Notes on the Riemann-Stieltjes Integral
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The Riemann Integral

Definition 1 (Partition) Given [a,b] C R a partition P of [a,b] is defined as
P={zg...2, :a=20<m <...<x, 1 <z,=0}

And we define Ax; = x; —x;_1 fori=1,...,n

Now consider a function f : [a,b] — R and bounded, i.e. inf,p f < oo and supy,; f < oo.

Then for any partition P of [a,b] we define

M;= sup f(z) and m;= inf f(2)

IE[Ii_l,Ii] xe[xi—hxi]

and we can define the Riemann sums as

U(P, ZMA.% and L(P,f) = ZmZAxZ

i=1
Notice that L(P, f) < U(P, f) since m; < M, for any .

Definition 2 (Riemann Integral) Define the upper and lower integrals as

b b
i%fU(P,f):/Gfdx and sgpL(P,f):/afdx
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For any function f bounded they always exist. If they are equal we say that the function f is

Riemann integrable on |a,b], i.e. f € R and the integral is defined as

/abfdx:ffdx:/abfda:

It is the area below f in [a,b] (note that it is a signed area therefore it can be negative).

Example Take the Dirichlet function

1 if z€Q
if x¢£Q

flx) =

Then, for any partition P, min f = 0 and max f = 1 therefore L(P, f) = 0and U(P, ) = b—a.

The integral does not exist.

The Riemann-Stieltjes Integral

Consider a function o monotonically increasing on [a, b] (then it is also bounded) and, given
a partition P, define Aoy = a(z;) — a(z;—1), then Aa; > 0 for any . For any f : [a,b] — R

bounded and for any P we define the Riemann sums

UP, f,a) = ZMAO(Z and L(P, f,«a)= ZonzZ

=1

Definition 3 (Riemann-Stieltjes Integral) Define the upper and lower integrals as

ir;fU(P,f, /fda and supLPf, /fda

For any function f bounded they always exist. If they are equal we say that the function f is

Riemann-Stieltjes integrable on |a,b], i.e. f € R(«) and the integral is defined as

/abfda:/abfda:/ibfda



Hereafter we always make the two assumptions:

f:la,b) = R bounded and «:[a,b] = R monotonically increasing

Definition 4 (Refinement of a Partition) P* is a refinement of P if P C P*. Moreover

P* is a common refinement of P, and Py if P, U P, C P*.

Theorem 1 If P* is a refinement of P then

L(P, f,a) < L(P*, f,a) and U(P, f,a) > U(P", f,«)

In general for any P; and P, we have that

L(Pl, f, Oé)

IA

U(PQ,f,Oé)
L(Pl,f,Oé) S L(Plng,f,oz)

U(PQ,f,Oé) > U(P1UP2,f,oz)

Theorem 2

ffda > /abfda

Theorem 3 (Existence) f € R(«) on [a,b] if and only if
Ve>0 3P st UP, f,a)— L(P, fa) =Y (M;—m;)Aa; <

=1

This is equivalent to say that given a t; € [x;_1, 2]

<e€

n b
> ft)Aa; — / fda
i=1 a

Theorem 4 (Necessary Condition) If f is continous in [a,b] then f € R(«) in [a,b].



Proof: for any € > 0 we can fix n > 0 such that (a(b) — a(a))n < e. f is uniformly continous

in [a, b] so
Vn>0 30>0 st. Va,t € [a,b] |z —t| <d = |f(x)—f(t) <n

Now take a partition P of [a, b] such that Ax; < ¢ for any 4, given that f is uniformly continous
this implies that M; —m; < n for any ¢. Then

UP, f,a) — L(P, f,a) = Z(M’ —m;)Aq; < nz Aa; =n(a(b) —ala)) < ¢

i=1 i=1

So by the condition of existence f € R(«).
Q.E.D.

Theorem 5 (Necessary Condition) If f is monotonic in |a,b] and « is continous then

f € R(a) in [a,b)].

Proof: since « is continous, for any € > 0 choose a partition of [a, b] such that Aa; = M
for any ¢ and for some n € mathbbN. Then
- a(b) — afa)
U(P, f.) = L(P, f,a) = 3 (f (i) = f(zi) Aoy = ==——==(f() = f(a)) <&

=1

it’s enough to take n large enough. Alternatively we ca say that since « is uniformly continous

we can refine the partition until the condition is satisfied i.e.

Ve>0 d0>0 st. Vo, € P Ax; < = Aq; < e

So by the condition of existence f € R(«).
Q.ED.

Summing up:

1. bounded and continous function f can be integrated with respect to any monotonic

incresing function «;



2. bounded and monotonic function f can be integrated with repsect to any monotonic

incresing and continous function «.

Theorem 6 If f is discontinous in E C [a,b] which is a set of a finite number of points, and

a is continous in E, then f € R(«a) in [a,b].

