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1 Introduction
The main idea underlying factor analysis is that a large set of variables can be explained
by a small number of latent variables, the factors, which are responsible for all the relevant
dynamics. Karl Pearson and Charles Spearman in the 1930s were the first to use this tech-
nique when studying the dimension of human intelligence, thus the first developments were
obtained in the field of psychometry. In a factor model each observed variable is decomposed
into two components: a common one that contains the information carried by the factors,
and an idiosyncratic one which is simply the residual of the decomposition. Furthermore, the
relation between the common part of the observable series and the factors is assumed to be
linear. This decomposition is accomplished by analysing the covariance matrix of the observ-
able variables. If these are all driven by a common set of factors, then such a structure should
be recognizable in the observable relations among observable variables, which are best sum-
marized by the covariance matrix. Usually the largest few eigenvalues of the matrix contain
all the essential information. Factor analysis is therefore a technique of dimension reduction
that takes the information contained in a large dataset and summarizes it by means of few
unobservable common variables.

Geometrically we can think of T observations for n observable variables, where T for us
is always a time dimension, but in general it can simply indicate different (cross) observations
for each variable. At each point in time the observed variables are represented by a vector in
an n-dimensional space. In factor analysis we look for the q directions, in the n-dimensional
space, along which the observable variables have maximum variance, computed across the T
observations. Such directions are mutually orthogonal and q is smaller than n. At each point
in time, we project the n-dimensional vector of observable variables along such directions,
thus obtaining the q common factors: one for each direction. The common component is the
projection of the data on the q-dimensional subspace generated by the factors. We obtain it
by simply taking a linear combination of the factors, with weights depending on the covari-
ance between the observed series and the factors themselves. We move in this way from an
n-dimensional space to a q-dimensional subspace, thus reducing the dimension of the problem.
The similarity with principal components analysis is clear, and actually the difference is sub-
tle and it often disappears.1 While principal components are just a descriptive tool used for
explaining the variance, factor models are used to explain the covariances among observed
variables. There is a causal relation between the factor and the observable data, which is con-
tained in the covariance matrix, and it implies some particular assumptions to be made on the
orthogonality of factors and idiosyncratic parts. Concerning the latter ones, we assume here
that some mild cross-correlation is present. This class of factor models is called approximate
or generalized. In this dissertation we always deal with time series, therefore we can study
the dynamics of the observed processes. We assume that the effect of the factors on observed
series can be leading, lagging or contemporaneous. In this sense the models we consider are
called dynamic.

We consider the so called Generalized Dynamic Factor Model (GDFM) presented in the pa-
pers by Forni and Lippi (2001), and Forni, Hallin, Lippi and Reichlin (2000, 2004 and 2005).
Other factor models were already introduced in the literature. In particular, Chamberlain and
Rothschild (1983) and Chamberlain (1983) consider an approximate factor model but static,

1For an introduction on principal components and factor analysis see Peña (2002).
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while Sargent and Sims (1977) and Geweke (1977) consider a dynamic factor model but with
orthogonal idiosyncratic components (i.e. an exact factor model). The closest model to the
GDFM is the approximate dynamic factor model by Stock and Watson (2002a and 2002b),
and Bai (2003). They however estimate the model in a purely static way without explicitly
considering the underlying dynamics of the common factors.

2 Definitions and preliminary assumptions
For every complex matrix or vector x we denote with x† the complex conjugate of its transposed
and with x′ the transposed. With Θ we denote the real interval [−π, π]. Let then P =
(Ω ,F , P ) be a probability space and let L2(P, C) be the linear space of all complex-valued,
zero-mean, square-integrable random variables defined on Ω . This space is a Hilbert space
with the inner product defined as 〈x,y〉 = E[xy†] = cov(x,y), and the norm defined as
||x||2 = E[xx†] = var(x). We always deal with an infinite double sequence

x = {xit, i ∈ N, t ∈ Z} ,

where xit ∈ L2(P, C). With xnt we denote the n-dimensional column vector (x1t . . . xnt)
′.

Assumption 1 For any n ∈ N

1. the process xnt is covariance stationary, i.e. E[xntx
†
nt−k] = Γx

nk;

2. xnt has a spectral density Σx
n, which is Hermitian, nonnegative definite for any θ ∈ Θ,

measurable and

Σx
n(θ) =

+∞∑
k=−∞

e−ikθΓx
nk or Γx

nk =
1

2π

∫ π

−π

eikθΣx
n(θ)dθ .

With Σx we denote the spectral density of the infinite sequence xt. In what follows Assump-
tion 1 always holds. The i-th largest eigenvalue of Σx

n(θ), which we call dynamic eigenvalue,
is denoted as λx

ni and it is a real valued function defined on Θ. It is a nondecreasing function
of n for any θ. Moreover, for any i and θ we have that limn→∞ λx

ni(θ) = λx
i (θ), which is the

i-th largest eigenvalue of Σx(θ).

We define the Hilbert space L∞
2 (Θ, C,Σx) as the space of complex-valued infinite dimensional

functions f such that their components fi are measurable on Θ and

lim
n→∞

1

2π

∫ π

−π

f (n)Σx(θ)f (n)†dθ =
1

2π

∫ π

−π

f Σx(θ)f †dθ = ||f ||2Σx < ∞ .

Analogously, we define L∞
2 (Θ, C) where now we replace Σx with the infinite dimensional iden-

tity matrix, and Ln
2 (Θ, C,Σx) and Ln

2 (Θ, C) where we replace infinite dimensional vectors and
matrices with n-dimensional ones.

If we introduce the isomorphism Ξ : span(x) → L∞
2 (Θ, C,Σx), this operator assures that

every process belonging to span(x) and costationary with x has a spectral density. For every
function f ∈ L∞

2 (Θ, C,Σx) we then define the filtered process

f(L)xt = Ξ−1(feit·) ,
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which has as spectral density f Σxf †, and where L is the lag operator such that Lxt = xt−1.

Finally, we add four definitions.

Definition 1 (Dynamic Averaging Sequence DAS) {an, n ∈ N} such that an ∈ L∞
2 (Θ, C)∩

L∞
2 (Θ, C,Σx), is a DAS if

lim
n→∞

1

2π

∫ π

−π

an(θ)a†
n(θ)dθ = 0 ,

i.e. the L2-norm of the sequence vanishes as n goes to infinity.

