Basic definitions and theorems of numerical sequences

Definition 1 (Sequence) A sequence in a metric space X is a function defined as
{an} N —= X

X =R but it could be also RF or C.

Definition 2 (Convergence) A sequence {a,} in a metric space X converges if
dae X st.Ve>03INeNst.n>N = d(ay,a) <e
In this case we write

lim a, = a

Theorem 1 Ifa € X and o' € X such that lima, = a and lima,, = da then a = d'.

Theorem 2 Suppose {a,} and {b,} are sequences in X and lima,, = a and limb, = b. Then
1. lima, + b, =a+b;
2. limca,, = ca, and limc+ a, = c+a, Vc € R;
3. lima,b, = ab;

4. limizlifan#OVn and a # 0.

a



Definition 3 (Subsequence) Given a sequence {a,} consider an increasing sequence {ny}
of positive integers. Then {a,,} is called a subsequence of {a,}. Therefore {a,} converges to

a if and only if any subsequence {a,,} converges to a.

Theorem 3 1. If{a,} is a sequence in a compact metric space X, then some subsequence

of {an} converges to a point of X ;

2. every bounded sequence in R* contains a convergent subsequence.

Definition 4 (Cauchy Sequence) A sequence {a,} in a metric space X is said to be a

Cauchy sequence if

Ve>03INeNst.n>Nandm > N = d(a,,an,) <€

Theorem 4 1. In any metric space X every convergent sequence is a Cauchy sequence;

2. if X is a compact metric space and if {a,} is a Cauchy sequence in X, then {a,}

converges to some point of X;

3. in R* every Cauchy sequence converges.

Definition 5 (Complete Space) Every metrc space in which every Cauchy sequence con-

verges 1s said to be complete.

All compact metric spaces and all Euclidean spaces are complete.

Every closed subset of a complete metric space is complete.
Definition 6 A sequence {a,} C R is said to be
1. monotonically incresing if an, < any1, Vn;

2. monotonically decreasing if a, > any1, Vn.

Theorem 5 Suppose {a,} is monotonic. Then {a,} converges if and only if is bounded.



Theorem 6 1. If p > 0, then lim nip =0y
2. if p>0, then lim /p = 1;
3. lim {/n = 1;
4. ifp>0 and a € R, then limﬁ =0,

5. if |x] < 1, then lima™ = 0.
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