMA models in state-space form.
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1. ARQ2). 2t = 0 + @141 + Pomy_o + wy with wy ~ wnN (0, o2), this is equivalent to

zp =06+ [1 0]F,
—~—

A
_ xp— 0" (o1 92 1 — 0" wy (0% 0
Ft<xt_1—5*)<1 O><xt_2—(5* Lo ) 900 o
——
A Fi_1 u
where 0* = m and therefore R = 02 and H = 1.

2. MAQ1). 7y = wy + w1 with wy, ~ wnN (0, 0?), this is equivalent to

Tt = [1 O] Ft
——
A
o th_l -+ Wy . 01 th_g + We—1 1
Fe = ( b, “loo Oy WA
——

A Fio1 H
and therefore R = 09 and Q = o2. Or alternatively we can write
xy = OF; 4+ wy
Fr = wy

which has the advantage of having a smaller state vector but the disadvantage of having the
errors of both equations correlated.

3. ARMAQ,1). 7y = ¢124_1+doxs_o+ws +Owy_1 withwy ~ wnN (0, o?), this is equivalent
to

aztzlﬂ]Ft
~—~—
A
_ ([ 0 o2 wy (>0
Ft—(l 0 Fi 1+ 0 ) Q= 0 0
ﬁ,_/ N——
ut

and therefore R = 05 and H = I,. Note that the state equations give

Fiu=(1—¢L— ¢oL?)
Foy = F—a,

while the observation equation gives
xy = (14+0L)Fi; = (14+0L)(1 — 1L — oo L) Ly

which is an ARMA(2,1). This is Hamilton (1994) formulation. Alternatively, following
Harvey (1989) we can write

Tt = 1 O]Ft
—~—
A
1 1
F, — §;0>mq+(9>wt (68)
——— ——
A H
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and therefore R = 03 and Q = o2. Note that the state equations now give

Fy = ¢oFrp—1 + Owy
Fip = 1 Fre—1 + For1 + wy
= ¢1F14—1 + o F1y—o + 0wy + wy

and the observation equation gives x; = F1; which is an ARMA(2,1).

In general any Gaussian ARMA or VARMA model can be written in state-space form although
such form is in general not unique. However, the state-space formulation allows also for models
with more structure than ARMA where we can impose some a priori assumed structure on the
dynamics of the system. These are the structural time series models.

Examples of structural time series models.

1. Trend cycle. Let y; = y14 + yor With y1; = § + y1.—1 + e1; being the trend component (a
random walk) and yo; = ¢1y2:—1 + P2y2:—2 + ez being the cycle component (a stationary
AR(2)). Let e;s ~ wnN(0,0?) for i = 1,2 and E[ezea5] = 0 for any ¢, s. There are three
ways of writing this model in state-space form:

(a) only ys; is an unobserved state, then

Ayt:(S—F[l —1} < Y2t >—|—€1t
Yat—1

( Yot >:<¢1 ¢2>(y2t—1>+<62t>.
Yat—1 10 Y2t—2 0 /)’

(b) only y9; is an unobserved state, then

Y1t
yr=1[1 —¢1 — 2] ( Yie—1 | + O1yi—1 + P2ys—2 + et
Yit—2
Yt 0 100 Y1t—1 elt
yu-1 =10 |+ 1 0 O Yie—2 | + 0 :
Y1t—2 0 010 Y1¢—3 0
(c) both y1; and y9; are unobserved states, then
Y1t
ye=1[11 0] Yot
Yat—1
Yie 0 1 0 0 Y1e—1 e1t
Yot =10+ 0 ¢ ¢ yor—1 | + | eat
Yor—1 0 0 1 0 Yot—2 0

2. Local linear trend.
3. Trigonometric cycle.

4. Trend plus trigonometric cycle.
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5. Cointegrated systems. If x; ~ I(1) then the first equation is a PT decomposition and F; are
the common trends (see previous chapter) where under the assumption that rank(A) = 7,
the cointegration matrix is given by A such that A} A = 0,_,«,. For convenience of
notation in this chapter we change the role of r thus we have n — r cointegration relations
and r common trends.