Definition 2 (Aggregate) Let yt ∈ span(x). We say that yt is an aggregate if there exists
a DAS {an, n ∈ N} such that

lim
n→∞

an(L)xt = yt .

The set of all aggregates is denoted as G(x) and it is a closed subspace of span(x).2

Definition 3 (Canonical Decomposition) The canonical decomposition of x is, for any
i ∈ N and t ∈ Z,

xit = Proj(xit|G(x)) + δit .

Definition 4 (Idiosyncratic process) We say that x is idiosyncratic if

lim
n→∞

an(L)xt = 0 ,

for any DAS {an, n ∈ N}. In this case we have that G(x) = {0} and xit = δit.

3 On the existence of the Dynamic Factor representation
Given the previous definitions and Assumption 1, Forni and Lippi (2001) state the conditions
in population under which the Generalized Dynamic Factor structure exists. We review briefly
their results in order to summarize the theoretical foundations that lie beyond the study of
dynamic factor models.

The first theorem concerns idiosyncratic processes as defined in definition 4.

Theorem 1 The following two statements are equivalent:

1. x is idiosyncratic;

2. λx
1 is essentially bounded, i.e. there exists a real constant c such that |λx

1(θ)| < c almost
everywhere in Θ.

We then define the Generalized Dynamic Factor Model representation for a process x ∈
L2(P, C) for which Assumption 1 holds.

2As an example consider the series

dn =
1
n

(1 . . . 1 0 . . .)

which is a DAS that produces arithmetic averages. Notice that dynamic averaging of x is averaging simulta-
neously both in the cross section and in the time dimension.
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Definition 5 (Generalized Dynamic Factor Model - Definition) Let q be a nonnega-
tive integer. The process x is a q-dynamic factor sequence (q-DFS) if L2(P, C) contains an
orthonormal q-dimensional white noise vector process

u = {ujt, j = 1, . . . , q, t ∈ Z}

and a double sequence
ξ = {ξit, i ∈ N, t ∈ Z} ,

fulfilling Assumption 1, such that:

1. we have a new double sequence

χ = {χit, i ∈ N, t ∈ Z} ,

defined as
xt = χt + ξt

χt = b1(L)u1t + . . . + bq(L)uqt = B(L)ut

(1)

where B(L) = (b1(L) . . .bq(L)). These filters are such that each entry bij ∈ L2(Θ, C)
for any i ∈ N and j = 1, . . . , q;

2. for any i ∈ N, j = 1, . . . , q, k ∈ Z, we have ξit ⊥ ujt−k, i.e. E[ξitu
†
jt−k] = 0;

3. λξ
1 is essentially bounded, i.e. ξ is idiosyncratic;

4. λχ
q (θ) = ∞ a.e. in Θ.

The processes χ and ξ are called respectively common and idiosyncratic component, while u
is the vector of dynamic factors or common shocks.

The three theorems that follow state the conditions under which a q-DFS exists. The proofs
of the theorems are not always trivial and are given in Forni and Lippi (2001). The first one
is the fundamental theorem for the existence dynamic factor models.

Theorem 2 The process x is a q-DFS if and only if

1. λx
q+1 is essentially bounded;

2. λx
q (θ) = ∞ a.e. in Θ.

Theorem 3 If x is a q-DFS and representation (1) holds then

span(χ) = span(u) = G(x) and χit = Proj(xit|G(x)) .

Thus, given definitions 5.2 and 5.3,

χit = Proj(χit|G(x)) .

Theorem 4 If x is a q-DFS and representation (1) holds then q, χ, ξ are uniquely determined.
However, u and B(L) are not unique, indeed it is always possible to write χt = D(L)wt with
wt = Ω(L)ut and D = BΩ†, provided that Ω†Ω = Iq, and Ω ∈ Lq×q

2 (Θ, C).

4



4 Identification of the model
Given the previous definition of the Generalized Dynamic Factor Model, we can state the
assumptions that are needed for (1) to hold. Following Forni et al. (2000) we require four
assumptions. Hereafter we consider the Hilbert space L2(Ω ,F , P, R) of all real-valued, zero-
mean, square-integrable random variables defined on Ω . We still suppose that Assumption 1
holds.

Assumption 2 (Generalized Dynamic Factor Model - Assumptions) Given the dou-
ble sequence

x = {xit ∈ L2(Ω,F , P, R), i ∈ N, t ∈ Z} ,

and representation (1)
xt = χt + ξt = B(L)ut ,

we suppose that the following assumptions hold.

1. (a) The q-dimensional process u = {ujt, j = 1, . . . , q, t ∈ Z} is orthonormal white noise.
That is E[ujt] = 0, E[ujtu

′
jt] = 1 and ujt ⊥ uht−k, for any j, h = 1, . . . , q and k ∈ Z.

(b) The idiosyncratic component ξ = {ξit, i ∈ N, t ∈ Z} is a double sequence such that
ξn is a zero-mean stationary process for any n ∈ N, and ξit ⊥ ujt−k for any i ∈ N,
j = 1, . . . , q, k ∈ Z, i.e. E[ξitu

′
jt−k] = 0.

(c) The entries of the matrix B(L) are one-sided filters bij(L), with square-summable
coefficients, for any i ∈ N and j = 1, . . . , q.

2. For any i ∈ N, there exists a real ci > 0 such that the entries of the spectral density of
Σx

n are bounded, i.e. σii(θ) ≤ ci for any θ ∈ Θ. This implies also that the entries σij(θ)
are bounded in modulus.

3. The first idiosyncratic dynamic eigenvalue λξ
n1 is uniformly bounded, i.e. there exists a

real c > 0 such that |λξ
n1(θ)| ≤ c for any θ ∈ Θ, and any n ∈ N.

4. The first q common dynamic eigenvalues diverge almost everywhere in Θ, i.e.

lim
n→∞

λχ
nj(θ) = ∞ for j = 1, . . . , q a.e. in Θ .

