Notes on Series
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Basics

Definition 1 Given the sequence {a,} C R¥, we associate to it the sequence of partial sums

{sn} where the generic term is defined as

N
SN = E Ay,
n=1

so that

def
{sn} = (a1,a1 + as,...) :fz an
n=1

The series is the sequence of partial sums and if {s,} converges then

(o0
lim s, = E an, < 00
n—oo

n=1

The series is a limit NOT a sum.

Theorem 1 ) a, converges if and only if

Ve>0 dNeN st. m>n>N = ap| < ¢

k=m
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As an intuition of the proof notice that if lim s,, = s then

[e.9]

>

k=n+1

Ve>0 ANeN st. n>N = |s—s,| = <e

Now consider the previous theorem with m = n, we have a necessary condition for convergence.

Theorem 2 (Necessary Condition)

[e.9]

E a, converges = lim a, =0
1 n—oo
n=

As an intuition of the proof notice that a, = s, — s,_1 then

{sn} converges = T}Lrgo S, = lim 8,1 =5 = lima,=0

n—oo n—oo

It is only a necessary condition, indeed for example % diverges although % — 0.

Theorem 3 (Necessary and Sufficient Condition) If a,, > 0 for any n € N then

Zan converges < {s,} is bounded

n=1
Theorem 4 (Comparison Criterion) The following two criteria hold

1. If |a,| < ¢, for some N such that n > N and ) ¢, converges then Y a, converges;
2. If a, > d, > 0 for some N such that n > N and > d, diverges then > a, diverges.

Note that the criterion applies only to series with nonnegative terms a,, > 0.

Theorem 5 The absolute convergence implies convergence (but not the viceversa):

o0 o
E |a,| converges = E A, CONVErges

n=1 n=1

This can be proved using the triangular inequality

[e%S)
D>l >
n=1

[e's)
> an
n=1




and then using the comparison criterion.

The geometric series

The geometric series of ratio x is defined as

o
Zxk >0
k=0

To study its convergence we have to compute the limit of the sequence of partial sums

n

lim s, = lim E z*
n—oo n—oo
k=0

Now multiply by (1 — z) and we get
1-2)s,=(1—2)1+z+...+2")=1+z+...+2") —(z+2°+.. . +2") =1 —2""

Therefore

— if 0<z<1
1_xn+l

lim s, = lim —— =

n—oo n—oo 1 —o1x

oo if z>1

If z < 0 then Y |z*| converges if |z| < 1 and then Y a* converges if |x| < 1. Finally, notice

that

&)
Emk:

[e.9]
=m k=

oo
xk—i—m — ™M E ZL’k
k=0

o

0

The harmonic series

The harmonic series is defined as

NE
Eral e

=
Il
o



The series converges if p > 1 and diverges if p < 1.

p=1

The series diverges, indeed, although lim% = 0, we have
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n=1
p=20

The series diverges since lim nip =1.

p< 0

The series diverges since lim nip = 0.

p=2
The series coverges, indeed

[e.e]

1 — 1 = 1 — 1 1
=1 <1 S -
n? +;(n+1)2 +;n(n+1) +;n (n+1)

n=1

The generic term of the sequence of partial sums for last series is

() ) (o)

Therefore lim s, = 1 so the series (x) converges and thus Y =5 converges.

p>2

The series converges because nip < #
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1<p<2

The series converges, indeed
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The last series is a geometric series of ratio 21,%1 < 1 thus it converges, therefore > % converges.

The number e

The number e is defined as

=1
622522.7183

n=0

The generic term of the sequence of partial sums for this series is

<3

ISR I B B I
Sy, = -4+ =+4...+ = -4+ —=4...
2 " 3l n! 2 22 n-1

Thus e < 3 moreover the rate of convergence is determined by

Theorem 6 The number e can be defined also as

1 n
lim (1 + —) =e
n—oo n



Other criteria for convergence

Theorem 7 (Root Test) Given the series Y a, define

if a<1 the series converges
a = nll_{{)lo sup v/ |an| = ¢ if a>1 the series diverges

if a=1 we don’t know

Intuition of the proof. If & < 1 then 4 such that a < < 1 and 4N such that Vn > N we
have that |a,| < ™. Thus the series > |a,| is bounded by a geometric series of ratio § < 1
and we have absolute convergence and thus convergence of > a,.

If & > 1 then Iny such that |a, | — o™ > 1 therefore 3N such that for ny > N |a,, | > 1
and the necessary condition for convergence of the seires doesn’t hold. Finally, consider %

and > # for both o = 1 but the first diverges, while the second converges.

Example Consider the series

g (nil)n

Then we apply the root test and compute a by using the de L’Hopital rule:

2

2

. on n \" . n \"
a = lim = lim
n—00 n+1 n—oo \ n+ 1

1 lim nl nYE n’ 1
oga = lim nlo = lim -\ —— = _

Therefore o = e~! < 1 and the series converges.

Theorem 8 (Ratio Test) Given the series Y a, define

Ung1 if B <1 the series converges

£ = lim sup

n—oo n

if B>1 the series diverges



Example The series » % has § = 0 therefore converges.

Example The series ) % has 3 = 2 therefore diverges.

Theorem 9 Given the series Y a, and » b, such that a, > 0 and b, > 0, then if > a,

converges and

bn—l—l An1
<
bn, ap

it implies that > b, converges.

In practice define

if v#0 both series converge or diverge
. by
y=lim — =< if =0 if > a, converges = > b, converges

n—00 Uy,

if y=00 if > a, diverges = > b, diverges
Example Consider the series
- =~ 4n? + 5n — 2
ch - Z - :_ - 3/2
n=1 n=1 TL(’I’L + 1) /

Then

4n2—|—5n—2_

Cp <
n4

Qn,

and consider the series Y b, = > #

Since ) b, converges then also ) a,, converges and therefore ) ¢, converges.
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