6. Also seasonal components can be modeled using (66)-(67).

12.2 Forward filter - Kalman filter

Assume that all parameters of the model (A, R, A, H, Q) are known. Then the signals can be
extracted from the data using the so called Kalman filter. We consider two ways for deriving the
algorithm that characterises the Kalman filter.

First, assume that Fy is observed then (assume for simplicity H = I,.)
F; = AFy + Hu,, up ~ wn(O, Q)

Then, since u; is a white noise the distribution of F; is the same as the one of u; with mean AF
and covariance HQH'. The best guess (one-step ahead prediciton) for F is its mean:

Fio=AF) (69)
Moreover, given the observed value x; we also have
x1 = AF; + ey, e; ~wn(0,R). (70)
and by combining (69) and (70), we have
x1 — AFy0 = vy)0 (71)
where vy|g is the one-step-ahead prediction error.

Attime t = 1 we know both F'; |y and x;, which follow the model
AFy | | L —u;
IR L I
The unknown is here F'; and can be estimated by GLS.”> We define the GLS estimator of F; at
time ¢ = 1 given information up to time ¢ = 1 as F'y|; hence

-1
F1|1:{[ITA’][(§ S{] 1“{}} [ITA’][((? S{] l[p;ljo}
—{Q '+ ARTA}T{Q AR + AR xy )

—{Q '+AR A} QAR+ {Q '+ ARTAY AR Iy (72)
which is a weighted average of the two known vectors Fy and x1.”> Moreover, using (71) we have
Fip={Q ' +AR'A} 'Q'AF + {Q ' + AR A} T AR {AAF + vy}

— AF,+ {Q '+ ARTIA} AR vy (73)

2Given the model y = X3 + € with € ~ iid(0, G) then the GLS estimatoris 8 = (X'G'X) 'X'G'y.
If we had H such that HH’ = I then the formula would be

Fiu= {HQ 'H+ AR 'A} 'H'Q 'HAF, + {HQ 'H+ AR A} 'AR 'x.
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and the second term on the right hand side is the correction due to the prediction error when
predicting F'; at time ¢ = 0. Notice that Gaussianity is not necessary for deriving this formulas. In
general, GLS is always consistent but under Gaussianity we know that GLS is also efficient. By
iterating at ¢ > 1 we obtain the whole path F;;. This can be done provided we take into account
that at each step we also have uncertainty in the estimate of F', that is in general the covariance
of Fy; is not zero and must be updated at each point in time. We do not do this using the above
approach but we turn to a different approach.

The general iterations of the Kalman filter allowing also for a random initial condition are
easily derived under Gaussianity. Assume that at ¢ = 0 we have

Fo ~ N(Foj0, Pojo)-

where F¢g and P are known (notice that the previous case we had P = 0, thus Fo = Fy|o).
Then at £ = 1 we have

F, = AFy + Hu,, uyp ~ wnN(O, Q)

Then since u; is white noise and Gaussian then is also independent of F and the sum of two
independent Gaussians is also Gaussian:

Fi~ N(AFO‘O,APomA’ +HQH)
We denote the one-step-ahead prediction of F'; as 1o and we define it as its mean
Fio = AFqp. (74)

Then, the associated one-step-ahead mean squared error is the variance of F

Py = E[(F1 — Fy9)’] = APopA’ + HQH'. (75)
Thus,

Fi~ N(F1|07 P1|0)-
Now assume to observe x; and we look for the distribution of F'; given x;. We have