Assumption 2.3 is clearly satisfied for processes that are mutually orthogonal at any lead
and lag and have uniformly bounded spectral densities, but it is more general since it allows
for a limited amount of dynamic cross-correlation. Assumption 2.4 implies that each dynamic
factor is present in infinitely many cross-sectional units, with nondecreasing importance, while
Assumption 2.3 implies that idiosyncratic shocks, although possibly shared by many different
units, have their effects concentrated on a finite number of them and tending to zero as the
number of units tends to infinity. Theorem 2 is the fundamental result in the theory of the
Generalized Dynamic Factor Model, it transforms statements on the common and idiosyncratic
dynamic eigenvalues which are unobservable, into statements on the dynamic eigenvalues of
xnt, which is observable. Under Assumption 2 the common and idiosyncratic components are
identified, as stated in theorem 4, and can be consistently estimated. However, nothing can
be said on the identification of the common shocks for which economic meaningful restrictions
should be imposed. In this respect the assumption of one-sided filters is necessary only when
we want to identify the factors, while it can be safely dropped in all other cases.
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5 The two-sided estimator
We now move to the estimation of the common component. From theorem 3 we have that
χt ∈ G(x), therefore the common component is an aggregate of x. Moreover, this means that
there exist a sequence of integers sn and a sequence {an, n ∈ N} such that an ∈ Lsn

2 (Θ, C) ∩
Lsn

2 (Θ, C,Σx) such that
lim

n→∞
an(L)xsnt = χt .

Given the representation (1) for which ξ is an idiosyncratic process, we look for a DAS such
that

lim
n→∞

an(L)χsnt = χt ,

(2)
lim

n→∞
an(L)ξsnt = 0 .

Thus, assuming sn = n, we are just looking for a dynamic average of xnt (or filters) such that,
as n goes to infinity, the idiosyncratic part is wiped out, while the dynamic factors are present
with nondecreasing importance through the common component. Forni et al. (2000) prove
that the q largest dynamic principal components span the same space as the one spanned by
the first q dynamic factors. Therefore, given theorem 3, the common component is estimated
as the projection of xnt on all leads and lags of its q largest dynamic principal components.

We briefly review this estimation method. Forni et al. (2000) propose an estimator of χt

when starting from a finite process xT
n = {xit, i = 1, . . . , n, t = 1, . . . , T}. Consistency for such

an estimator is proved in two steps. Firstly, it is proved that the estimated common compo-
nent χnt converges to χt in mean square as n goes to infinity. Secondly, it is proved that the
finite sample counterpart, χT

nt, of the previously estimated common component, is a consistent
estimator of χnt for any n, as T goes to infinity. Combining the two results gives consistency
of the proposed estimator. Here we are not interested in building finite sample estimators
of the common component, therefore we assume that t ∈ Z and we consider later the case
of samples with finite time dimension, for which we need consistent sample estimators of the
covariance and spectral density matrices.

Given the spectral density Σx
n of xnt there exist n vectors of complex valued functions px

ni ∈
Ln

2 (Θ, C) ∩ Ln
2 (Θ, C,Σx), for i = 1, . . . , n, such that

1. they are eigenvectors of Σx
n(θ), corresponding to the dynamic eigenvalues in decreasing

order, i.e.
px

ni(θ)Σ
x
n(θ) = λx

ni(θ)p
x
ni(θ) for any θ ∈ Θ ,

and as usual λx
ni+1(θ) > λx

ni(θ) for any θ ∈ Θ;

2. they have unitary length, i.e. |px
ni(θ)|2 = 1 for any θ ∈ Θ;

3. they are orthogonal, i.e. px
ni(θ)p

x†
nj(θ) = 0 for any i �= j and any θ ∈ Θ.

Such vectors are the dynamic eigenvectors associated with xnt. They can be expanded in
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Fourier series and the corresponding linear filter can be built:

px
ni(θ) =

1

2π

+∞∑
k=−∞

[∫ π

−π

px
ni(θ)e

ikθdθ

]
e−ikθ ,

px

ni
(L) =

1

2π

+∞∑
k=−∞

[∫ π

−π

px
ni(θ)e

ikθdθ

]
Lk .

For i = 1, . . . , n, the scalar process {px
ni

(L)xnt, t ∈ Z} is the i-th dynamic principal component.
Notice that, given property 3 of the dynamic eigenvectors, the dynamic principal components
are orthogonal. Since px

ni ∈ Ln
2 (Θ, C), the dynamic eigenvectors are an orthonormal system of

eigenvectors for the n-dimensional identity. Therefore

xnt =

n∑
i=1

px†
ni

(L)px

ni
(L)xnt .

As said above, the common component χnt is simply the projection of xnt on the space spanned
by the q-largest dynamic principal components, thus

χnt =

q∑
i=1

px†
ni

(L)px

ni
(L)xnt = Kn(L)xnt . (3)

Forni et al. (2000) prove that this linear combination of the q largest dynamic principal com-
ponents is the DAS that we are looking for, therefore

lim
n→∞

Kn(L)xnt = χt .

The proof is not trivial and we limit ourselves to a simple example. Consider the one-factor
process xt = ut + ξt, with white noise orthonormal idiosyncratic parts. The first dynamic
eigenvector of the finite process xnt is px

n1
(L) = (1/

√
n . . . 1/

√
n), so that the i-th row of the

common component is estimated as

χn,it = Kni(L)xnt = (1/n . . . 1/n)xnt = ut +
1

n

n∑
j=1

ξjt .

The DAS in this case is simply the arithmetic mean of xnt. In this case it is clear that as
n goes to infinity only the first term survives and it is the common component, while the
idiosyncratic part disappears as required.

6 The static representation and the one-sided estimator
The previous estimator is built using leads and lags of the dynamic principal components.
The trouble with such an estimator is that the filters used in (3) are two-sided. Although
this leaves unaffected the estimate of the central part of the sample, the performance of the
estimator deteriorates as we approach the end of the sample. Thus, the presence of two-sided
filters makes this method not suitable for prediction. Stock and Watson (2002a) propose an
estimation method based on principal components of contemporaneous values of xnt, which
we call static principal components, that can also be used for forecasting. Forni et al. (2005)
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(hereafter FHLR) combine the advantages of the methods by Forni et al. (2000) and Stock
and Watson (2002a) and propose a two-steps one-sided estimator.
In the first the dynamic method by Forni et al. (2000) is used to obtain estimates of the
covariance matrices of the common and idiosyncratic components. In the second step these
covariances are used to produce:

1. a new estimation of the factor space as the space spanned by the generalized princi-
pal components, which are linear combinations of contemporaneous values of χnt with
minimum idiosyncratic to common variance ratio;

2. a new estimation of the common component as the projection of χnt itself on the factor
space, and a prediction of the common component based on its lagged covariance matrix.