Theorem 7 (Properties) Assume f, fi, fo € R(«), fix a then

1) /ab(fl+f2)da:/abf1da—|—/abf2d04

b b
2) /cfdozzc/ fda VeceR

b b
2) flgfﬁ»/fldas/ fada

/) Veelal) /abfda:/acfdoch/cbfda
[ sae| < [[11a0
6) /abfda1+/abfdoz2:/abfd(al—l—on)

7) /abfda:—/bafda

Define a step function as

1 if 2>0
I(z) =
0 if z<0

Assume that a = [(x — s) for some s € (a,b), and assume that f is continous in s, then

/a  fda = (s)



Assume that o = Y7 | ¢, I(z — s,,) for {s,} C (a,b) and assume that )" ¢, converges, and f

is continous in [a, b], then

b &)
/ deé = chf(sn)

Theorem 8 If a is such that its derivative function o € R(«), then f € R(«) if and only if

fa' € R(a) and

/abfda:/abfo/dx

where the last s the Riemann integral.
Summing up:
1. if « is a step function then the integral is a series;

2. if o has an integrable derivative the integral is a simple Riemann integral (we can always

reduce to this situation by taking a(z) = = for which o/(z) = 1 and thus is integrable).

Theorem 9 (Change of Variable) Consider a strictly incresing continous function ¢ :
[A, B] — [a,b] such that 3¢ and therefore ¢'(x) > 0. Assume f € R(a) in [a,b] and for

a gwen function o define

By) =ale(y)  9(y) = fle(y))

then g € R(B) in [A, B] and

/abfdoz=/jgd6

Consider the special case a(x) = = then = ¢ then ¢’ is continous and thus ¢’ € R in [A, B].
Therefore

b B
/ f(x)de = / F )¢ (m)dy
a A



We are changing the variable of integration by making the substitution = = ¢(y) and noticng

that

dr  de(y)
- dy =¢'(y)

and that a = p(A) and b = ¢(B).

The Fundamental Theorem of Calculus

Theorem 10 Assume f € R in [a,b] the for any x € |a,b] define the function:

F(X) = / " pnar

We call F' a primitive of f and it has the properties
1. F is continous in [a,b|;

2. if f is continous in xy € [a,b] then F is differentiable at o and F'(xo) = f(xo), where

F'(z) = dig”) )

Proof: f is bounded therefore |f(t)| < M for any t € [a,b] moreover Ve > 0 we can define

d = e/M and if we consider two point ,y € [a, b] such that |y — x| < J then

|F(y) — F(z)] =

/: f(t)dt' = Sl}ip;MiA$i <Mly—z)<e

So F'is continous in [a, b].

If f is continous in xg

Ve>0 35>0 st Vie[ab] |t—xol <8 = |f(t) — flzo)| < e



Now, take s € [a,b] such that g — § < s < xg <t < x9+  then we have

1 t
/z—:du:s
t—s J,

Just take the limit for ¢ — s in the previous expression and we get F'(x¢) = f(xo).

F(t) — F(s)
t—s

— f(z0)

<

/Uw—ﬂmMu

1
t—s

Q.E.D.

Theorem 11 If f € R in [a,b] and F' = [ then

/fwwzF@—F@

Moreover

| 10t = F@) - P

and by differentiating both sides with respect to x we have f(x) = F'(x).

Notice that if the extremes are more complex functions of x the we have

b(x)

. f)dt = F(b(x)) — F(a(x))

and the derivative of the previous expression is given by

d b(z)

o [ fOdt= @)y (@) - fla(z))d ()
a(x)

We can also introduce the notion of indefinite integral where we do not specify the extremes

of the integration. So if f € R in [a,b] and F' = f then

/fdx:F+c

The indefinite integral is always defined up to a constant c.

Theorem 12 (Integration by Parts) Assume to have f € R in [a,b] and g € R in [a,b]



such that F' = f and G' = g then
b b
/ F(t)g(t)dt = F(b)G(b) — F(a)G(a) — / f()G(t)dt
Proof: to prove just define H(z) = F(x)G(z) then

b b
F(b)G(b) — F(a)G(a) = H(b) — H(a) = / H'(t)dt = / (F'(t)G(t) + F()G(t))dt

For the indefinite integral the integration by parts reads as:

/FG’dx:FG—/F'de

Improper Integrals
What if the function to be integrated is not bounded or [a,b] is not bounded?

We can try to define the integral as the limit of a Riemann integral. Notice however that

the limits may not exist and in that case we say that the integral diverges.

1. If f diverges in a point ¢ € [a,b] we can write

c—w b
/ f(#)dt = lim f(t)dt + lim f(&)de
w—0~ w—0t ctw
2. If instead either a = —oo or b = 400 or both we can write for some ¢ € R/ {—o00, 400}
+oo k
dt = lim f t)dt + lim f (t)dt
k——o0 k—+4o00



Examples Take f(z) = \/LE then its integral is not defined in z = 0 however we can extend

the Riemann integral as

/Oaidt hm/\/_ lim 2(vV1— vw) =2

w—0t w—0Tt

Now take f(x) = - integrate it from 1 to 400, we can extend the Riemann integral as

oo q “1 1
/ —dt = lim —dt Im (——+1)=1
1 t2 w—+too [y 12 w—~400 w

In general we have the following conditions for defining an improper integral

b
/ —dt = lim —dt & p<l1

w—0t

400 1 400 1
/ —dt = lim —dt & p>1
a P w—too J,
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