Fi =Fyp+ (F1 —Fyp)
x1 = AF; + eq, e ~ wnN(O, R)
= AFl‘O + A(Fl — Fl‘O) + e

Then, since u; and e; are independent because of Gaussianity, we have the joint Gaussian distri-

bution’ ,
il _ Fijo Pyo PyoA
|: X1 :| - (|: AFI\O ’ AP1|0 AP1|OA/ +R (76)

Then, the conditional mean and variance of F; given information up to time ¢ = 1 are given by’
F1|1 == E[Fl‘Xﬂ - F1|0 + P1|OAI(AP1‘0AI + R)il(X1 - AF1|0)

= Fyjo + P1jpA’ (AP oA + R) vy (77)

Pyj; = Cov(Fi|x1) = Py — PypA' (AP oA’ + R) ' APy (78)

"#Notice that E[(F1 — Fy)9)] = 0 and also E[(F1 — Fy|9)F1|g] = 0 because Fy is known.
3Given (X, Y) jointly normal we have

E[X|Y] = E[X] + ZxyZyy (Y — E[Y]), Cov(X|Y) = Bxx — BxyEyy By x
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By generalising (74), (75), (77), and (78) to any ¢ > 1 we have

Fii1=AF 111 (79)
Py = AP, A’ + HQH' (80)
Fyi =Fy1 + Py A(APy, A + R)~'(x¢ — AFy,_4) (81)
Py =Py — Py A'(APy, A + R)flAPt\tfl (82)

The equations (79) and (80) are called prediction equations and the equations (81) and (82) are
called update equation and together they form the Kalman filter. Notice that the algorithm is
optimal since under Gaussianity estimates the signal as the conditional mean

Ft\t = E[Fy|x(]

which is the best predictor of F'; given information up to time ¢. The associated mean-squared-
error
Pt\t = E[(Ft - Ft\t)(Ft - Ft\t)/]

which is therefore minimised by definition of conditional mean.

The prediction and update equations can also be written as a unique recursion which is useful
for forecasting

Fii1e = AFy,
= AF;; 1 + APy, 1A' (APy, 1A' + R)™(x; — AFy_1)
=AF; 1+ Kyvyg
where K; = APy, A'(AP,;_ A" + R)~! is the Kalman gain and Vije—1 = Xt — AFy_q is

the one-step-ahead prediction error of x; given information up to time ¢ — 1. We also have the
one-step-ahead mean squared prediction error as

P = AP, A’ + HQH'
= A (P — Py A'(APy A+ R)'APy, ) A’ + HQH'

which is called Riccati difference equation.

Notice that (77) is equivalent to (73). Indeed when Pgjqg = 0 and H = I, we have F g = Fo
and Py)o = Q and (73) and (77) give respectively

Fip = AFo+ {Q 7' + ARTIA} T AR vy (83)

Fi1 = AFo + QA'(AQA’ + R)71V1|0 (84)

Now because of the Woodbury formula when r < n (fewer signals than variables observed) then
QA (AQA +R) ' =(Q '+ ARIA)TIART

and (83) and (84) are equivalent. Notice however that if H = I or there are more signals than
variables then only the left hand side makes sense. Indeed in this case the GLS derivation cannot
be done.
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12.3 Backward filter - Kalman smoother

Once all the history of x; is available then we could obtain a better estimate of the latent signals
by considering the conditional mean when conditioning on Xx; ... X defined as

Ft|T = E[Ft|X1 e XT] (85)
by definition this estimator minimises the mean-squared-error
Py = E[(F; — Fyr)(F; — Fyr)].

Because F 7 is the conditional mean and therefore minimises the mean-squared-error, then we
must have
E[(F; — Fyr)xy] = Opxn, s=1...T

which implies
E[Fix] = E[Fyrx]. (86)

Now, under Gaussianity the conditional mean is linear therefore can be written as a weighted
average of all available observations

T
Fyr = = ) Hixy = ZHt Xy (87)
k=t—1

notice that this is a two-sided filter. By substituting (87) into (86) we have

T

FtX Z Ht TEXT
k=t—1

This is the Weiner-Hopf equation. Moreover using (66) we can write
T
E[FFJA = > H; - E[x,x] (88)
k=t—1

where we used the fact that since E[u;ze;5] = 0 for any i, j, s, ¢, then E[Fre},] = 0, xp,.