Once again consistency is proved for n and t going to infinity. As the cross-size diverges,
the idiosyncratic component cancels out, and the true common component is recovered. The
same consistency result holds also for the estimator by Stock and Watson. However, their
approach differs from the one by FHLR in that they do not have the first step, and just
use static principal components in the second step. Stock and Watson therefore do not take
into account the effective dynamics that lies beyond the data and do not minimize the error
associated with the idiosyncratic part.

Static Principal Components

In order to appreciate the differences between the two approaches, we first consider the esti-
mator by Stock and Watson and then we review the two-steps one-sided estimator by FHLR.
Both methods require the static representation of the GDFM (1). We define the dynamic
loadings as the matrix B(L), whose generic entry is the linear filter bij(L). We assume that
these filters have a maximum lag s ≥ 0 for any i ∈ N and any j = 1, . . . , q. If we define the
static factors as Ft = (u′

t . . .u
′
t−s)

′ and the loadings as Λ = (B0 . . .Bs), we have the equivalent
static representation

xt = ΛFt + ξt . (4)

The common component is now a linear combination of the contemporaneous values of r static
factors, where r = q(s + 1). In the model by Stock and Watson equation (4) is given without
any assumption on any underlying dynamic factor. Here instead we assume (1) and therefore
we require that the spectral density of Ft has reduced rank q ≤ r, thus we keep explicitly into
consideration the dynamic nature of our model. When dealing with the static representation
of the GDFM we have a result on the eigenvalues that is the analogous of assumptions 2.3
and 2.4.

Lemma 1 Denote with μχ
nj and μξ

nj the j-th largest eigenvalue of Γχ
n0 and Γξ

n0 respectively.
Under assumptions 1 and 2 the following hold:

1. the first r common eigenvalues diverge

lim
n→∞

μχ
nj = ∞ for 1 ≤ j ≤ r

2. the largest idiosyncratic eigenvalue μξ
n1 is bounded for n going to infinity.

8



Stock and Watson estimate the static factors as the r largest static principal components of
the finite process xnt. The first principal component is the linear combination of the observed
variables that has maximum variance. It is defined as the vector gn1t = sn1xnt. The 1×n row
vector sn1 contains weights of the linear combination. Given that data are always zero-mean,
the variance of the first principal component is

E[gn1tg
′
n1t] = E[sn1xntx

′
nts

′
n1] = sn1Γ

x
n0s

′
n1 .

We can in principle increase the variance without limit unless we impose the normalization
constraint sn1s

′
n1 = 1. The Lagrangian of the constrained maximization problem is

L = sn1Γ
x
n0s

′
n1 − μn(sn1s

′
n1 − 1) .

The first order conditions are

∂L
∂sn1

= 2sn1Γ
x
n0 − 2μnsn1 = 0 ,

which have as a solution
sn1Γ

x
n0 = μnsn1 .

Thus sn1 is an eigenvector of the covariance matrix of observed data, and μn the corresponding
eigenvalue. If we multiply on the right by s′n1

sn1Γ
x
n0s

′
n1 = μnsn1s

′
n1 ,

and to maximize the variance of the first principal component we must take μn as the largest
eigenvalue of Γx

n0.
When we introduce the second principal component we require the variance of the sum of the
two to be maximum. The Lagrangian is

L = sn1Γ
x
n0s

′
n1 + sn2Γ

x
n0s

′
n2 − μn1(sn1s

′
n1 − 1) − μn2(sn2s

′
n2 − 1) .

From first order conditions and given the normalization constraint in its maximum the La-
grangian has value μn1 + μn2. This value is maximized if we take the two largest eigenvalues
of the covariance matrix of observed data. The second principal component is orthogonal to
the first, indeed

gn1tg
′
n2t = sn1Γ

x
n0s

′
n2 = μn1sn1s

′
n2 = 0 ,

because eigenvectors are by definition orthogonal. By iterating this procedure r times we get
all the required principal components. Computing the eigenvectors of the covariance of xnt is
equivalent to solve a maximization problem. We look for r uncorrelated linear combinations
gnjt = snjxnt, such that the weights are orthonormal row vectors.
These are the eigenvectors of the covariance matrix or, alternatively, they can be defined as

snj = arg max
y∈Rn

yΓx
n0y

′

s.t. yy′ = 1

and ys′ni = 0 for 1 ≤ i < j ,

for j = 1, . . . , r. As we proved above for r = 2, the solutions of this maximization problem
are the eigenvectors corresponding to the r largest eigenvalues of Γx

n0. We define the vector
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of principal components as Gnt = (gn1t . . .gnrt)
′. The space they span is identified and it

is the same space as the one spanned by the static factors Ft, although these latter are not
identified. Indeed, Ft = ΩGnt for some orthogonal transformation Ω.

According to theorem 3 we should define the static principal components as Snχnt so that they
identify a basis for span(χ). However, given that we do not have an estimate of the covariance
matrix of the common component we cannot apply theorem 3. It can be proved that Gnt,
as defined above, is a consistent estimate for a basis of span(χ) as n and T diverge (see Bai
(2003)). Thus, in this case, the estimated common component is given by the projection of
xnt on the space spanned by the static principal components. Since xnt = ΛnGnt + ξnt then,
by multiplying on the right by G′

nt, and remembering that the idiosyncratic part is orthogonal
to the factors, the loadings are Λn = E[xntG

′
nt]E[GntG

′
nt]

−1. They are the regression coeffi-
cients when we want to explain the observed variables with unobserved factors. Thus, since
Gnt = Snxnt

χnt = Γx
n0S

′
n(SnΓ

x
n0S

′
n)−1Snxnt , (5)

where we collect the weights into the r × n matrix Sn = (sn1 . . . snr)
′. Consistency of the

estimator (5) as n goes to infinity can be proved (see Bai (2003)), while in the next section
we consider the result for samples of finite size T .