Now if x; ~ I(0) we can take the Fourier transform of both sides of (88) and we have
Sr(0)A = H(e ?)S,.(0)
and by solving for the filter we have

H(e ") = Sp(0)A'S; ()
= Sp(O)A (ASE(O)A' +S.(0))~* (89)

which defines the Wiener-Kolmogorov filter.
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A Complex numbers

Definition

The complex numbers are an extension of the real numbers containing all roots of quadratic equa-
tions. If we define : to be a solution of the equation x = +/—1, then the set C of complex numbers
is represented in standard form as

C ={a+ bila,b € R}.

The complex number ¢ is called “imaginary unit”. We often use the variable z = a + bi to
represent a complex number. The number « is called the real part of z (Rz or Rez) while b is
called the imaginary part of z (32 or Imz). Two complex numbers are equal if and only if their
real parts are equal and their imaginary parts are equal.

From the definition of C we see that there is a one-to-one correspondence between the complex
set C and the set R? = R xR. We represent complex numbers graphically by associating z = a+bi
with the point (a, b) on the plane R2. This plane is also called the complex plane or the Argand
Plane. On the Argand Plane the horizontal axis is called the real axis and the vertical axis is called
the imaginary axis.

Basic operations

First notice that by definition : = v/—1, so for any ¢ > 0 we have v/—c = i/c. The number 7 has
no real part, 3¢ = 0. Moreover, i2=—1,i3 = —i,i* = 1 and so on...

The sum and difference of complex numbers is defined by adding or subtracting their real
components i.e.:

(a+bi)+ (c+di) = (a+c¢)+ (b+ d)i,
(a+bi) — (c+di) = (a—c)+ (b— d)i.

The communitive and distributive properties hold for the product of complex numbers i.e.:

(a +bi)(c + di) = ac + adi + bei + bdi? = (ac — bd) + (be + ad)i.

Conjugates and absolute values

If we have a complex number defined as z = a + bi then the conjuate would be Z = a — bi. The
geometric interpretation of a complex conjugate is the reflection along the real axis. Properties of
conjugates:

5. if 2 # 0, then w/z = w/z;

161



6. z € Rifand only if Z = 2.

The distance from the origin of the plane to any complex number is the absolute value or modulus.
Pythagoras’ Theorem gives us a formula to calculate the absolute value of a complex number

z=a+W
|2| = |a + bi| = Va? + b2,
moreover
2z = (a +bi)(a — bi) = a® + b* = |2)°.

Thus by multiplying a complex number times its conjugate we always get a real number. Properties
of absolute values:

1. |z| =0if and only if z = 0, i.e. Rz = 3z = 0;

2. |z =z);
3. Jzw| = |2| |wl;
4. if z # 0, then |1/z| = 1/|z];

|91

Az w| < 2|+ |wl.

Fundamental Theorem of Algebra

Every polynomial function equation
f(z) = apz® + ap_12" T+ . az +ap =0, ap #0, k>1, (90)

has at least one complex root. Keep in mind that complex numbers include real numbers. More-
over, in polynomial function equations, non-real complex roots always occur in conjugate pairs.
In other words, if a complex number with an imaginary part is a root of a polynomial function
equation, then its conjugate is also a root of that same function. That is, if for z € C

f(2) =0 f(2) =0.
Notice that if z € R then the above is still trivially true since for real numbers z = Z.
The Linear Factorization Theorem Consider (90), then we can always write
f@)=ap(x —c1)(x —ca)...(x — cx)

where ¢y, cg, ..., c are complex numbers (possibly real and not necessarily distinct). In other
words, a polynomial function of degree k£, where & > 0, can be factored into k£ (not necessarily
distinct) linear factors over the complex number field.

Example: find the roots of 2% — 822 — 33 = 0. There must be four complex roots. We have
a* — 82% — 33 = (22 — 11)(2® + 3)
= (z +V11)(z — V11)(2* + 3)

This gives us two real roots equal to £+/11. Then we must find the roots of 22 + 3 = 0. We can
either compute them using the rule for quadratic equations, which gives the two roots

0++—4-3
Ta= = +v/=3 = +iV/3,
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or use the rule seen above (a + bi)(a — bi) = a® + b? where here a = x and b = /3, then
2243 = (z —iV3)(z +iV3).
So the four roots we are looking for are the two real ++/11 and the two complex conjugates +iv/3.
Example: find the roots of z3 = 1 or equivalently z3 — 1 = 0. There must be three complex
roots. A first one is the real number 1. Then we have
B -1l=(z-1D)E*+24+1)
then the other two roots are given by 22 + z + 1 = 0, thus they are

141 =4 —147 1
: — 2“/3 = —5 % 0.866

(notice that these are complex conjugates so they come in pairs).

212 =

Polar form

Another useful way to write complex numbers is by using polar coordinates. Then, if z = a + bi
we have
a =rcosb, =rsinf, r>0, 60¢€][0,2n].

Where 7 is the absolute value or modulus of z and @ is called argument of z, it’s the angle between
the real axis and the vector linking the origin to the point z in the complex plane. Indeed, we have

b
r=1+va?+0% = |z, tan@za.

Then, we can write, using Euler’s formula (¢ = cos # + i sin 0)

2 =1rcosl+irsind = re?.

So for example we have
e =cosm+isinT = —1
3¢'™/? = 3cos /2 4 i3sinw/2 = 3i
(1+1)® = {[V/12 +1?] exp[itan~"(1/1)]}®
— (V3 explin/4]}®
= 16 exp|i27]
= 16 cos(2m) + 16¢sin(27) = 16

Roots to unity

The polar form can be useful for solving equations as 2z = 1. The solutions have all modulus 1,
sor = 1 and we can write z = ¢, Then,

Z'=1
ei@nzl
e = 2™k =0,+1,+2. ..
g 2k
n
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Sofork =0,1,2,...n there are n distinct roots evenly distributed on the unit circle and then they
repeat.

Forn = 1 we have z = ¢/ = 2™ = 1,

For n = 2 we have 22 = %9 = ¢2™F = 1 thus 2z = ™" = cos(nk) + isin(rk) so when k = 0
we have z = 1 and when £ = 1 we have z = —1.

For n. = 3 we have 2% = €% = 27k = 1 thus 2z = €™%/3 = cos(2rk/3) + isin(27k/3) so
when & = 0 we have z = 1, when & = 1 we have z = —1/2 + i0.866, when & = 2 we have
z = —1/2 —i0.866 (cf. with the result above).

For n = 4 we have z* = e*? = 2™ = | thus z = ¢"™*/2 = cos(7k/2) + i sin(rk/2) so when
k = 0 we have z = 1, when &k = 1 we have z = ¢, when k = 2 we have z = —1, when k = 3 we
have z = —1.

B Matrix algebra

Properties of matrices

e rectangular matrices A of dimension m x n, with rows A;. and columns A..;;

e the product between matrices is rows times columns, thus if A is m X n and B is n X k,
then AB is m x k and

(AB)i =Y aiby,
=1
or
AB; = A;B, AB,=AB,;

e the product is non-commutative AB # BA;
e squared matrices A of dimension n X n:

— identity matrix

1 ... 0
0o ... 1
— diagonal matrix A = diag(aqy, ..., any) if
ail ... 0
A= o s
0 ... anpn