Finally, define Θn as the diagonal matrix containing the r largest eigenvalues of the covariance
of xnt. Then SnΓ

x
n0 = ΘnSn, from (5) we have the normalization of the loadings

Λ′
nΛn = Θ−1

n SnΓ
x
n0Γ

x
n0S

′
nΘ

−1
n = Θ−1

n ΘnSnS
′
nΘnΘ

−1
n = Ir ,

where we use the normalization of the eigenvectors SnS
′
n = Ir. From this relation Λn = S′

n,
and, with reference to (2), we have the trivial result

lim
n→∞

[S′
nSn]xnt = lim

n→∞
χnt = χt .

The one-sided two-step estimator

The method proposed by FHLR has two steps. In the first step the spectral density of xnt is
estimated and then the q largest dynamic eigenvalues and corresponding eigenvectors are used
to build the estimator for the spectral density of the common components. With the notation
of the previous section

Σχ
n(θ) =

q∑
j=1

px†
nj(θ)λ

x
nj(θ)p

x
nj(θ) .

The contemporaneous and lagged covariance matrices of the common component are obtained
by using the inverse Fourier transform

Γχ
nk =

1

2π

∫ π

−π

eikθΣχ
n(θ)dθ ,

and Γξ
nk = Γx

nk − Γχ
nk.

In the second step these matrices are used to build the generalized principal components.
Since now we have an estimate for the covariance of the common component we can apply
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theorem 3. As a basis for span(χ), we take r uncorrelated linear combinations such that the
weights solve the maximization problem

znj = arg max
y∈Rn

yΓχ
n0y

′

s.t. yΓξ
n0y

′ = 1

and yΓξ
n0z

′
ni = 0 for 1 ≤ i < j ,

for j = 1, . . . , r. The idea is that the information contained in the covariance matrices es-
timated in the previous step can be used to determine linear combinations which are more
efficient than standard principal components. It is possible to prove that the weights that solve
the problem are the orthonormal eigenvectors corresponding to the r largest eigenvalues of
Γχ

n0(Γ
ξ
n0)

−1. We define the generalized principal components as Znχnt = (zn1χnt . . . znrχnt)
′.

As before they identify the factor space although the factors are not identified. We can apply
theorem 3 and thus we define the common component as the projection of itself on the fac-
tor space. Hence χnt = ΛnZnχnt and the loadings are Λn = E[χntχ

′
ntZ

′
n]E[Znχntχ

′
ntZ

′
n]−1.

Therefore the common component is estimated as

χnt = Γχ
n0Z

′
n(ZnΓ

χ
n0Z

′
n)−1Znxnt . (6)

Notice, however, that in this estimator we cannot use the generalized principal components,
as 3 would require, because we would need a preliminary estimate of the common part. There-
fore we substitute them with their consistent estimate Znxnt. The consistency of (6) for n
diverging is proved by Forni et al. (2005), while in the next section we consider the result for
samples of finite size T .

By analogy with the case of static principal components, we can prove that Λn = (Γξ
n0)

−1/2Z′
n.

Therefore with reference to (2),

lim
n→∞

[
(Γξ

n0)
−1/2Z′

nZn

]
χnt = χt .

7 Consistent sample estimators and forecasting
In practice we always deal with finite samples xT

n = {xit, i = 1, . . . , n, t = 1, . . . , T}, therefore,
in order to apply the previous estimation methods, we need consistent sample estimators for
the covariance and spectral density matrices. Once these estimators are given, we have con-
sistency of the estimators of the common component also for T going to infinity. Moreover we
can define out-of-sample estimators of the common component, which are needed for predic-
tion.

First of all we need to replace assumption 2.2 with a stronger assumption.

Assumption 3 The vector xnt admits a Wold representation

xnt =
∞∑

k=0

Ckvt−k for any n ∈ N ,

11



where the full-rank n-dimensional innovations have finite moments of order 4 and the (i, j)-th
entry of the matrices Ck satisfies

∞∑
k=0

|Cij,k|k1/2 < ∞ for any i, j ∈ N .

The sample covariance matrix for the process xT
nt is the usual one:3

Γ̂x
k =

1

T − k

T∑
t=k+1

xT
ntx

T ′
nt−k .

We then replace the population spectral density Σx
n by its empirical counterpart by using the

periodogram smoothing estimator

Σ̂x(θ) =

MT∑
k=−MT

wkΓ̂
x
ke

−ikθ ; (7)

where the weights of the smoothing window are wk = 1− |k|
MT +1

and the window size is usually
MT � √

T . We can use these estimators of the covariance and spectral density matrices to
obtain a sample estimator of the common component, by applying the methods outlined in
the previous section. Consistency of the estimator χ̂t for n and T going to infinity is proved
by Forni et al. (2000), in the case of dynamic principal components, and by Forni et al. (2005),
when using generalized principal components.

Theorem 5 (Consistency) Assume that assumptions 1, 2, and 3 are satisfied. Then, for
any ε > 0 and η > 0, there exists N0 = N0(ε, η) with N0 > i, and T0 = T0(n, ε, η) such that

Prob [|χ̂it − χit| > ε] ≤ η ,

for any n ≥ N0 and any t ≥ T0.4

Finally, given these results, we have that the estimate of the h-steps-ahead forecasted common
component is

χ̂T+h|T = Γ̂χ
hẐ

′(ẐΓ̂χ
0 Ẑ

′)−1ẐxT
nt ,

χ̂T+h|T = Γ̂x
hŜ

′(ŜΓ̂x
0 Ŝ

′)−1ŜxT
nt ,

for the generalized or static principal components method respectively. Proof of the conver-
gence in probability of χ̂T+h|T to the best linear forecast is given in Forni et al. (2005).

8 On the number of dynamic and static factors
Up to now we always made the hypothesis that the number of static and dynamic factors is
smaller than the cross dimension of the dataset considered. However nothing is said on how

3Hereafter withˆwe indicate sample estimators when dealing with the finite-time process xT
n .

4In the case of the two-sided estimator by Forni et al. (2000) this result holds only for the central part of
the observed series.
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to determine these numbers. Concerning the number of dynamic factors we review here the
criterion by Hallin and Liška (2007), while for the number of static factors we present our
refinement of the criterion by Bai and Ng (2002) as presented in Alessi et al. (2007b).