— transposed matrix AT such that (AT);; = (A);i;

e vectors are particular matrices: a is a column vector of R” with dimension n x 1, a”
(transposed) is a row vector of dimension 1 x n, both have components (ay, ... a,);

e squared length of a vector (norm)

n
all? = a7 = a’a;
i=1
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e scalar product

a’b=bTa=> ab;
=1

e if two vectors are orthogonal, a | b then alb =0;

e outer product between two vectors a of dimension m x 1 and b of dimension n x 1, then
ab” is a matrix m X n;

e symmetric matrix such that AOAT;
e for any matrix AA” and AT A are squared symmetric matrices;

e properties of transposed matrices
(A+B)"=AT+B", (AB)' =B'AT;
e determinant of a squared matrix A of dimension n: if n = 2,
det A = aji1a22 — ar2a01,
in general

n
det A = Z aij(—l)H_le"j,
j=1

where M; ; is the determinant of the matrix that results from A by removing the i-th row
and the j-th column, we call (—1)"*7M; ; cofactor;

e properties of the determinant:

if B results from A by interchanging two rows or two columns, then det B = — det A,

— if B results from A by multiplying one row or column with a number ¢, then det B =
cdet A,

— if two rows or two columns of A are equal, then det A = 0,

— if a row or column of A is a linear combination of two rows or columns of the same
matrix, then det A = 0,

- det(A + B) # det A + det B,
— det(cA) = c"det A,
— det AT = det A,

— if A is triangular or diagonal, then

det A = ﬁaii,

i=1

det(AB) = det A det B (Binet’s theorem);
e inverse of a squared matrix is A~! such that AA~! = A~TA =1,,;
e alternative necessary and sufficient conditions for the existence of the inverse matrix:

— det A # 0 so that det A=! = (det A) 71,
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— the columns of A are linearly independent thus form a basis of R",
— the linear system Ax = b has a unique solution,

— the linear system Ax = 0 has the unique trivial solution x = 0;
singular matrix if det A = 0;
adjoint matrix is the matrix A4 such that
(Aag)ij = (1) Mj;,
is the transposed of the matrix of cofactors;
the inverse of a matrix A is

-1 _ Aadj i
det A’

properties of the inverse matrix:

— the inverse matrix is unique,

- (AB)"! =B AL,

_ (AT)fl — (Afl)T’

- if A = diag(ai1,. . ., ann), then A1 = diag(al{, . .., a,));
rank of a matrix is the maximum number of linearly independent rows or columns;
if A isn x k with k < n, then rankA < k and if rank A = k then A is full-rank;
a non-singular squared matrix has full-rank;

properties of the rank:

— rank(ATA) = rank(AAT) = rankA,
- rank(AB) < rankA and rank(AB) < rankB,

— if B is a squared non-singular matrix then rank(AB) = rankA,

trace of a squared matrix A is the sum of the diagonal elements

n
traceA = g aii,
i=1

and trace AB = traceBA;

orthogonal matrix (or rotation in R™) Q is such that QQ” = QT Q = I,, or equivalently
Q" =Q 'anddet Q = £1;

idempotent matrix is such that A% = A, trivial examples are 0, I,,;
other idempotent matrices:

— projector on the space spanned by the columns of X defined as
Px = X(XTX)"1xT;

provided that X is full-rank so that X7 X exists,
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— projector on the space orthogonal to the space spanned by the columns of X defined

as
Mx =1, — Px;
— deviation from the average defined as
T
L
A=I,——,
n

where ¢ = (1,...,1)7, such that
1 n
Ay=y-- ;yi;
1=

e quadratic form x” Ax, for an x 1 vector x and a squared matrix A of dimension n;

e A is positive definite if
x'Ax > 0, Vx e R",

is positive semidefinite if
xTAx >0, Vx € R";

e properties of positive definite matrices:

— given two squared matrices A and B both of dimension n we say that A > B if
(A — B) is positive semidefinite,

— the inverse of a positive definite matrix is positive definite,

— if Pis m x n with n < m and rankP = n, then P”'P is positive definite,

— if A is positive definite and symmetric, then PT AP is positive definite with P defined
above,

— in particular, if P is squared and non-singular, then P¥ and PP are positive definite,

— if A is symmetric and positive definite, then it always exists at least one squared matrix
P with full-rank such that A = PTP;

Eigenvalues and eigenvectors

Given a squared matrix A of dimension n such that
Av = )v,

for some n x 1 vector v and some scalar A\, we call v eigenvector and )\ the associated eigenvalue.