As usual, we first consider the population results for an n-dimensional vector process xnt,
and then we consider the case for finite t. Given a GDFM with assumptions 2 holding, Hallin
and Liška propose an information criterion aimed at minimizing the residual variance of the
idiosyncratic components. In particular given k dynamic factors, the idiosyncratic component
has variance

1

n
E

[
n∑

i=1

(xit − χn,it)
2

]
=

1

n

n∑
j=k+1

∫ π

−π

λx
nj(θ)dθ .

where λx
nj is the j-th largest eigenvalue of the spectral density matrix Σx

n, which, for the
moment, is supposed to be known. Therefore, denoting by qmax some predefined upper bound
and by p(n) some adequate penalty, they propose to select the number of factors as

q̂n = argmin
0≤k≤qmax

IC0,n(k) ,

(8)

IC0,n(k) =
1

n

n∑
j=k+1

∫ π

−π

λx
nj(θ)dθ + kp(n) .

This criterion is nothing else but testing the validity of assumption 2.3, indeed it requires the
contribution of the eigenvalues to be small, when k > q̂n. The penalty function for n going
to infinity should be not too large or we underestimate the true number of factors q, but it
should be large enough to avoid overestimation. In order to impose consistency conditions on
p(n) we need an assumption on the rate of divergence of the smallest diverging eigenvalue.
What we require is that the q-th eigenvalue of Σx

n diverges at least linearly in n. Given this
assumption the following lemma holds.

Lemma 2 Let q̂n be as defined in (8), and the penalty function be such that

lim
n→∞

p(n) = 0 and lim
n→∞

np(n) = ∞ .

Then, under the assumptions of GDFM,

lim
n→∞

q̂n = q .

Of course for any positive constant c a penalty function cp(n) leads always to a consistent
estimate of q. Although such a constant has no effect asymptotically, it can affect the actual
result when n is finite.
When we deal with finite samples of size T , we replace the spectral density matrix with its
estimator Σ̂x (see (7)) with window size MT . The penalty function depends also on T and
the two associated information criteria proposed are

ICT
1,n(k) =

1

n

n∑
j=k+1

1

2MT + 1

MT∑
h=−MT

λTx
nj (θh) + kp(n, T ) ,

ICT
2,n(k) = log

[
1

n

n∑
j=k+1

1

2MT + 1

MT∑
h=−MT

λTx
nj (θh)

]
+ kp(n, T ) ,
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for 0 ≤ k ≤ qmax and θh = πh/(MT + 1/2). Depending on the criterion adopted the estimated
number of factors is then

q̂T
n = argmin

0≤k≤qmax

ICT
a,n(k) for a = 1, 2 .

In practice, given the simulation results provided by Hallin and Liška, we always use the
criterion in its logarithmic form ICT

2,n. Consistency of this criterion is proved in Hallin and
Liška (2007), provided that the penalty function satisfies

lim
n→∞
T→∞

p(n, T ) = 0 and lim
n→∞
T→∞

min(n, M2
T , M

−1/2
T T 1/2)p(n, T ) = ∞ .

Once again, notice that if p(n, T ) is an appropriate penalty function, then cp(n, T ) is ap-
propriate as well for any positive constant c. This degree of freedom can be exploited when
implementing the criterion in practice. The only information we have about the asymptotic
behaviour of q̂T

c,n is given when considering subsamples of sizes nj ≤ n and Tj ≤ T with
j = 1, . . . , J . For each value of c we compute the number of factors q

Tj
c,nj for all possible

subsamples, we obtain J possible numbers with a variability given by

S2
c =

1

J

J∑
j=1

[
qTj
c,nj

− 1

J

J∑
j=1

qTj
c,nj

]2

.

When c = 0 we always get q̂T
c,n = qmax and Sc = 0, when c increases we find stability intervals

but also values of c with high variability. As c increases we increase penalization. In order
to tune c, we look for intervals of c for which no dependence on sample size is present, i.e.
Sc = 0 and a constant number of factors is obtained for nj = n and Tj = T , this number is
the estimated number of dynamic factors q̂T

c,n. In figure 8, we look for the first plateau of the
red line (representing the number of factors) corresponding to a stability interval (blue line
equal to zero). Of course, the value qmax is never considered as it is a boundary solution.

Bai and Ng (2002) propose an analogous information criterion to determine the number of
static factors. They assume the static factor model (4) with r factors for an n-dimensional
vector process of finite time length T . Common factors F̂

(k)
t and their loadings Λ̂(k) are esti-

mated using static principal components . We use the superscript k when we choose k factors.
The variance of the idiosyncratic part, conveniently penalized, is computed as a function of k

PCT
1,n(k) =

1

nT

T∑
t=1

n∑
i=1

(xit − Λ̂
(k)
i F̂

(k)
t )2 + kp(n, T ) ,

PCT
2,n(k) = log

[
1

nT

T∑
t=1

n∑
i=1

(xit − Λ̂
(k)
i F̂

(k)
t )2

]
+ kp(n, T ) .

Depending on the chosen criterion, the estimated number of factors is

r̂T
n = argmin

0≤k≤rmax

PCT
a,n(k) for a = 1, 2 .

Consistency, is proven in Bai and Ng (2002), provided that

lim
n→∞
T→∞

p(n, T ) = 0 and lim
n→∞
T→∞

p(n, T )[min(
√

n,
√

T )]2 = ∞ .
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Figure 1: Estimated number of dynamic factors using the ICT
2,n criterion with penalty

p(n, T ) = min(n, M2
T , M

−1/2
T T 1/2)−1 log(min(n, M2

T , M
−1/2
T T 1/2)). Red line: q̂T

c,n. Blue line:
Sc. We look for a plateau in the red line corresponding to a zero level blue line, therefore in
this case q̂T

c,n = 1. Here qmax = 20, MT =
√

T , n = 81, and T = 80. Data are firm sales of the
US chemicals sector (source: US Compustat).

However, in all empirical applications both criteria proposed by Bai and Ng turn out to heavily
depend on the choice of rmax (e.g. see Forni et al. (2007)). The PC1 depends explicitly on it
while the PC2 depends on it only when implementing it in practice. For this reason we always
consider the latter criterion. By analogy with the criterion by Hallin and Liška, we propose
to multiply the penalty function by a positive constant c. This constant does not modify
the asymptotic behaviour of the criterion but it can be used to tune the penalizing power of
p(n, T ). Once we introduce c, the procedure to select the number of static factors is exactly
the same as the one used for the number of dynamic factors. For each value of c, we consider
J subsamples of the dataset and we compute r̂

Tj
c,nj and the variability in the number of factors

Sc for j = 1, . . . , J . The number of static factors is given by a plateau in the function r̂T
c,n

corresponding to the stability interval Sc = 0. In figure 8, taken from a simulated sample
in Alessi et al. (2007b), we look for the first plateau of the red line (representing the number
of factors) corresponding to a stability interval (blue line equal to zero). As before, the value
rmax is never considered as it is a boundary solution.

9 Comparing the static and dynamic representations
The equivalence between the dynamic and static representations of factor models is crucial
in all what follows. Therefore, we explain in detail how the two are linked. There are two
possible representations for a dynamic factor model

xnt = Bn(L)ut + ξnt dynamic (9)

xnt = ΛnFt + ξnt static (10)

We need an assumption that guarantees the possibility of switching from (9) to (10).
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Figure 2: Estimated number of static factors using the PCT
2,n criterion with penalty p(n, T ) =

(n + T/nT ) log[min(
√

n,
√

T )]2. Red line: r̂T
c,n. Blue line: Sc. We look for a plateau in the red

line corresponding to a zero level blue line, therefore in this case r̂T
c,n = 5. Here rmax = 40,

MT =
√

T , n = 100, and T = 80.

Assumption 4 There exists an integer r ≥ q, a nested sequence of n × r matrices Λn and
a one-sided absolutely summable r × q matrix polynomial, in principle of infinite order, N(L)
such that

Bn(L) = ΛnN(L) and Ft = N(L)ut

We know that lemma 1 holds as the analogous of assumptions 2.3 and 2.4. Moreover, the
standard assumption on N(L) is that it comes from the inversion of a VAR model

A(L)Ft = Hut . (11)

This assumption implies that ut belongs to space spanned by past and present values of the
common component. We say that the dynamic factors are fundamental for the χ’s. Actually
it is enough that A(L) is of order one to guarantee identification and fundamentalness of
the dynamic factors. All details on the issues of fundamentalness and identification of the
structural shocks are considered in chapter 6. Here we take for granted (11) and we prove the
equivalence of the dynamic and static representations. By inverting equation (11), the static
factors are an MA(∞) of the dynamic factors. Namely, if we consider a VAR(1) specification,

Ft = (Ir − AL)−1Hut .

We are then back to the dynamic representation of the factor model

xnt = Λn(Ir − AL)−1Hut + ξnt ,

where the loadings of (9) are

Bn(L) =
∞∑

k=0

BnkL
k =

∞∑
k=0

ΛnA
kHLk .
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It is clear that a VAR(1) representation of the static factors is general enough for the common
part to be an MA(∞) representation. This allows for both MA and AR loadings of the dynamic
factors, which is an important generalization with respect to the static model by Stock and
Watson (2002a). In practice, however, we assume that the maximum order of Bn(L) is s and
that the static factors are the dynamic ones counted with their lags

Ft = (u′
t . . .u

′
t−s)

′ and Λn = (Bn0 . . .Bns) . (12)

Therefore, the static rank of Ft is q(s + 1) and for the static model to hold we need also Λn

to be full rank. This is guaranteed if no restrictions hold among the loadings Bni, and, in this
case, r = q(s + 1). Equations (11) and (12) are assumed in the next three chapters, while are
rediscussed in chapter 6. e t.

10 Examples

Static factor model

One factor
xit = aiut + ξit var(ut) = 1 var(ξit) = σ2

i

The common comoponent is given by a DAS of the variables, remember that it spans the same
space as the factors, thus a basis for this space has dimension q equal to the number of factors.
We need an aggregate of the variables for each factor. If q = 1 we could take the arithmetic
average

1

n

n∑
i=1

xit ≡ x̄t = ut
1

n

n∑
i=1

ai +
1

n

n∑
i=1

ξit

The variance of the DAS is made of two parts one diverging and one bounded

var(x̄t) = 1 · ā2
n +

1

n2

n∑
i=1

σ2
i

n→∞−→ ā2

Remmber that we always assume the eigenvalues of the idiosyncratic covariance to be bounded
i.e. ∃M s.t. σ2

i ≤ M ∀i.

To be sure that ā2 �= 0 we can take a weighted average with weights (a1 . . . an) which has
variance

var

(
n∑

i=1

aixit

)
= 1 ·

(
n∑

i=1

a2
i

)2

+

(
n∑

i=1

a2
i σ

2
i

)
= O(n2) + O(n)

However, we do not know the weights a in advance, we need weights S = (s1 . . . sn) s.t.
maximize the variance of the weighted average

S(1) = argmax
(s1...sn)

[
var

(
n∑

i=1

sixit

)]

s.t.
n∑

i=1

s2
i = 1
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The vector S(1)xt is the first static principal component. Remember that solving the previous
maximization is equivalent to solve the eigenvalues problem

SΓx
0 = μx

1S

In the one factor case recovering the factor space is the same as recovering the factor itself.

Two factors

xit = aiut + bivt + ξit var(ut) = var(vt) = 1 var(ξit) = σ2
i

If more than one factor is present we need another system of weights S(2) orthogonal to the
first one. The estimated factors are

S(1)xt =

(
n∑

i=1

ais
(1)
i

)
ut +

(
n∑

i=1

bis
(1)
i

)
vt +

(
n∑

i=1

s
(1)
i ξit

)
n→∞−→ α1ut + β1vt

S(2)xt =

(
n∑

i=1

ais
(2)
i

)
ut +

(
n∑

i=1

bis
(2)
i

)
vt +

(
n∑

i=1

s
(2)
i ξit

)
n→∞−→ α2ut + β2vt

The space spanned by the factors is identified, but not the factors. We project xt on the
estimated factors and since ξit ⊥ ut and ξit ⊥ vt,

Proj
{
ξit|span(S(1)xt,S

(2)xt)
}

= 0

Proj
{
ut|span(S(1)xt,S

(2)xt)
}

= ut

Proj
{
vt|span(S(1)xt,S

(2)xt)
}

= vt

The common component is given by

aiut + bivt = AiS
(1)xt + BiS

(2)xt

Dynamic factor model

One factor loaded with one lag - static estimation

xit = ai(L)ut + ξit var(ut) = 1 var(ξit) = σ2
i

with ai(L) = αi + βiL. It is equivalent to a two static factor model by assuming vt = ut−1

xit = αiut + βivt + ξit

The “toy-model” for k ≥ 0 ⎧⎨
⎩

x(2k+1)t = ut + ξ(2k+1)t

x(2k)t = ut−1 + ξ(2k)t
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Assume var(ξit) = 1 ∀i and n even, then

Γx
0 = E

⎡
⎢⎢⎢⎣
⎛
⎜⎜⎜⎝

1 0
0 1
...