We find the eigenvalues by solving the characteristic equation
det(A — AI,,) =0,
and the solution can be real or complex (couples of complex conjugate roots).
Once an eigenvalue is determined (call it A*) the corresponding eigenvector is the solution of

the linear system
(A=X1I,)v=0

which is non-trivial because the determinant of the matrix is by definition null.

Properties of eigenvalues and eigenvectors:
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e to real eigenvalues correspond real eigenvectors,

e cigenvectors are defined up to a scale (length),

e cigenvectors of multiple eigenvalues are defined also up to a rotation (i.e. an orthogonal
matrix);

Properties of a squared symmetric matrix A of dimension n:

e has all n eigenvalues real, i.e. A € R,

e has n orthogonal eigenvectors, of we rescale them in such a way that ||v|| = 1, then we
have n orthonormal eigenvectors, i.e. for two eigenvectors v; and mathbfv; we have

. [ 1 =
Vz“’ﬂ_‘s”_{o if it

o the orthonormal eigenvectors can be collected in the column of a squared orthogonal matrix
Q, also the rows of Q are orthonormal,

e the matrix of eigenvectors Q is such that
QTAQ =L = diag(\1, ..., \n),
where \; are the eigenvalues of A,
e determinant and trace
n n
det A = H i, traceA = Z i

i=1 i=1
e the rank of a squared symmetric matrix is the number of non-zero eigenvalues,
e the matrix A2 = A A has eigenvalues /\Z2 but has the same eigenvectors,
e if A is non-singular A~! has eigenvalues )\;1 but has the same eigenvectors,
e if A isidempotent, then A\; = 0 or 1 and rankA = traceA,
e if A is positive definite, then A\; > 0 for any ¢, indeed QTAQ = L, thus, for any i,

N =vIAv; >0,

since A is positive definite.

Derivatives

1. Gradient Vy: the vector of first derivatives of a scalar function with respect to the vector
of variables.

Define a function f : R® — R, and a vector x € R", then
ﬁ(x)

o0z

vxf(x) =

o :(X)

Oy,
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Example: the derivative of the scalar product:

a(xT
] 26 Y) (x) ui
Vx(x'y) = : = : |=vy
XT
8(8%)’) (x) Yn

and analogously Vy (xTy) = x.
Example: the derivative of the quadratic form:

Vi(xTAx) = (A + AT)x.

. Jacobian J: the matrix of first derivatives of a vector valued function with respect to the
vector of variables.

Define a function f : R™ — R™, and a vector x € R", then

) )
Jxf(x) = .
Un(x) ... 9=(x)

Example: given a matrix B of dimension m x n
Jx(Bx) = B,
matrices are linear vector valued functions.

. Hessian H,: the matrix of second derivatives of a scalar function with respect to the vector
of variables.

Define a function f : R” — R, and a vector x € R", then

0T (%) ... god—(x)

Ox10x1 X O0x10xn X
Hyf(x) = : . :
82 62
anafxl (X) T 81:71&{1’” (X)

Example: second derivative of the quadratic form

H,(xTAx) = A + AT,

. the maximum x( of a scalar function f is such that
Vxf(x0) =0, vIH, f(x)v <0, Vv € R,
the minimum x of a scalar function f is such that

Vxf(xg) =0, vTHXf(Xo)v >0, VveR™
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