...
0 1

⎞
⎟⎟⎟⎠
(

ut

ut−1

)
(ut ut−1)︸ ︷︷ ︸

I2

(
1 0 . . . 0
0 1 . . . 1

)⎤⎥⎥⎥⎦+ In =

⎛
⎜⎜⎜⎜⎜⎝

1 0 1 . . . 0
0 1 0 . . . 1
1 0 1 . . . 0
...

...
...

...
...

0 1 0 . . . 1

⎞
⎟⎟⎟⎟⎟⎠ + In

The two eigenvectors and corresponding eigenvalues are

S(1) = (1 0 1 . . . 0) → μ1 =
n

2
+ 1

S(2) = (0 1 0 . . . 1) → μ2 =
n

2
+ 1

The maximum variance comes from either all odd variables or all even variables. The principal
components are

S(1)xt =
n

2
ut +

∑
i odd

ξit
n→∞−→ n

2
ut

S(2)xt =
n

2
ut−1 +

∑
i even

ξit
n→∞−→ n

2
ut−1

Indeed, when n diverges the variance of the idiosyncratic component becomes negligible

var(ξit)

var(χit)
=

n/2

n2/4
=

2

n

n→∞−→ 0

The common component is the projection of xt on the estimated factors, e.g. for the first
variable

χ1t = ut = A1
n

2
ut + B1

n

2
ut−1

moreover, B1 = 0 since ut ⊥ ut−1 and thus A1 = 2
n

and the factor is identified.

One factor loaded with one lag - dynamic estimation
Instead of a simple weighted average, we can take a dynamic average of the variables, i.e.
p(L)xt, the order of the filter being the number of lags with which the factor is loaded. The
dynamic averages that we are looking for have weights p(L) = (p1(L) . . . pn(L))

p(1)(L) = argmax
(p1(L)...pn(L))

[
var

(
n∑

i=1

+∞∑
k=−∞

pikxit−k

)
= var

(
n∑

i=1

pi(L)xit

)
= var

(
+∞∑

k=−∞
pkxt−k

)]

s.t.
n∑

i=1

+∞∑
k=−∞

p2
ik = 1

p(1)(L)xt is the first dynamic principal component. To solve the maximization problem we
can move to the frequency domain

var(p(L)xt) =
1

2π

∫ π

−π

p(θ)Σx(θ)p(θ)dθ
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In order to maximize the integral it is enough to maximize the integrand ∀θ ∈ [−π, π]. Once
we have the first dynamic principal component p(1)(θ) we expand it in Fourier series and we
use the coefficients pk to build the filter p(1)(L)

p(1)(θ) =

+∞∑
k=−∞

pke
−ikθ =

1

2π

+∞∑
k=−∞

[∫ π

−π

p(1)(θ)eikθdθ

]
e−ikθ

p(1)(L) =

+∞∑
k=−∞

pkL
k =

1

2π

+∞∑
k=−∞

[∫ π

−π

p(1)(θ)eikθdθ

]
Lk

Remember that solving this maximization problem is equivalent to solve the dynamic eigen-
values problem

p(θ)Σx(θ) = λx
1(θ)p(θ) ∀θ ∈ [−π, π]

The “toy-model” for k ≥ 0 ⎧⎨
⎩

x(2k+1)t = ut + ξ(2k+1)t

x(2k)t = ut−1 + ξ(2k)t

Assume var(ξit) = 1 ∀i and n even, then

Γx
0 =

⎛
⎜⎜⎜⎜⎜⎝

2 0 1 . . . 0
0 2 0 . . . 1
1 0 2 . . . 0
...

...
...

...
...

0 1 0 . . . 2

⎞
⎟⎟⎟⎟⎟⎠ Γx

1 =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 . . . 0
1 0 1 . . . 0
0 0 0 . . . 0
...

...
...

...
...

1 0 1 . . . 0

⎞
⎟⎟⎟⎟⎟⎠ Γx

−1 = Γx′
1

Thus

Σx(θ) =

⎛
⎜⎜⎜⎜⎜⎝

1 eiθ 1 . . . eiθ

e−iθ 1 e−iθ . . . 1
1 eiθ 1 . . . eiθ

...
...

...
...

...
e−iθ 1 e−iθ . . . 1

⎞
⎟⎟⎟⎟⎟⎠+ In

The eigenvector we are looking for is p(1)(θ) = (1 eiθ 1 . . . eiθ) which solves

p(1)(θ)Σx(θ) = (n + 1)p(1)(θ)

Take its Fourier expansion

p(1)(θ) = p0 + p−1e
iθ

p0 = (1 0 1 . . . 0)

p−1 = (0 1 0 . . . 1)

p(1)(L) = (1 L−1 1 . . . L−1)

Hence, the first dynamic principal component is

p(1)(L)xt = x1t + x2t+1 + x3t + . . . + xnt+1
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or

p(1)(L)xt = (p0 + p−1L
−1)xt = (1 0 1 . . . 0)xt + (0 1 0 . . . 1)xt+1 = nut +

n∑
i=1

ξit

In this way all variables lead the same factor ut while before some where leading and some
where lagging. Once again the variance of the idiosyncratic component becomes negligible

var(ξit)

var(χit)
=

n

n2
=

1

n

n→∞−→ 0

The problem of the previous procedure is the presence of bilateral filters which makes fore-
casting impossible, thus we have to use the two-step estimator of section 6.
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